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Continuous Relay Fusion Frame in Hilbert Spaces
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Abstract. In this paper we introduced the concept of continuous relay fusion frames in
Hilbert spaces and we define the dual frames for continuous relay fusion frames. Finally
we study the perturbation problem of continuous relay fusion frames.
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1. Introduction

The concept of frames in Hilbert spaces has been introduced by Duffin and
Schaffer [3] in 1952 to study some deep problems in nonharmonic Fourier series.
After the fundamental paper [2] by Daubechies, Grossman and Meyer, frame
theory began to be widely used, particularly in the more specialized context of
wavelet frames and Gabor frames.

Continuous frames were proposed by G. Kaiser [7] and independently by Ali,
Antoine, and Gazeau [1] to a family indexed by some locally compact space
endowed with a Radon measure. Gabrado and Han [5] called these frames as the
ones associated with measurable spaces.

Let H,L be separable Hilbert spaces and let B(H,L) be the space of all the
bounded linear operators from H to L (if H = L, we write B(H)). Let (Ω, µ) be
a positive measure space.

If W ⊆ H and V ⊆ L are subspaces, then we let πW ∈ B(H) and PV ∈ B(L)
denote the orthogonal projections onto the subspaces W and V , respectively.

In this section we briefly recall the definitions of continuous frames and con-
tinuous fusion frames in Hilbert space.
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Definition 1. [8] Let H be a complex Hilbert space and (Ω, µ) be a measure space
with positive measure µ. A mapping F : Ω → H is called a continuous frame with
respect to (Ω, µ), if

(1) F is weakly-measurable, i.e., for all f ∈ H, w → ⟨f, F (w)⟩ is a measurable
function on Ω.

(2) there exist constants A,B > 0 such that

A∥f∥2 ≤
∫
Ω
|⟨f, F (w)⟩|2dµ(w) ≤ B∥f∥2, ∀f ∈ H. (1)

The constants A and B are called continuous frame bounds. F is called a tight
continuous frame if A = B. The mapping F is called Bessel if the second inequal-
ity in (1) holds. In this case, B is called the Bessel constant. If µ is a counting
measure and Ω = N, F is called a discrete frame.

Definition 2. [4] Let {Ww}w∈Ω be a family of closed subspaces of Hilbert space
H and (Ω, µ) be a measure space with positive measure µ and ν : Ω → R+. Then
{Ww, νw}w∈Ω is called a continuous fusion frame with respect to (Ω, µ) and ν, if

(1) for each f ∈ H, {πWwf}w∈Ω is strongly measurable and ν is a measurable
function from Ω to R+.

(2) there are two constants 0 < C,D < ∞ such that

C∥f∥2 ≤
∫
Ω
ν2w∥πWwf∥2dµ(w) ≤ D∥f∥2, ∀f ∈ H,

where πWw is the orthogonal projection onto the subspace Ww. We call C and D
the lower and the upper continuous fusion frame bounds, respectively.

2. Continuous relay fusion frame in Hilbert spaces

Definition 3. Let {Kw}w∈Ω be a sequence of separable Hilbert spaces and {Ww}w∈Ω
be a family of closed subspaces in H for each w ∈ Ω. Let {Vw,v}v∈Ωw be a fam-
ily of closed subspaces in Kw. Let {αw,v}w∈Ω,v∈Ωw be a family of weights, i.e.
αw,v > 0 for each w ∈ Ω, v ∈ Ωw, and let Λw ∈ B(H,Kw) for each w ∈ Ω. Then
{Ww, Vw,v, νw,v}w∈Ω,v∈Ωw is said to be a continuous relay fusion frame, if

(1) for each f ∈ H, {Λwf}w∈Ω is strongly measurable.

(2) for each f ∈ H, {πWwf}w∈Ω is strongly measurable.



Continuous Relay Fusion Frame in Hilbert Spaces 221

(3) for each f ∈ Kw, {PVw,vf}w∈Ω,v∈Ωw is strongly measurable.

