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An Analysis of the Convergence Problem of a
Function in Lipschitz spaces
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Abstract. In the present work, the degrees of convergence of a function of conjugate
Fourier series in Lip ¢ and weighted Lipschitz classes using product Hausdorff operator
are obtained. Some interesting applications of our results are also discussed in order
to observe the nature of convergence of the function in both the classes. From our
applications, we find that the rate of convergence obtained from our results are much
better than those of earlier results and rate of convergence will be faster as « increases.
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1. Introduction

In recent past, different studies on the degree of approximation of a function
in Lipschitz, Holder spaces using single means has been made by [2, 5, 6, 11,
12] etc. Recently, [4, 7, 13, 14] have studied the degree of approximation of
conjugate function in Lipschitz, Holder spaces using product means. The degree
of approximation of function in Besov spaces of its derived Fourier series and
in Sobolev spaces of its double Fourier series has been studied by [8] and [9]
respectively. One can see [10] for details on approximation properties of operators.

In this paper, we investigate the degree of convergence of a function of con-
jugate Fourier series in Lip ¢ class and weighted Lipschitz class using product
Hausdorff means, which gives a wider class of summability matrices. The Cesaro,
Hoélder, Euler and their product matrices Hausdorff means. Moreover, the degree
of approximation of a function of conjugate Fourier series in Lipschitz spaces only
gives the degree of a polynomial with respect to the function, but the degree of
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convergence of a function of conjugate Fourier series gives the convergence of the
polynomial with respect to the function.

In this paper, we also study the rate of convergence of the function in question
by means of some applications and observe that the degree of convergence of a
function of conjugate Fourier series in Lip ¢ and weighted Lipschitz classes using
product Hausdorff means gives much better results than those of earlier known
results. We also observe that our results obtained in (9), (16) and (23) converge
to 0 as a — oo.

2. Preliminaries

2.1. Fourier and allied series

The Fourier series (F.S.) of a function h is given by

1 > :
h(y) := S0+ Z(aa cos ay + by sin ay). (1)
a=1
We can denote the a? partial sums of (1) by s4(h; ).

The series
o0

h(y) = Z(aa sin ay — by cos ay) (2)

a=1

is said to be the conjugate series of (1) which is also said to be conjugate Fourier
series (C.F.S.). )
We can denote the of? partial sums of (2) by 34 (h;y), which is given by

- cos (a+3)1
Sa(h7y)_ 277/ 7J)(y) lea
where ) )
Yy (1) = h(y +1) — h(y — 1)
and -
() =—5- ; Viy) (1) cot Sdl (3)

2.2. Product Hausdorff operator

If
_ 2 CsA g, 0<B < ey
770, 8> a,
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where M = (mgq,p) is an infinite lower triangular matrix and A is a forward
operator defined as Apig = o — fiat+1 and AP, = AP(Apy), then M = (mg )
is said to be a Hausdorff matrix ([3]).

M = (mq,p) is said to be regular if and only if

1
/0 ldy(t)] < oo, (4)

Eq. (4) means M = (mq, ) preserves the limit of each convergent sequence.
Ineq. (4), v(t) denotes the mass function, which is continuous at ¢ = 0 and (t) is
a function of bounded variation in the interval [0, 1] such that v(0+) = 0; y(1) =1
and’y(t):w&r0<t<l.

The moment sequence (denoted by ), is given by

1
Ma:/o tad7<t)'

The product Hausdorff operator of the function A is given by

MN(mn) hy Zma,ﬁznﬂusvhy a,6=0,1,2,... (5)

The C.F.S. is said to be summable to s by product Hausdorff method if
M Ny (h;y) = s as a, B — 0.

Remark 1. Eq. (5) reduces to
(i) (C,p) method if the mass function is y(t pfo (1 —1)P~Ldl.

(ii) (E,q) method if the mass function is

{0 ift € 0,0,

MW= yrepa,

where b = ﬁ,q > 0.

