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m—Convex (m — cv) Functions

R.A. Sharipov*, M.B. Ismoilov

Abstract. The theory of m—convex (m — cv) functions is a new direction in the theory
of real geometry. However, for m = 1 this class coincides with the class of convex
functions, and for m = n it coincides with the class of subharmonic functions, which, as
is known, have been well studied (A.Aleksandrov, I.Bakelman, A.Pogorelov, N.Ivochkina,
I.Privalov, etc.) The definition of m — cv functions for 1 < m < n has a very different
nature, which uses high-order Hessians. Functions for such m have been considered in a
series of works by N.Trudinger, X.Wang and others.

In this article, we establish a connection between m—convex functions and strongly
m—subharmonic (sh,,) functions and, using the well-known properties of sh,, functions,
we prove a number of important properties of the class of m — cv functions.
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1. Introduction

m—convex functions are a generalization of convex functions in R™. Below
we will show that they are directly related to strongly m—subharmonic (sh,,)
functions in the complex space C". The theory of sh,,—functions is an actual di-
rection of research in the pluripotential theory, treated by many mathematicians,
such as (Z.Blocki [6], S.Dinew and S.Kolodzej [7, 8, 9], S.Y.Li [10], H.C.Lu [11],
A.Sadullaev and his disciples [12, 13, 14] and others).

A twice smooth function u(z) € C?(D), D C C" is said to be strongly
m—subharmonic if the relation

shm(D) = {ueC?: (ddu)’>AB"*>0, s=1,2,...,n—m+1} =
={ueC?: ddun "' >0, (ddu)?*Ap"2>0,...
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(ddcu)n—m-i-l A Bmfl > 0} (1)

holds at each point of the domain D, where 8 = dd||z||? is a standard volume
form in C".
Operators (dd®u)® A f"~° are closely related to the Hessians. For a twice
smooth function u € C*(D), the second-order differential dd°u = & %dzk/\
kit

)

d z; is a Hermitian quadratic form. After a suitable unitary coordinate transform,
it is reduced to the diagonal form dd‘u = 3§ [Mdzi AdZ1 + ... + Apdz, A d 2],

0z 0 Z¢
are real: A = (Aq,...,\y,) € R". Note that the unitary transformation does not
change the differential form 3 = dd¢||z||?. Therefore, it is easy to see that

where A1, ..., A, are the eigenvalues of the Hermitian matrix ( 0%y ), which

(ddu)® N B = sl (n — )\ H® (u) ",

where H*(u) = > Aj, .- Aj, is the Hessian of dimension s of the vector
1<j1<...<js<n
A= A(u) € R™.
Hence, the twice smooth function u(z) € C*(D), D C C", is strongly m—
subharmonic if at each point o € D it satisfies the following inequalities:

Hi(u)>0, s=1,2,...,n—m+ 1. (2)
The following very useful theorem is true.

Theorem 1. (see [6], [7]). For any twice smooth sh, NC%(D) functions w1, ..., ws
shm(D)NC%(D), 1 <s<n—m-+1, the relation

ddwy A ... A ddwg A B™E >0

is valid. In particular, for u € shpy, (D) N C?*(D) and for any wi, ..., wn_m €
shm(D) N C%(D) the relation

ddu A dd“wy A ... A ddwy_m A ™1 >0 (3)

holds. The last property has a dual character: if a twice smooth function u satis-
fies (3) for all wy, ..., wn—m € shy, (D) N C%(D), then the function u is certainly
shpy, function.

Remark 1. Since any function w € C%(D) uniformly approzimates in C?—norm
(on compact sets K € D), then in (3) as w1, ..., Wn—m € shy(D)NC%(D) we can
take second-order Hermitian polynomials or squares (see also [6, 7])

wj= 3 s € sh (CV), = . )

k=1
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1
loc*

Definition 1. The function u € L}, (D) is called shy, in a domain D C C", if
it is upper semicontinuous and for any twice smooth shy, functions wi, ..., Wp—_m
in the form (4), the current dd°u A ddwi A ... A ddwy_pm A BT1

[dd®u A ddwy A ... A dd wp_m A B (W) =

Theorem 1 allows us to define sh,, functions in the class L

= / uddwy A ... A ddwp—p A B™Y A ddCw,  w e FOO
1s positive defined, i.e.
/uddcwl A o Addwp—m A B Addw >0, Ywe FOP w > 0.

We note the following properties of the sh,, functions:

1) psh = shy C shy C ... C shy, C ... C shy, = sh;

2) if u,v € shy,, then au + bv € shy, for any a,b > 0;

3) if () is convex, increasing function of the parameter t € R and u € shyy,,
then v ou € shy;

4) the limit of uniformly convergent or decreasing sequence of sh,, functions
is shyy;

5) a maximum of two sh,, functions is again shy,;

6) if u € shy,, then for any complex hyperplane IT C C" the restriction u|g
is a shy, function. As a consequence, it follows that if u € sh,,, then for any
m—dimensional plane IT C C", dimII = m, the restriction u|ry is a sh function.

2. m—convex functions

Let D C R"™ and u(z) € C%(D). The matrix <%) is symmetric, % =

2 . .
#8”9%. Therefore, after a suitable orthonormal transformation, it is transformed

into a diagonal form

A0 o0
82U 0 )\2 0
0 0 ... A\

where A\; = \j(x) € R are the eigenvalues of the matrix ( af;gxt). Let

Ho(u)=H*A\) = D> XA,
1<j1<...<js<n

be a Hessian of dimension s of the vector A = (A1, Ag, ..., \p)-
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Definition 2. A twice smooth function v € C?(D) is called m—convex in D C
R™ u € m — cv(D), if its eigenvalue vector X\ = A(z) = (A1(x), Aa(), ..., An())
satisfies the condition

m—cvNC*D)={H*(\(z)) >0,V €D, s=1,...n—m+1}.