(4) there exist constants 0 < A ≤ B < ∞ such that

A∥f∥2 ≤
∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w) ≤ B∥f∥2, ∀f ∈ H,

(2)

where PVw,v is the orthogonal projection onto the subspace Vw,v. We call A and
B the lower and the upper continuous relay fusion frame bounds, respectively.

Definition 4.(∫
Ω

∫
Ωw

⊕Vw,v

)
l2
=

{
{fw,v}w∈Ω,v∈Ωw , fw,v ∈ Vw,v,

∫
Ω

∫
Ωw

∥fw,v∥2 < ∞
}
,

with inner product given by

⟨{fw,v}w,v, {gw,v}w,v⟩ =
∫
Ω

∫
Ωw

⟨fw,v, gw,v⟩dµ(w)dµ(v),

is a Hilbert space with respect to the pointwise operations.

Lemma 1. Let R be a Bessel relay-fusion sequence in H with Bessel bound B.
Then, for each sequence {fw,v}w∈Ω,v∈Ωw with fw,v ∈ Vw,v,∫

Ω

∫
Ωw

αw,vπWwΛ
∗
wfw,vdµ(v)dµ(w)

converges.

Proof. Let

f = {fw,v}w∈Ωw,v∈Ωw ∈
(∫

Ω

∫
Ωw

⊕Vw,v

)
l2

and

g =

∫
Ω

∫
Ωw

αw,vπWwΛ
∗
wfw,vdµ(v)dµ(w).

Then we have

∥g∥ = ∥
∫
Ω

∫
Ωw

αw,vπWwΛ
∗
wfw,vdµ(w)dµ(v)∥

= sup
∥h∥=1

∣∣∣∣⟨∫
Ω

∫
Ωw

αw,vπWwΛ
∗
wfw,vdµ(w)dµ(v), h⟩

∣∣∣∣
= sup

∥h∥=1

∣∣∣∣ ∫
Ω

∫
Ωw

⟨fw,v, αw,vPVw,vΛwπWwh⟩dµ(v)dµ(w)
∣∣∣∣
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≤ sup
∥h∥=1

(∫
Ω

∫
Ωw

∥fw,v∥2dµ(v)dµ(w))
) 1

2

(∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwh∥2dµ(v)dµ(w)

) 1
2

≤
√
B∥f∥.

◀

Definition 5. Let R be a relay fusion frame for H. Then the analysis operator
for R is defined by

TR : H →
(∫

Ω

∫
Ωw

⊕Vw,v

)
l2
, with TR(f) = {αw,vPVw,vΛwπWwf}w∈Ω,v∈Ωw ,∀f ∈ H.

We call the adjoint T ∗
R of the analysis operator the synthesis operator of R.

Proposition 1. Let R be a relay fusion frame for H. Then

T ∗
Rf =

∫
Ω

∫
Ωw

αw,vπWwΛ
∗
wfw,vdµ(v)dµ(w), ∀{fw,v}w∈Ω,v∈Ωw ∈

(∫
Ω

∫
Ωw

⊕Vw,v

)
l2
.

Proof. Let g ∈ H and f = {fw,v}w∈Ω,v∈Ωw ∈
(∫

Ω

∫
Ωw

⊕Vw,v

)
l2
. Then

⟨TR(g), f⟩ = ⟨{αw,vPVw,vΛwπWwg}w∈Ω,v∈Ωw , {fw,v}w∈Ω,v∈Ωw⟩

=

∫
Ω

∫
Ωw

⟨g, αw,vπWwΛ
∗
wfw,v⟩dµ(v)dµ(w)

= ⟨g, T ∗
R(f)⟩.

◀

Theorem 1. The following assertions are equivalent:

(1) R is a relay fusion frame for H.

(2) TR is injective and has a closed range.

Proof. (1) =⇒ (2) We have for each f ∈ H:∫
Ω

∫
Ωw

αw,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w) = ∥TRf∥2.
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First we prove that TR is injective. Let f ∈ H be such that TRf = 0. Since

A∥f∥2 ≤ ∥TRf∥2, ∀f ∈ H,

we have f = 0.
We now show that TR has a closed range. Let {TR(xn)}n∈N ∈ Range(TR) be

such that limn→∞ TR(xn) = y. For n,m ∈ N, we have

A∥xn − xm∥2 ≤ ∥TR(xn − xm)∥2.