2.3. Lipschitz spaces
The norm of h € L?[0,27] is given by

1
9
{ 02“1h<y>|”dy}  ri<d<oo
Ihllo =

esssup|h(y)], for ¥ = oo.
O<y<2mw
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Lip ¢ class of functions
A function h € Lip ¢ if

|h(y +1) — h(y)| = O(%), for 0 < p < 1.

Lip (¢, 9) class of functions
A function h € Lip(p,9) if

1

(/%W@+U—MMW@)ﬁZOW%0<¢§Lﬁzl
0

Lip (¢(1), ) class of functions
A function h € Lip(¢(l),4) with {(I) being positive increasing function of [, if

</027r |h(y +1) — h(y)\%y)119 = 0(¢(1)).

W(L?,¢(1)) class of functions
A function h € W (LY, ((1)) with ¢(I) being positive increasing function of [, if

(U

9 1
dy) " 0(c(), foro>0,9>1.

(hly+0) = n)sin® (3)

If 9 — oo, then Lip ¢ C Lip(p, V).
If ¢(1) =17 (0 < ¢ < 1), then Lip(p, V) C Lip(C(l), ).
If ¢ = 0, then Lip(¢(1),9) € W(L?,¢(1)).

2.4. Degree of convergence

The degree of convergence of a function h gives how speedily p,, converges to

the function h, i.e.
~ 1
h(y) —pnl| =0 — |,
1A (y) — Pull <An>

where \,, — 0o as n — oo ([1]).

2.5. Notation

X, = / 1 h(t,1)d~(t)

1
=)l
/ Zacﬁtﬁ 1 — 12 Fdm (1) / ZBC -l g,
0

S11n 5
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3. Results and their proofs

In this section, we establish our theorems and related lemmas.

First we proof the following lemmas, which are useful for the proofs of our
main theorems.

Lemma 1. ‘f(

:O<> for 0<l§a+1

Proof. ForO0 <t<1,0<1<

‘COS(UZ)‘ S 1’ Os<up d'gt(t) —_ D, sup d’Yth(t) —

17
O‘+ <t<1 0<t<1

C and ]sm( )| >+, we get

= ‘/0 Zacﬁtﬁ (1 — ) By (t)

1
I Zﬂovtvu - )

S1n 3

(f Zacﬁtﬁ 0o
i)

™

_ ”C;D /01 (iacﬁt% —t)a—ﬂdt) -/01 <(1 - t+t)f3)dt‘

=0
D 1

- ”CZY / (1—t+t)adt‘
0

1
:WC’D/dt‘
! 0

‘ v

IN

Lemma 2. ‘XU

:O<(Oz+11)l2>’ fO?" %_‘_1<l§7r

Proof. For 0 <t < 1, %H <l<m [sin(B+ 1) <1V sup dwét(t) -
0<t<1
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D, sup dwjt() C and |sin(L)] > L, we get
0<t<1

> (1 - ) P (0)

-1z
Al

S o, . cos(v + LI ’ )D

v=0 sin 2

«

( > - 0)

IN

'Re</o ZBCvt”(l —t)ﬁ“ei(wé)l)dw(t)'

ol .
-Re<e'zl/ (1—t+te”)5)dt’
0

m¢D /01 <§:acﬁt5(1 - t)a—ﬁdt> ‘

= l
B=0

</01(1+t(e” - 1))ﬁ)dt’

/01 <Za: *CytP (1 — t)“‘%&) ‘

8=0

- /01 (i“cﬁtﬁu — 1) h o 1dt>'

8=0

il
.82

Re

7CD
l

sin(8 + 1)l
2(8+ 1)sin §

m2CD
202

. 1 . . . .
Since 731 Is non-increasing function,

/01 (Za: 2CetP (1 — t)aﬁdt> ‘

2
‘Xv o T CD
B=0

~ (a4 1)12
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“Olarm)

Now, we establish our main theorems.

