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Abstract. We obtain the sufficient conditions for the boundedness of the parabolic
nonsingular integral operator R and its commutators [b, R] on weighted Orlicz spaces
L2(D%H') with the weight function w belonging to Muckenhoupt class Aj, .
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1. Introduction

Sobolev spaces, which are sets of functions with a certain degree of smooth-
ness, are commonly used and studied in a wide variety of fields of mathematics,
and have turned out to be one of the most powerful tools in analysis created in
the 20th Century. Since the 1960s, the need to use wider spaces of functions
than Sobolev spaces came from various practical problems. Orlicz spaces have
been studied as the generalization of Sobolev spaces since they were introduced
by Orlicz [17, 18] (see [10, 11, 20]). The theory of Orlicz spaces plays a crucial
role in many fields of mathematics including geometric, probability, stochastic,
Fourier analyses and PDE (see [20]).

Throughout this paper the following notations will be used:

r=(2',t),y = (v,7) € R"! =R" x R, ]R:‘_H =R" x Ry;
z = (2",29,t) € DI =R xRy xRy, D*M =R x R_ x Ry

for any f € L§,(A), AcC Rt
1/p
p = p d .
lnn ( [ Pt y)
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In the sequel, along with the standard parabolic metric o(x) = max(|z/], |t|*/?) ,

/|12 /|4 2
we will use the equivalent one p(x) = M introduced by Fabes
and Riviére in [3]. The topology induced by this metric consists of ellipsoids

! /12 2
_ t—
gr(l') _ {y c R . |z 2y| + | 4T| < 1}, |gr’ — Oy t2.
T T

Let = = (2/,t) = (2",2n,t) € D', For any z € D! define 7 =
(2", —xp,t) € D" and let 20 = (2”,0,0) € R*~! . Consider the semi-ellipsoids
EF(2%) = &£(2°) N DT . Now we define the parabolic nonsingular integral (see
[2]) by

1/ W)
Rf(zx) = / —— = dy. 1
(=) pr+t p(T —y)+2 o
The commutators generated by b € L}OC(IDY}FH) and the operator R are
defined by
b(x) — b(y)

bR f(z) = / F() dy.

prtt p(T — y)"+?

In [14, 15] we have studied the boundedness of the nonsingular integral op-
erator on weighted Orlicz spaces. Quite recently, we have also studied [16] the
boundedness of the parabolic nonsingular integral operator in Orlicz spaces.

In this work we deal with the boundedness of parabolic nonsingular integral
operator R (Theorem 2) and its commutator [b,R] (Theorem 8) in weighted
Orlicz spaces LE(D7TH) .

The standard summation convention on repeated upper and lower indices
is adopted. The letter C is used for various positive constants which can be
different in different occasions may change from one occurrence to another.

2. Definitions and preliminary results

Even though the A, class is well known, for completeness, we state here the
definition of A, weight functions. Hereinafter, £(x,r) is the ellipsoid in R" of
radius r centered at x and |E(x,7)| = v,r"*? will be its Lebesgue measure,
where v, is the volume of the unit ball in R™ . Let E = {&(z,r) : 2 € R, r >

0} .
Definition 1. For 1< p < oo, a locally integrable function w : R"*1 — [0, 00)
is said to be an A, weight if

p
7

oy o) (8 [t <

bS]
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A locally integrable function w:R™ — [0,00) is said to be an A; weight if

1
‘g’/gw(y)dy < Cw(x), ae. x€E&

for some constant C > 0. We define As = Ule Ap .

For any w € Ay and any Lebesgue measurable set A, we write w(A4) =

[ w(x)da .
We recall the definition of Young functions.

Definition 2. A function ® :[0,00) — [0,00] is called a Young function if ®
is convez, left-continuous, lim ®(r) = ®(0) =0 and lim ®(r) =oco.
r—0+ r—00

The convexity and the condition ®(0) =0 provide that any Young function
is increasing. In particular, if there exists s € (0,00) such that ®(s) = oo, then
it follows that ®(r) = oo for r > s.

Let Y be the set of all Young functions ® such that

0<®(r)<oo for 0<r<oo.

If ® €Y, then ® is absolutely continuous on every closed interval in [0, 00)
and bijective from [0,00) to itself.
For a Young function ® and 0<s < oo, let

O l(s) = inf{r >0: ®(r) > s} (inf @ = c0).