Since {TR(xn)}n∈N is a Cauchy sequence in H, we have ∥xn − xm∥ → 0, as
n,m → ∞. Therefore the sequence {xn}n∈N is Cauchy and hence there exists
x ∈ H such that xn → x as n → ∞. And we have

∥TR(xn − x)∥2 ≤ B∥xn − x∥2.

Thus ∥TRxn − TRx∥ → 0 as n → ∞ implies that TRx = y. So the range of TR is
closed.

(2) =⇒ (1) This is obvious. ◀

By composing TR and T ∗
R, we obtain the frame operator for R.

Definition 6. Let R be a relay fusion frame. A frame operator SR for R is
defined by

SRf = T ∗
RTRf =

∫
Ω

∫
Ωw

αw,vπWwΛ
∗
wPVw,vπWwfdµ(v)dµ(w).

Theorem 2. R is a Bessel relay fusion sequence in H with bound B if and only
if the map

{fw,v}w∈Ω,v∈Ωw →
∫
Ω

∫
Ω
αw,vπWwΛ

∗
wfw,vdµ(v)dµ(w)

is a well-defined bounded operator from

(∫
Ω

∫
Ωw

⊕Vw,v

)
l2

to H and its norm is

less or equal to
√
B.

Proof. First assume that R is a Bessel relay fusion sequence for H with
bound B. By Lemma 1 the

∫
Ω

∫
Ωw

αw,vπWwΛ
∗
wfw,vdµ(v)dµ(w) is convergent.

Thus T ∗
R({fw,v}w∈Ω,v∈Ωw) is well defined. A simple calculation as in Lemma 1

shows that T ∗
R is bounded and ∥T ∗

R∥ ≤
√
B.

For the opposite implication, suppose that T ∗
R is well defined and ∥T ∗

R∥ ≤
√
B.

Then ∫
Ω

∫
Ωw

α2
w,v∥Pw,vΛwπWwf∥2dµ(v)dµ(w) =
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=

∫
Ω

∫
Ωw

α2
w,v⟨πWwΛ

∗
wPVw,vΛwπWwf, f⟩dµ(v)dµ(w) =

= ⟨T ∗
R{αw,vPVw,vΛwπWwf}w∈Ω,v∈Ωw , f⟩ ≤

≤
(∫

Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

.∥T ∗
R∥.∥f∥,

so we have∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w) ≤ ∥T ∗

R∥.∥f∥ ≤
√
B.∥f∥.

◀

Theorem 3. Let R be a relay fusion frame with bounds A and B. Then the
frame operator for R is bounded, positive, self-adjoint, invertible operator on H
with

AIH ≤ SR ≤ BIH .

Proof. SR is bounded as a composition of two bounded operators:

∥SR∥ = ∥T ∗
RTR∥ = ∥T ∗

R∥2 ≤ B.

Since

S∗
R =

(
T ∗
RTR

)∗
= T ∗

RTR = SR,

the operator SR is self-adjoint. The inequality (2) means that

A∥f∥2 ≤ ⟨SRf, f⟩ ≤ B∥f∥2,∀f ∈ H.

This shows that

AIH ≤ SR ≤ BIH ,

and hence SR is positive, invertible operator on H. ◀

Theorem 4. Let R be a relay fusion frame for H with frame operator SR. Then
we have for all f ∈ H

f =

∫
Ω

∫
Ωw

α2
w,vS

−1
R πWwΛ

∗
wPVw,vΛwπWwfdµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,vπWwΛ

∗
wPVw,vΛwπWwS

−1
R fdµ(v)dµ(w).
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Proof. As SR is invertible, for all f ∈ H we have

f = S−1
R SRf =

∫
Ω

∫
Ωw

α2
w,vS

−1
R πWwΛ

∗
wPVw,vΛwπWwfdµ(v)dµ(w),

and

f = SRS
−1
R f =

∫
Ω

∫
Ωw

α2
w,vπWwΛ

∗
wPVw,vΛwπWwS

−1
R fdµ(v)dµ(w).