187

Theorem 1. If his a Junction, conjugate to a function h (2w periodic and
Lebesgue integrable), then the degree of convergence of h in Lipp (0 < ¢ < 1)

class using product Hausdorff operator, is given by

~ (a+1)7% O0<ep<l1
Ta(y) = ||MN(mn) - h(y)HOO = {log(eﬂ'(aJrl)) _
a+1 ’ p=1

fora=0,1,2,3,...

Proof. We write

Now,

Ta(y) = M Nnn) — h(y)
« B
= Z Ma g Z nﬂ,u(ga(iﬁ y) — E(y))
B=0 v=0
1 4 ! . [e] a—
=5 ) [@zjy(z)/o (Z CstP(1 —t) 5d71(t)>

8=0

./01 <§:50Ut“(1 —t)8 COS(SZ:F)ldw( )ﬂdl
v=0

2

:i W@u ()Xol

([ o

= A+ B (say).

(6)
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Considering (1) € Lip ¢ and using Lemmas 1 and 2 give

Mmmy%@)_m+m§<4&”%@ho+<l;éﬁ?#@>
ol([75) ([, o)
MONECON

a+1
¥ ﬂwfl_(L)wfl
1 1 o
—0 ofl +a+1( (piirl >,O<<p<1
log(e;rj_oi—i-l))7 =1
_ollat )P (a+ )7 0<p <l
- log(em(a
slen(att)) g
_ S )Jlat+])7? 0<p <l
=0 {log(e;riofrl))’ o =1. (8)
Combining (7) and (8)
2 (a+1)77, 0<p<1
Ta(y) = HMN(mn) - h’(y)HOO = O log(eﬂ’(a—f—l)) . (9)
a1t o p=1
fora=0,1,2,3,... |

Theorem 2. If h is a function, conjugate to a function h (2w periodic and
Lebesgue integrable), then the degree of convergence of h in W (LY, (1)) class (¥ >
land0<o<1— %) using product Hausdorff operator, is given by

74(0) = M Ny = llo = O((a+ 07 4¢ () ).

with ¢(1) satisfying the following conditions:

{C(ll)} is non-increasing, (10)

1

(L (%

S

;gﬂsma(g)”dl)to(a;l), 1)

(
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1

(/nil (&%)%z)”:o<(a+1)o+ég<ai1>>, (12)
[ o) w

1
=1 for 9 > 1; (11) and

where § is an arbitrary number, 0 < 0 < o + %, % + %

(13) hold uniformly in y.

Proof. Applying Hélder’s inequality and the fact that v, (1) € W (Ly, {(l)) in
first integral of (7), we have

e (7 () (U ()

Using Lemma 1, conditions (11) and (12), we get
w L
(W) )

ol R ()

() )l )

sy

ol (e
('

(+51)
_0l(a+1)° g(ail>

Q

@)
@)

1

- +

=0

(a+1)
n (a4 1)"+119}

+
+

(07

1
_ ] (14)

Again applying Holder’s inequality and the fact that ¢, () € W(Ly,((l)) in
second integral of (7), we have

s ([, (PR ) o) (1, () o)

a+1

Using Lemma 2, conditions (10) and (13), and second mean value theorem for
integrals, we have

ofie ) ([ () )
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=0 (a+ 1)5>C<ail> </;H <(a+1)1.z6—0—2>wg>i
oo () () )

(
(
=0((e+1)¢(57) g (ler 0 )
(
(

:C)(a+1y+éCQy>)- (15)

= ((a+ 1)7¢ a+1>> +O<(a+1)“+$g<}r1>>
:0((a+1)0+ég<ail>). (16)
|

Theorem 3. If h is a function, conjugate to a function h (27 periodic and
Lebesgue integrable), then the degree of convergence h of conjugate Fourier series
in weighted Lipschitz class W (L', (()), 0 < o < 1 by product Hausdorff means,
s given by

Ta(9) = IV Ny = 0l = O+ D¢ (51 ) )

with (1) satisfying (10) and the following conditions:

{li(i)r } is non-decreasing, (17)
S lr—lwy(l)\sin”(%) o 1 ’
0 ¢ dk_0<a+1>’ "
for some T >0,0+7 <1,
()] J
/1 le)dl_O(a-i-l) : (19)

a+1



An Analysis of the Convergence Problem 191

{lf_((slz } is non-increasing, (20)
where 0 < § < o+ 1 provided (18) and (19) hold uniformly in y.