A Young function @ is said to satisfy the As condition, denoted by & € Ay,
if
O(2r) < k®(r), r >0
for some k> 1. If ® € Ay, then ® € Y. A Young function & is said to
satisfy the Vo condition, denoted by ® € Vg , if

1
O(r) < ﬁq)(kr), r>0
for some k> 1. N
For a Young function @ , the complementary function ®(r) is defined by

Cf(r) _ { sup{rs — @(i)oz s €[0,00)} i r ELO,OZO),

The complementary function ® is also a Young function and it satisfies ® = @ .
Note that ® € Vo if and only if ® € A, .
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It is also known that
r < Q*l(r)éfl(r) < 2r, r > 0. (2)

We recall an important pair of indices used for Young functions. For any
Young function @ , write

D(st)
he(t) =sup ——, > 0.
» =3 ()
The lower and upper dilation indices of ® are defined by
1 1
ie = lim ognelt) ha(t) and I = lim og helt) h@(t)’

t—o+t logt t—oo  logt
respectively.

Lemma 1. [10, Lemma 1.3.2] Let ® € Ay . Then there exist p > 1 and

b>1 such that
D(ty) < bd(t1)

ty —

for 0 <ty <ty.

Lemma 2. [22, Proposition 62.20] Let ® be a Young function with canonical
representation

q»(t):/o o(s)ds, >0,

(1) Assume that ® € Ay . More precisely ®(2t) < AD(t) for some A>2.
If p>1+1logy A, then

/mw(s)ds<¢(t) t>0.

s e
(2) Assume that ® € Vo . Then
t
d
/ @ds < ﬂ, t>0.
0 S t

Definition 3. For a Young function ® and w € Ay , the set

n+1

LERM = {f — measurable : / O (k| f(x)|))w(x)dx < oo for some k >0 }
R

is called the weighted Orlicz space. The local weighted Orlicz space L{‘T,’l"C(R”“)

is defined as the set of all functions f such that fx. € LE(R"™1) for all

ellipsoids € C R*1 .
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Note that L®(R"*!) is a Banach space with respect to the norm

. fz
Hf”L?;(RnJrl) = HfHL$ = inf {)\ >0: / ‘I)(’()\)’)w(x)d:r <1
]Rn+1
and o)
x
@ w(z)dr < 1. (3)
/n (HfIILg)
The following analogue of the Holder inequality is known:
/Rn+1 f@)g@)w(@)de| <2/ flLgllgll 5- (4)

For the proofs of (2) and (4), see, for example, [20].
For a weight w, a measurable function f and t >0, let

m(w, f, t)=w({zeR":|f(z)| > t}).
Definition 4. The weak weighted Orlicz space
WL2(R"™) = {f — measurable : [ fllwre < oo}

1s defined by the norm
, f
1f lw e @y = 1 fllwre = 1nf{)\ >0 igg@(t)m(w, i t) < 1}.
We can prove the following by a direct calculation:

1
||Xg||Lg>, = HXgHWL$ = W? EeE, (5)

where x, denotes the characteristic function of & .

3. Parabolic nonsingular integral operator in the weighted Orlicz
space L% (D)
The following theorem is valid (see, for example, [10, 19]).

Theorem 1. Let R be a parabolic nonsingular integral operator, defined by (1),
fe LfU(ID)’}rH) , 1 <p<oo and w e A,. Then there exists a constant C
independent of f such that

||RfHLﬁ,(1D>i+1) < CprHLfU(DiH)» I <p<oo

and
IR fllw Ly, @ty < CLllfll Ly nery-
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The boundedness result for the parabolic nonsingular integral operator on
weighted Orlicz spaces is given in the following theorem.

Theorem 2. Let ® be a Young function, w € A;, and R be a parabolic
nonsingular integral operator, defined by (1). If ® € A9V , then the operator
R is bounded on LE(D"™) and if ® € Ay, then the operator R is bounded
from LE(DW) to WLE(DY) .

Proof. Let us first prove that for ® € Ay the parabolic nonsingular integral
operator R is bounded from LE(D%H) to WLE(DTH) .
We take f € LE(DTH!) satisfying [flleg = 1. Fix A > 0 and define

Ffi=xqpsay - f and fo=xq<x - f- Then f=fi+ fo. We have
w{z e D |Rf(x)] > A}) <w({z e DI [Rfi(2)] > %})
ru({e e D [RA@)] > 5))
and
d(Nw({z e DT 1 [Rf(x)] > A})
<eNw({z e DI |Rf(2)] > %}) + N w({z e DI 1 [Rfa(z)] > %}).
We know that from the weighted weak (1,1) boundedness and the weighted

LP | p e (1,00) boundedness of R it follows

w({e € D [Rxgn - )| > M) 5 5

f(@)|w(z)de

|
/{meDi“:lf(m)»}
and

w({z e DY [R(xq <0 - N@)] > A}) < |f (@) [Pw(z)da.