◀

Theorem 5. Let
R = {Ww, Vw,v, αw,v}w∈Ω,v∈Ωw

and
R′

= {W ′
w, V

′
w,v,Λ

′
w, α

′
w,v}w∈Ω,v∈Ωw

be two Bessel relay sequences for H with bounds B and B
′
, respectively. Let TR

and TR′ be their analysis operators such that T ∗
R′TR = IH . Then both R and R′

are relay fusion frames.

Proof. We have for all f ∈ H

∥f∥4 = ⟨TRf, TR′f⟩2

≤ ∥TRf∥2∥TR′f∥2

=

(∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

)
.

(∫
Ω

∫
Ωw

α
′2
w,v∥PV ′

w,v
Λ

′
wπW ′

w
f∥2dµ(v)dµ(w)

)
≤

(∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

)
B

′∥f∥2.

Thus
1

B′ ∥f∥2 ≤
∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w).

Similarly we obtain a lower bound for R′
. ◀

3. Duality of relay fusion frames

Lemma 2. [6] Let A ∈ B(H) and V ⊆ H be a closed subspace. Then

πV A
∗ = πV A

∗πAV .
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3.1. Global continuous relay dual of continuous relay fusion frames

LetR be a continuous relay fusion frame forH. We consider global continuous
relay space K =

( ∫
Ω⊕Kw

)
l2

and let FK be a frame for K, where every Kw is
a local continuous relay space. We use SFK to denote the frame operator for

K. Let Ṽw,v = S−1
FK

Vw,v and Λ̃w = S−1
FK

PVw,vΛw. We now prove that R̃ =

{Ww, Ṽw,v, Λ̃w, vw,v}w∈Ω,v∈Ωw is a continuous relay fusion frame for H and we

call R̃ the global continuous relay dual of continuous relay fusion frame of R.

Theorem 6. Let R be a continuous relay fusion frame for H. Then R̃ is a
continuous relay fusion frame for H, for all f ∈ H,

f =

∫
Ω

∫
Ωw

α2
w,vS

−1

R̃
πWw Λ̃w

∗
Λ̃wπWwfdµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,vπWw Λ̃w

∗
Λ̃wπWwS

−1

R̃
fdµ(v)dµ(w).

Proof. For each f ∈ H, we have∫
Ω

∫
Ωw

α2
w,v∥PS−1

FK
Vw,v

S−1
FK

PVw,vΛwπWwf∥2dµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,v∥S−1

FK
PVw,vΛwπWwf∥2dµ(v)dµ(w) ≤ ∥S−1

FK
∥2B∥f∥2.

On the other hand, we have∫
Ω

∫
Ωw

α2
w,v∥PS−1

FK
Vw,v

S−1
FK

PVw,vΛwπWwf∥2dµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,v∥S−1

FK
PVw,vΛwπWwf∥2dµ(v)dµ(w) ≥

≥
∫
Ω

∫
Ωw

α2
w,v

1

∥SFK∥2
∥PVw,vΛwπWwf∥2dµ(v)dµ(w) ≥

A

∥SFK∥2
∥f∥2.

Further, since SR̃ is invertible, for all f ∈ H we have

f = S−1

R̃
SR̃f = SR̃S

−1

R̃
f

=

∫
Ω

∫
Ωw

α2
w,vS

−1

R̃
πWw Λ̃w

∗
P
Ṽw,v

Λ̃wπWwfdµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,vS

−1

R̃
πWwΛ

∗
wPVw,vS

−1
FK

PS−1
FK

Vw,v
S−1
FK

PVw,vΛwπWwfdµ(v)dµ(w)
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=

∫
Ω

∫
Ωw

α2
w,vS

−1

R̃
πWwΛ

∗
wPVw,vS

−1
FK

S−1
FK

PVw,vΛwπWwfdµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,vS

−1

R̃
πWw Λ̃w

∗
Λ̃wπWwfdµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,vπWw Λ̃w

∗
Λ̃wπWwS

−1

R̃
fdµ(v)dµ(w).