Proof. Following the proof of Theorem 1 for ¥ =1 i.e. w = 0o, we have

1
a1 (17 e, (1)] sin? (&
|A] :/ o < [y (1) sin (2)>dl- ess sup
0

C(l) 0<1§%+1

¢

I sin"(%) '

Using the condition (18) and |sin %\ < 7, we have

|A,_O< 1 0

la+T

+
(o +

1Ug<ail)>. (21)
1

Following again the proof of Theorem 1 for ¥ =

Bl= ! /’T 17%|4by (1)] sin” (%)

a—+1

i.e. w = 00, we have

<)

|—0+o+2

dl - ess sup
L ¢(l) .

Using the condition (19), we have

B1=0((a+ 0" Yo 17 ) (@ +v72%)
O((a+1)f’+1g( ! )) (22)

+
—

(07

Thus,

Ta(y) = IM Ny = h()llx

o) el
_ 0<(a N 1)a+1<(ai1)>. (23)
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4. Corollaries

Corollary 1. In view of Remark 1(i), the degree of convergence of the function
h in Lipp (0 < ¢ < 1) class using CP? means is given by

. (@+r1)®, 0<p<l
To(y) = IMNG,,) = h(y)lleo = O {10g(e7r(a+1)) _
a+1 ’ v=1

Proof. Proof will run along the same lines of the proof of Theorem 1. |

Corollary 2. In view of Remark 1(i1), the degree of convergence of the function
h in Lipp (0 < ¢ < 1) class using EY means is given by

- (a4+1)7% 0<ep<l1
Ta(y) = ||MN(€;In) - h(y)HOO =0 log(em(a+1)) _
a1 p=1L

Proof. Proof will run along the same lines of the proof of Theorem 1. <

Corollary 3. In view of Remark 1(i), the degree of convergence of the function
h in weighted Lipschitz class using CP means is given by

a(0) = 1NN ~ il = 0 ((a+ 177 () ).

where ((1) satisfies the conditions (17) to (20).

Proof. Proof will run along the same lines of the proof of Theorem 2. <

Corollary 4. In view of Remark 1(ii) the degree of convergence of the function
h in weighted Lipschitz class using EY means is given by

Ta(y) = [IMNE — hy)lls = o<<a+ 1>U+é<(ai1)),

where ((1) satisfies the conditions (17) to (20).

Proof. Proof will run along the same lines of the proof of Theorem 2. |

Remark 2. Corollaries 3 and 4 can be further deduced for 9 = 1.
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5. Applications

1. Application of Theorem 1:

Consider p = %,

N|=

Ta (@)oo = 1M N (s ) — ()] oo = o<<a 11y

)

176 ()lloo = 1M Negny (hs ) = h(y)lle = O(W).

For o =1,

Table 1
o 1 Ta(y)|]w o [T (y)lo
- O<(a + 1)—é>, =1 = O lelerlarl) ) =1
1000 0.031607 1000 0.0090444
10000 | 0.009999 10000 | 0.0011354
100000 | 0.003162 100000 | 0.0001366
00 0.0 00 0.0

Now, we draw the following graphs of T, (-) for different values of a:

0.08 0.04
0.07 1 0.035 -
0.06 1 0.03 [
__005F 1 00251
e £
® 0.04 ® 002
= >
@© ©
> >
0.03 1 0.015
002 , 001 F
0.01 1 0.005 -
0 . . . . . . . . . 0 . . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
x axis («) x axis («)

(a) For a = 1000,¢ = 1 (b) For a = 10000, ¢ = 1
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g x10°