~ )\p /{:L‘E]DT’I:]”(J:Hg)\}

Since fi € WL}U(DT'I) and @ is increasing, we have

w({z eD  Rf(z)| > = }) g\ /]D)T’l | f1(x)|w(x)dx
(N

| f(
A /{IED1+1:|f(x)>)\}

(1 f(2))
< /D o DI wlolds

x)|w(x)dx
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= [ . 2Uf@Du(a)ds.
Dyt

By Lemma 1 and f» € L,(D™') we have

w({z e DT |Rfo(z)] > %}) S

(N)
AP

[ @Pu)s
]D)

:cI)(A) Pw(x)dx
AP /{xeD"“-f(x)s Jfet)

A}
R N
= o P i / o 2@ wlo)d

/()]

Thus we get

w(fo € DY [RA@)| > 0) < 5o [ B(lf@)hule)ds
D

A
® <Cf||Lg>

Since ||-[[ze norm is homogeneous, this inequality is true for every f € LD |
Now let us prove that for ® € Ay (Vs the nonsingular integral operator R
is bounded in LE(D7}H) .
Using the distribution functions, we have

/Dn+1 P <|RJ;(1‘)’> w(z)dr = jlx/oogg (i‘) ({x c D:z_Jrl Rf(2)] > )\})d)\

A/ ( ) ({z e DY« [Rf ()] > 27})dA

IN
—_

The following inequality is valid:

w({z € }D)V}FH : ‘Rf(x)| >2\}) <w({z € ID)’}FJrl : ‘R(X{|f|>)\} : f)‘ > A})
+ w({x S D?_—H : ’R(X{mg/\} . f)(l’)’ > )\})

Let p > 1 be sufficiently large. The weighted weak (1,1) boundedness and the
weighted LP -boundedness of R (see Theorem 1) give us

|f (@) w(z)dz

>/\H

w({z e D [R(y )| > A /
(fe e DI [Rxgny - N(@)] > AN 3 {oeD (@) >A}
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and

w(fe € DI [Rixen  NE) > M S 5 /{ ey PR

The same calculation as we used for the maximal operator works for the first
term to obtain

A/ ( ) ({z € DY < [R(xqis50 - N(@)] > A})dA

< /Di“ o <C|fj(\””)‘> w(x)dz. (6)

As for the second term, a similar computation still works, but we use the fact
that ® € Aq:

A/ ( ) ({z € DY 2 [Rxqpi<ny - H)(@)] > A})dA
3 /0090 (2/\)\) </{memi“:f(m)|§x} |f(m)|pw($)dx> C)%\
Sq /D L@ ( [ (%) ;“) w(z)dr.

Using Lemma 2 (1), we have

A/ ( ) ({z e D [R(xgpicny - (@)| > A})dA

S0 s [0 (V s

Thus, putting together (6) and (7), we obtain

/Di“ o (W) w(z)dr < /Di“ o (W) w(z)da.

Again we shall label the constant we want to distinguish from other less important
constants. As before, if we set A = 2| f| o AR then we obtain

/Di“ ® <|R";(x)‘> w(z)dz < 1.

Hence the operator norm of R is less than ¢ :

HRf||L3(D"+1) < A= C2||f||L3(D1+1)'
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4. Commutator of parabolic nonsingular integral operators in
the weighted Orlicz space

We recall the definition of the space BMO(DH?) .
Definition 5. Suppose that f € Ll (D?fl) . Let

loc

1

f*: sup Tetr/ . N fyif""acr dy7
[l . |E+(z, 1) 5+(m,r)| (y) EF (x, )‘
where )
fet@r) = o1 f(y)dy.
Et(a,r) |E+(z, 1) ST (y)
Define

BMOW}) = {f € Lh (1) = ||f]. < oo}.

The space BMO(D"™!) is a Banach space with respect to the norm || - ||, .
The parabolic maximal operator M is defined by

Mf(x) = sup oo

- dy, zER"
@] Jer o TN

for a locally integrable function f on R™.
Let M?* be the sharp parabolic maximal function defined by

MEf(2) = sup € (1) / F@) = feriondy.
r>0 Et(z,r)

Theorem 3. [15] Let 1 <p <oo. Then M : LL,(R™) — LY, (R™) if and only if
w e A,(R"™) .

Theorem 4. [9, Theorem 1] Let ® be a Young function with ® € Ay N Vg .
Assume in addition w € A;, (R™) . Then, there is a constant C > 1 such that

| eus@ye@is<c [ @@ e (®)
for any locally integrable function f .