◀

3.2. Local continuous relay dual of continuous relay fusion frames

Let V̂w,v = S−1
w Vw,v and Λ̂w = S−1

w Pw,vΛw, where Sw denotes the frame
operator with respect to Kw for each w ∈ Ω and we call every Sw local continuous
relay frame operator. We now prove that R̂ = {Ww, V̂w,v, Λ̂w, αw,v}w∈Ω,v∈Ωw is

also a continuous relay fusion frame for H and we call R̂ the local continuous
relay dual of continuous relay fusion frame of R.

Theorem 7. Let R be a continuous relay fusion frame for H. Then R̂ is a
continuous relay fusion frame for H and, for all f ∈ H,

f =

∫
Ω

∫
Ωw

α2
w,vS

−1

R̂
πWw Λ̂w

∗
Λ̂wπWwfdµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,vπWw Λ̂w

∗
Λ̂wπWwS

−1

R̂
fdµ(v)dµ(w).

Proof. For all f ∈ H we have∫
Ω

∫
Ωw

α2
w,v∥PS−1

w Vw,v
S−1
w PVw,vΛwπWwf∥2dµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,v∥S−1

w PVw,vΛwπWwf∥2dµ(v)dµ(w) ≤ max
w∈Ω

{∥S−1
w ∥2}B∥f∥2.

On the other hand, for each f ∈ H we have∫
Ω

∫
Ωw

α2
w,v∥PS−1

w Vw,v
S−1
w PVw,vΛwπWwf∥2dµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,v∥S−1

w PVw,vΛwπWwf∥2dµ(v)dµ(w) ≥

≥
∫
Ω

∫
Ωw

α2
w,v

1

∥Sw∥2
∥PVw,vΛwπWwf∥2dµ(v)dµ(w) ≥
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≥ min
w∈Ω

{
1

∥Sw∥2

}
A∥f∥2.

Since SR̂ is invertible, for all f ∈ H we have

f = S−1

R̂
SR̂f = SR̂S

−1

R̂
f

=

∫
Ω

∫
Ωw

α2
w,vS

−1

R̂
πWw Λ̂w

∗
P
V̂w,v

Λ̂wπWwdµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,vS

−1

R̂
πWwΛ

∗
wPVw,vS

−1
w PS−1

w Vw,v
S−1
w PVw,vΛwπWwfdµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,vS

−1

R̂
πWw Λ̂w

∗
Λ̂wπWwfdµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,vπWw Λ̂w

∗
Λ̂wπWwS

−1

R̂
fdµ(v)dµ(w).

◀

3.3. Continuous canonical dual of continuous relay fusion frames

Now let W̊w = S−1
R Ww and Λ̊w = ΛwπWwS

−1
R , where SR is the frame operator

forR. We prove that R̊ = {W̊w, Vw,v, Λ̊w, αw,v}w∈Ω,v∈Ωw is also a continuous relay

fusion frame for H and we call R̊ the continuous canonical dual of continuous
relay fusion frame of R for H.

Theorem 8. Let R be a continuous relay fusion frame for H. Then R̊ is a
continuous relay fusion frame for H.

Proof. We have for all f ∈ H∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwS

−1
R πS−1

R Ww
f∥2dµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπS−1

R
f∥2dµ(v)dµ(w) ≤

≤ ∥S−1
R ∥2B∥f∥2.

On the other hand, we have

∥f∥4 =
∣∣∣∣⟨∫

Ω

∫
Ωw

α2
w,vπWwΛ

∗
wPVw,vΛwπWwS

−1
R fdµ(v)dµ(w), f⟩

∣∣∣∣2 =
=

∣∣∣∣ ∫
Ω

∫
Ωw

α2
w,v⟨PVw,vΛwπWwS

−1
R f, PVw,vΛwπWwf⟩dµ(v)dµ(w)

∣∣∣∣2 ≤
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≤
(∫

Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwS

−1
R πS−1

R Ww
f∥2dµ(v)dµ(w)

)
×

×
(∫

Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

)
≤

≤
(∫

Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwS

−1
R πS−1

R Ww
f∥2dµ(v)dµ(w)

)
B∥f∥2.

Therefore,

1

B
∥f∥2 ≤

∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwS

−1
R πS−1

R Ww
f∥2dµ(v)dµ(w).