0.05
8 0.045
7 0.04
0.035
sl
~ ~ 003
= 5r =
2 2 0,025
& 4t 3
> > 002
st
0015
2t 0.01
1 0.005
o L L L L L L . . o L L L L L L L L .
o 1 2 3 4 5 6 7 8 9 10 0 100 200 300 400 500 600 700 800 900 1000
x axis (a) x10% x axis (a)
() For a = 100000, ¢ = 3 (d) For a = 1000, =1
8 x10° T T T T T T T T 9 x10” T
7r 8r
6f T
6l
_5F —~
e S
2 4 2
& & af
2 2
st
sb
2F Nl
1t A
o L L L L L L L L L o L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 o 1 2 3 4 5 6 7 8 9 10
x axis (a) x axis (a) x10%
(e) For a = 10000, =1 (f) For @ = 100000, ¢ = 1

Figure 1: The degree of convergence of the function &

Application of Theorem 2:
ConsiderC<1>: 1 c=0, 9=2.

a+1 (a41)2°

ITa@)llo = 1M Ny (s ) — Bl = O<<a+11>>
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Table 2

T =0 —
o | Imwl=0( Ly
10 0.027410
100 0.000985
1000 0.000032
10000 0.000001
100000 0.000000
00 0.0

Now, we draw the following graphs of T, (-) for different values of a:

yaxis (T )

x axis («)

(a) For a=10

100 200 300 400 500 600 700 800 900 1000
x axis (o)

(¢) For «=1000

0.015
0.01 [
e
2
>
a
>
0.005 -
0 . . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
x axis («)
(b) For a=100
-5
1.6 10
1471
12
— r
e
£ 08
x
@©
>
0.6
0.4
0.2
0 . . . . . . . . .
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

x axis (a)

(d) For a=10000
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yaxis (T )

x axis (a)

(e) For a=100000

Application of Theorem 3:

Consider ¢ (

= e

1

%108

yaxis (T

c=0,9=1, w=o0.

x axis (a) x10%

(f) For a=1000000

Figure 2: The degree of convergence of the function h

a+1

\wuwm—uMMWM&m—Mmm—o( 1).

Table 3
o muwm:o@;)

10 0.09090
100 0.00990
1000 0.00099
10000 0.00009
100000 0.00001
1000000 0.00000

o0 0.0

Now, we draw the following graphs of T, (-) for different values of a:
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x axis (a)

(a) For a=10

0.012

0.008

0.006

yaxis (T )

0.004

0.002

0 100 200 300 400 500 600 700
x axis (a)

(¢) For «=1000

800 900 1000

x axis («)

(e) For «=100000

0 10 20 30 40 50 60 70
x axis (a)

(b) For a=100
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80 90 100

yaxis (T )

od
o

0 L L

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

x axis (a)

(d) For a=10000

x axis («)

(f) For a=1000000

Figure 3: The degree of convergence of the function h
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Remark 3. From above applications, we observe that the rate of convergence of
h will be faster as we increase a.

6. Conclusion

e From Table 1 and Figures 1(a) to 1(f), we observe that the rate of con-
vergence of h is faster as « increases when p = %(O < o < 1), ie.
HMN(mn)(iL; y) — h(y)|]so — 0 as & — oo. Additionally, i converges more
speedily as « increases when ¢ =1 i.e. HMN(mn)(iL; y) — h(y)||so — 0 as
a — 00.

e From Table 3 and Figures 3(a) to 3(f), we observe that the rate of con-
vergence of h is faster as a increases when ¥ = 1, i.e. |[[M Ny (h;y) —
h(y)[lL — 0 as @ — oco. Additionally, from Table 2 and Figures 2(a) to
2(f), h converges more speedily as « increases when ¥ = 2(J > 1), ie.
HMN(mn)(h; y) — h(y)|ly — 0 as a — 0.

e The results obtained in this paper are much better than those obtained
earlier.
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