From [4, Remark 2.5] and [5, Remark 6.1.3] we get the boundedness result
which was proved in [6]:

Theorem 5. [6] Let ® be a Young function with ® € Vg . Assume in addition
w € A, (R™) . Then the modular inequality (8) holds.
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Remark 1. Note that the strong modular inequality (8) implies the correspond-
ing norm inequality. Indeed, let (8) hold. Then, using the sublinearity of M ,
convexity of ® and (3) we have

Mf() /
| (CHfHLg;> wlaji= [ o <M<0Hf\|Lg;>($)> wle)de

|/ ()]
— d
=) ? (C’HfHL;g) ae=

where C'is the constant in (8). This implies ||Mf[lpe < | fllze -

Lemma 3. [§] Let b € BMO(D'™") . Then there is a constant C > 0 such
that

t
‘bﬁ(%r) — bg+(;p,t)‘ < C||b|+ In . for 0<2r <t, (9)
where C' is independent of b, x, r and t.

Lemma 4. [7] Let w € Aso, b € BMODT) and ® be a Young function
with ® € As . Then,

—1(, o+ —1\ (Ip —
L @ (wET @) ) b= beranllg ey S 101 (10)

Theorem 6. [1, Theorem 1.13] Let b € BMO(R"") . Suppose that X is a
Banach space of measurable functions defined on R"! . Moreover, assume that
X satisfies the lattice property, that is

0<g<f = lglx S Iflx

Assume that M is bounded on X . Then the operator My is bounded on X ,
and the inequality
[ My fllx < ClIbJl I fllx

holds with the constant C independent of f .
Combining Theorems 5 and 6, we obtain the following statement.

Corollary 1. Let ® be a Young function with ® € Vo and b € BMO(]D)TA) .
Assume in addition w € A;, (D) . Then M, is bounded on LE(D7H) .

The space Lﬂ(ﬂ)’}fl) coincides with the space

{f(w):

<oo forall ge Lgl(DTFI)} (11)

/ f(y)g(y)dy
Dt
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up to the equivalence of norms

(12)

Hf”qu(DiH) ~ sup
IlgHLp’71 (D1+1)S1
w

/ f(y)g(y)dy| .
Dt

The following statement holds:

Lemma 5. Let 1 <p < oco. Then, forall f € LE,(DT) and g € Lg_l(ﬂ)?fl) ,

<C M* f(y)Mg(y)dy

n+1
D+

/ F@)9(w)dy
]D)T’l

with a constant C' > 0 independent of f .
Lemma 6. Let 1 <p<oo, we A,. Then
HfHLfU(]D)Tl) < C”MﬁfHqu(Diﬂ)
with a constant C > 0 independent of f .
Proof. By (12) we have

H9||L;1:)’71(D1+1)§1

/n+1 FW)g(y)dy| -
D+

According to Lemma 5,

11l g ey <€ sup L M f(y) Mg(y)dy.
ol o e, S1/D%
w—1Y "+

By the Holder inequality and Theorem 3, we derive

f
IFligory SC s M Sl ey 1Ml ey
gl 7 (g1, <1 w
+
<C sup ||Mﬁf”L{;([D>”+1)”g”Lp’ D+ < CHMﬁfHLgJ(D”H)-
Hg” / +1 < + w— 1V A+ +
Li}il(]])i )

<

The boundedness result for the commutator of parabolic nonsingular integral
operator on weighted Lebesgue spaces is given in the following theorem.
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Theorem 7. Let R be a parabolic nonsingular integral operator, b € BMO ,
l<p<oo and we A, . Then the commutator operator [b,R] is bounded on
the space Li, (D).

Proof. We are going to adapt an idea of Stromberg (see [21, pp. 417-418]).
Observe that it is enough to prove

MH([b, RIf)(@) < Clbll (MIRSP)T (@) + (MIfI7)7 ()  (13)

forall r>1, x € R".
To see this, choose 1 < r < p. Then (13), combined with Lemmas 3 and 6
and the L%, estimate on R (Theorem 1), implies

1
16, RIf g, < IME,RIF Ny, < Cll (| (MIRST")”
= Clbll (MR 2+ IMIFT] 2 )
< el (IR & + 11717 ¢ )

= Clolls (IR Mz, + 1f11zz, ) < Clell £z

g, + 1(MIA) Lz

<

From this result and [12, Theorem 2.7], we have the following boundedness
of [b,R] on LE(D).