◀

Theorem 9. Let R be a continuous relay fusion frame for H with frame operator
SR and let R̊ be the continuous canonical dual of continuous relay fusion frame
of R with frame operator SR̊. Then SRSR̊ = IH and T ∗

RTR̊ = IH and, for all
f ∈ H,

f =

∫
Ω

∫
Ωw

α2
w,vπWwΛ

∗
wPVw,v Λ̊wπW̊w

fdµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,vπW̊w

Λ̊w
∗
Pw,vΛwπWwfdµ(v)dµ(w).

Proof. We have for all f ∈ H

SRSR̊f = SR

∫
Ω

∫
Ωw

α2
w,vπS−1

R Ww
S−1
R πWwΛ

∗
wPVw,vΛwπWwS

−1
R πS−1

R Ww
fdµ(v)dµ(w)

= SR

∫
Ω

∫
Ωw

α2
w,vS

−1
R πWwΛ

∗
wPVw,vΛwπWwS

−1
R fdµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,vπWwΛ

∗
wPVw,vΛwπWwS

−1
R fdµ(v)dµ(w)

= SRS
−1
R f

= f

and

T ∗
RTR̊ = T ∗

R

(
{αw,vPVw,vΛwπWwS

−1
R πS−1

R Ww
f}w∈Ω,v∈Ωw

)
= T ∗

R

(
{αw,vPVw,vΛwπWwS

−1
R f}w∈Ω,v∈Ωw

)
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= T ∗
RTRS

−1
R f

= f.

The last assertion of the theorem follows from the previous steps of the proof. ◀

Theorem 10. Let R be a continuous relay fusion frame with continuous canoni-
cal dual of continuous relay fusion frame R̊. Then, for any gw,v ∈ Vw,v satisfying
f =

∫
Ω

∫
Ωw

α2
w,vπWwΛ

∗
wgw,vdµ(v)dµ(w), we have

∫
Ω

∫
Ωw

∥gw,v∥2dµ(v)dµ(w) =
∫
Ω

∫
Ωw

α2
w,v∥PVw,v Λ̊wπW̊w

f∥2dµ(v)dµ(w)

+

∫
Ω

∫
Ωw

∥gw,v − α2
w,vPVw,v Λ̊wπW̊w

f∥2dµ(v)dµ(w).

Proof. For each f ∈ H, we have∫
Ω

∫
Ωw

α2
w,v∥PVw,v Λ̊wπW̊w

f∥2dµ(v)dµ(w) = ⟨SR̊f, f⟩ = ⟨f, S−1
R f⟩ =

=

∫
Ω

∫
Ωw

α2
w,v⟨πWwΛ

∗
wgw,v, S

−1
R f⟩dµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,v⟨gw,v, Pw,vΛwπWwS

−1
R f⟩dµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,v⟨gw,v, Pw,vΛ̊wπW̊w

f⟩dµ(v)dµ(w) =

=

∫
Ω

∫
Ωw

α2
w,v⟨PVw,v Λ̊wπW̊w

f, gw,v⟩dµ(v)dµ(w).

◀

Example 1. Let R be a continuous relay fusion frame for H and SR denote the
frame operator of R. We have for each f ∈ H

∥f∥2 = ⟨S− 1
2

R SRS
− 1

2
R f, f⟩

= ⟨
∫
Ω

∫
Ωw

α2
w,vS

− 1
2

R πWwΛ
∗
wPVw,vΛwπWwS

− 1
2

R fdµ(v)dµ(w), f⟩

=

=

∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwS

− 1
2

R f∥2dµ(v)dµ(w)
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=

∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwS

− 1
2

R π
S
− 1

2
R Ww

f∥2dµ(v)dµ(w).

So, {S
1
2
RWw, Vw,v,ΛwπWwS

1
2
R, αw,v}w∈Ω,v∈Ωw is a Parseval continuous relay fusion

frame for H.

Theorem 11. Let R be a continuous relay fusion frame for H with continuous
relay fusion frame operator SR and let Q ∈ B(H) be an invertible operator. Then
RQ = {QWw, Vw,v,Λw, αw,v}w∈Ω,v∈Ωw is a continuous relay fusion frame for H
with continuous relay fusion frame operator SRQ

satisfying

QSRQ
∗

∥Q∥2
≤ SRQ

≤ ∥Q−1∥2QSRQ
∗.

Proof. For each f ∈ H we have

∥PVw,vΛwπWwQ
∗f∥ = ∥PVw,vΛwπWwQ

∗πQWwf∥ ≤ ∥Q∗∥∥PVw,vΛwπQWwf∥.

Since Q∗f ∈ H and R is a continuous relay fusion frame for H, we have

A∥Q∗f∥2 ≤
∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwQ

∗f∥dµ(v)dµ(w)

≤ ∥Q∗∥2
∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπQWwf∥2dµ(v)dµ(w).

Thus

A

∥Q∗∥2∥(Q∗)−1∥2
∥f∥2 ≤

∫
Ω

∫
Ωw

α2
w,v∥Pw,vΛwπQWwf∥2dµ(v)dµ(w).

On the other hand, we have

πQWw = πQWw(Q
−1)∗πWwQ

∗.

So
∥PVw,vΛwπQWwf∥ ≤ ∥(Q−1)∗∥∥PVw,vΛwπWwQ

∗f∥.

Therefore ∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπQWwf∥2dµ(v)dµ(w) ≤

≤ ∥(Q−1)∗∥2
∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwQ

∗f∥2dµ(v)dµ(w) ≤

≤ B∥Q∗∥2∥(Q∗)−1∥2∥f∥2.
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Now show that
QSRQ

∗

∥Q∥2
≤ SRQ

≤ ∥Q−1∥2QSRQ
∗.

For all f ∈ H, we have

⟨QSRQ
∗

∥Q∥2
f, f⟩ = 1

∥Q∥2

∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwQ

∗f∥2dµ(v)dµ(w)

=
1

∥Q∥2

∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwQ

∗πQWwf∥2dµ(v)dµ(w)

≤ ∥Q∗∥2

∥Q∥2

∫
Ω

∫
Ωw

α2
w,v∥Pw,vΛwπQWwf∥2dµ(v)dµ(w)

= ⟨SRQ
f, f⟩.

Since

πQWw = πQWw(Q
−1)∗πWwQ

∗,

we have

⟨SRQ
f, f⟩ =

∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπQWwf∥2dµ(v)dµ(w)

=

∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπQWw(Q

−1)∗πWwQ
∗f∥2dµ(v)dµ(w)

≤ ∥(Q−1)∗∥2
∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwQ

∗f∥2dµ(v)dµ(w)

= ∥(Q−1)∗∥2⟨SRQ
Q∗f,Q∗f⟩

= ⟨∥(Q−1)∗∥2QSRQ
Q∗f, f⟩

◀

Theorem 12. Let R be a continuous relay fusion frame for H with continuous
relay fusion frame bounds A and B. If Qw ∈ B(Kw)’s are invertible operators
for each w ∈ Ω, then R = {Ww, QwVw,v,Λw, αw,v}w∈Ω,v∈Ωw is a continuous relay
fusion frame for H.

Proof. For all f ∈ H, we have

∥QwPVw,vΛwπWwf∥ = ∥PQwVw,vQwPVw,vΛwπWwf∥ ≤ ∥Qw∥∥PQwVw,vΛwπWwf∥.

So
1

∥Qw∥∥Q−1
w ∥

∥PVw,vΛwπWwf∥ ≤ ∥PQwVw,vΛwπWwf∥.
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Therefore

min
w∈Ω

{
A

∥Qw∥2∥Q−1
w ∥2

}
∥f∥2 ≤

∫
Ω

∫
Ωw

α2
w,v

∥Qw∥2∥Q−1
w ∥2

∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

≤
∫
Ω

∫
Ωw

α2
w,v∥PQwVw,vΛwπWwf∥2dµ(v)dµ(w).

We have

PQwVw,v = PQwVw,v(Q
−1
w )∗PVw,vQ

∗
w.