Theorem 8. Let ® be a Young function, w € A;, and R be a parabolic
nonsingular integral operator, defined by (1). If ® € Ao NVy and b€ BMO ,
then the commutator operator [b,R] is bounded on LI (D).

Acknowledgments

The author would like to express her gratitude to the referees for their valuable
comments and suggestions.

References

[1] M. Agcayazi, A. Gogatishvili, K. Koca, R. Mustafayev, A note on mazimal
commutators and commutators of maximal functions, J. Math. Soc. Japan.,
67(2), 2015, 581-593.

2] M. Bramanti, M.C. Cerutti, W2 solvability for the Cauchy-Dirichlet prob-
P
lem for parabolic equations with VMO coefficients, Comm. Partial Differ-
ential Equations, 18, 1993, 1735-1763.



[3]

[4]

[5]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

Parabolic Nonsingular Integral Operator and Its Commutators 179

E.B. Fabes, N. Riviere, Singular integrals with mized homogeneity, Studia
Math., 27, 1966, 19-38.

F. Deringoz, V.S. Guliyev, S. Samko, Boundedness of mazimal and singular
operators on generalized Orlicz-Morrey spaces, Operator Theory, Operator
Algebras and Applications, Series: Operator Theory: Advances and Appli-
cations, 242, 2014, 139-158.

I. Genebashvili, A. Gogatishvili, V. Kokilashvili, M. Krbec, Weight theory
for integral transforms on spaces of homogeneous type, Longman, Harlow,
1998.

A. Gogatishvili, V. Kokilashvili, Criteria of weighted inequalities in Orlicz
classes for mazimal functions defined on homogeneous type spaces, Georgian
Math. J., 1(6), 1994, 641-673.

K.-P. Ho, Characterizations of BMO by A, weights and p -convexity, Hi-
roshima Math. J. 41 (2) (2011), 153-165.

S. Janson, Mean oscillation and commutators of singular integral operators,
Ark. Mat., 16, 1978, 263-270.

R.A. Kerman, A. Torchinsky, Integral inequalities with weights for the Hardy
mazimal function, Studia Math., 71(3), 1981/82, 277-284.

V. Kokilashvili, M.M. Krbec, Weighted Inequalities in Lorentz and Orlicz
Spaces, World Scientific, Singapore, (1991).

M.A. Krasnoselskii, Ya.B. Rutickii, Convexr Functions and Orlicz Spaces,
English translation P. Noordhoff Ltd., Groningen, 1961.

Y. Liang, J. Huang, D. Yang, New real-variable characterizations of
Musielak-Orlicz Hardy spaces, J. Math. Anal. Appl., 395, 2012, 413-428.

B. Muckenhoupt, Weighted norm inequalities for the Hardy mazimal func-
tion, Trans. Amer. Math. Soc., 165, 1972, 207-226.

M.N. Omarova, Nonsingular integral on weighted Orlicz spaces, Trans. Natl.
Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci., Mathematics, 41(1), 2021,
138-145.

M.N. Omarova, Commutator of nonsingular integral on weighted Orlicz
spaces, Proceedings of IAM, 10(1), 2021, 76-86.



180
[16]

[17]

[18]

[19]

[20]

[21]

22]

M.N. Omarova

M.N. Omarova, Parabolic non-singular integral in Orlicz spaces, Trans. Natl.
Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci., Mathematics, 39(1), 2019,
162-169.

W. Orlicz, Uber eine gewisse Klasse von Raumen, vom Typus B, Bull. Acad.
Polon. A, 1932, 207-220; reprinted in: Collected Papers, PWN, Warszawa,
1988, 217-230.

W. Orlicz, Uber Riume (LM ), Bull. Acad. Polon. A, 1936, 93-107; reprinted
in: Collected Papers, PWN, Warszawa, 1988, 345-359.

J. Poelhuis, A. Torchinsky, Weighted local estimates for singular integral
operators, Trans. Amer. Math. Soc., 367(11), 2015, 7957-7998.

M.M. Rao, Z.D. Ren, Theory of Orlicz Spaces, M. Dekker, Inc., New York,
1991.

A. Torchinsky, Real Variable Methods in Harmonic Analysis, Academic
Press, 1986.

Y. Sawano, A Handbook of Harmonic Analysis, Tokyo, 2011.

Mehriban N. Omarova

Baku State University, Baku, Azerbaijan

Institute of Mathematics and Mechanics, Ministry of Science and Education of Azerbaijan,
Baku, Azerbaijan E-mail: mehribanomarova@yahoo.com

Received 27 January 2023
Accepted 21 April 2023