Then

∥PQwVw,vΛwπWwf∥ = ∥PQwVw,v(Q
−1
w )∗PVw,vQ

∗
wΛwπWw∥

≤ ∥Q∗
w∥∥(Q−1

w )∗∥∥PVw,vΛwπWwf∥.

Hence ∫
Ω

∫
Ωw

α2
w,v∥PQwVw,vΛwπWwf∥2dµ(v)dµ(w)∥2dµ(v)dµ(w)

≤
∫
Ω

∫
Ωw

∥Q∗
w∥2∥(Q−1

w )∗∥2α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

≤ max
w∈Ω

{
∥Q∗

w∥2∥(Q−1
w )∗∥2

}
B∥f∥2.

◀

4. Perturbation of the continuous relay fusion frames

Theorem 13. Let R1 = {Ww, Vw,v,Λw, vw,v}w∈Ω,v∈Ω be a continuous relay fusion
frame for H with continuous relay bounds A and B. Suppose that {Zw,v}v∈Ωw

is a family of closed subspaces in Kw for each w ∈ Ω and there exist constants
C,D, ϵ such that max{C + ϵ√

A
, D} < 1 and for all f ∈ H

(∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf − PZw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

≤ C

(∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

+D

(∫
Ω

∫
Ωw

α2
w,v∥PZw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

+ ϵ∥f∥.



234 F.D. Nhari, M. Rossafi

Then R2 = {Ww, Zw,v,Λw, αw,v}w∈Ω,v∈ω is a continuous relay fusion frame for
H with continuous relay fusion frame bounds

A

(1− C − ϵ√
A

1 +D

)2

, B

(1 +A+ ϵ√
B

1−D

)2

.

Proof. We have for each f ∈ H(∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

−
(∫

Ω

∫
Ωw

α2
w,v∥PZw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

≤
(∫

Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf − PZw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

≤
(
C +

ϵ√
A

)(∫
Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

+D

(∫
Ω

∫
Ωw

α2
w,v∥PZw,vΛwπWwf∥2dµ(v)dµ(w)

) 1
2

.

Then

A

(1− C − ϵ√
A

1 +D

)2

∥f∥2 ≤
∫
Ω

∫
Ωw

α2
w,v∥PZw,vΛwπWwf∥2dµ(v)dµ(w).

Similarly we can prove that

B

(1 + C + ϵ√
B

1−D

)2

∥f∥2 ≥
∫
Ω

∫
Ωw

α2
w,v∥PZw,vΛwπWwf∥2dµ(v)dµ(w).

◀

Theorem 14. Let R1 = {Ww, Vw,v,Λw, αw,v}w∈Ω,v∈Ωw be a continuous relay
fusion frame for H with continuous relay fusion frame bounds A and B. Suppose
that {Zw,v}v∈Ωw is a family of closed subspaces in Kw for each w ∈ Ω and there
exists a constant 0 < C < A such that∫

Ω

∫
Ωw

α2
w,v∥PVw,vΛwπWwf − PZw,vΛwπWwf∥2dµ(v)dµ(w) ≤ C∥f∥2, ∀f ∈ H.

Then R2 = {Ww, Zw,v,Λw, αw,v}w∈Ω,v∈Ωw is a continuous relay fusion frame for
H with continuous relay fusion frame bounds

√
C −

√
A,

√
C +

√
B.
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Proof. For each f ∈ H, we have

∥{αw,vPZw,vΛwπWwf}w∈Ω,v∈Ωw∥
≤ ∥{αw,vPVw,vΛwπWwf − αw,vPZw,vΛwπWwf}w∈Ω,v∈Ωw∥
+ ∥{αw,vPVw,vΛwπWwf}w∈Ω,v∈Ωw∥

≤ (
√
C +

√
B)∥f∥.

Then ∫
Ω

∫
Ωw

α2
w,v∥PZw,vΛwπWwf∥2dµ(v)dµ(w) ≤ (

√
C +

√
B)2∥f∥2.

Similarly we have for each f ∈ H∫
Ω

∫
Ωw

α2
w,v∥PZw,vΛwπWwf∥2dµ(v)dµ(w) ≥ (

√
C −

√
A)2∥f∥2.

◀
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