It is clear that for m = 1 the class 1 — cv N C*(D) = {H'(A\) >0} =
{M\1 >0,..., A\, > 0} coincides with the convex functions in R"™. The class of con-
vex functions has been well studied by A.Aleksandrov, I.Bakelman, A.Pogorelov,
N.Ivochkina, A.Artikbaev and others [1] — [4]. For m = n, the class n — cv N

n
C%(D) =< H™(\) = Y. A\j > 0 ¢ coincides with the subharmonic functions in R
j=1
(see [5]).
When m > 1, the class of m— functions has been studied in a series of works
by N.Trudinger, X.Wang and others (see [15] — [20]).

3. Relationship between m — cv and sh,, functions

The study of functional properties of the class of m — cv functions and the
construction of a potential theory in it is the main subject of this paper. Our
purpose and method of study are somewhat different from the approach of the
authors mentioned above, where the main focus was on solving equations in
Hessians of type H" ™ +1(\(z)) = f(z,u) in the class of m — cv functions. The
point is that, in the class of sh,, functions, this Hessian type equation is equivalent
to the nonlinear elliptic equation (dd®u)" " A g1 = f(z, u)B"™.

We will consider real space R? in corresponding complex space C", R} C
C? = R} +iR}, (2 = x +iy), as a real n—dimensional subspace.

Proposition 1. A twice smooth u(z) € C*(D), D CR?, is m —cv in D if and
only if the function u¢(z) = u(x + iy) = u(x), that does not depend on variables

y € Ry, is shy, in the domain D x Ry.
Proof. Recall that u(z) is shy, if and only if the eigenvalues A\; = \;(2) € R—

of the matrix || 5452 | satisty H'(\) = 0,.., H"""1(x) > 0. But

0*uc(z) _ Fu(x+iy)  Pulz) 1 u(x)

0210 % 0210z 02,0z  40xp0x

92u’(z) 9%u(x)
0z,0 Zt 0z 0 x¢

fore, u € m—cv(D) < u® € shy, (D xR}!) and this implies that u € C*Nm—cuv(D)

coincides. There-

Then, the eigenvalues of the matrices

and ’



m—Convex (m — cv) Functions 241

if and only if in the domain D= D x R C C" the differential forms satisfy

(ddu)’ ANB"° >0, s=1,2,...n—m+ 1.

Below we will need the following lemma.

n
Lemma 1. A Hermitian square w = Y Cgt2kZt, Ckt = Ctk 1S a Shy,— function,denoted

k=1
n
w € shy, (C"), if and only if the real square v = Y dixiz: is an m — cv (R™)
k=1
function, where
Ckt ’Lf k ?ét
W=\ s if k=t

Proof. Since dg; = dy, the function

n n
1
v = E dktxk:vt = Z [th + Ctk] Tt + 5 Z ckkxi =

kt=1 k<t k=1
= Z 2Recpixrrs + = Z Ck;kl‘k = Z Recpixixy
k<t kit=1

n
is real. We show that if w € sh,, (C"), then v = > dzrar € m — cv(R™)
k,it=1
or, which is the same, v°(z) = v(z) € sh;,,(C"). We have Z;CB(Z) = %g;:éﬁl.
Consequently,

.’L'fL' Tl
dCC—det ktdk/\dzt de (%;tdk/\dzt:

1 _ 1 _ c
= Zch,tdzk ANdZ + Zchkdzk ANdZzZ, = de w
k£t k=1
It follows v°(2) = v(x) € shyn(DXRY) forw = > ck2kzi € shy(C"). Therefore,
k=1

v(z) € m — cv(D).

Conversely, if v(z) € m — cv(D), then v%(z) = v(z) € shy, (D x RZ) It
follows from dd°v® = 1dd“w that w € shy, (C"). Lemma 1 is proved. <

The following theorem is the main result of our study on m — cv functions.
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Theorem 2. A twice smooth function u(x), x € D C R}

n is m — cv(D) if and
only if

ddu’ AddvA...Nddve_ ANB™TE >0, Yoy, ., Upm € m—co(D)NC?(D). (5)

Moreover, it suffices here to consider the class of squares

n
vj = Z dj,xpee € m— cv(D), dZ:t €ER, dZ;t =d},, j=1,2,..,n—m. (6)
k=1

Proof. Necessity. If u(x) € m—cuv(D), then, by Proposition 1, u¢,v§,...,v5_,, €
shim(D x RY) N C?(D x RY), and by Theorem 1

ddu’ A dd“v$ A ... A ddv_,, A B> 0.
Sufficiency. Let u(z) € C%(D) satisfy conditions (5). We need to demonstrate
that u®(2) = u(z + iy) = u(z) is a shy, (D x RY) function, which is the same as

ddu°Ndd“wi A NddWy_ANB™ >0, Yy = Y ] 2% € shm (C), o], = &,
kt=1
ddwj = " o],z A dz. (7)
k,it=1

n .
According to Lemma 1, the function v; = ) ditl"kﬂ?t is m—convex, where

Et=1
; o, if k#t

dk‘t = C?ct .
5 ’l/f k'/ = t,

n .
vj = Y dj,xpzy € m—cv (R™) or, which is the same, v§(2) = v;(x) € shp (C).
kyt=1
According to assumption (5),

1
dd°u’ Addwy A ... Ndd“w,,_,, N1 = de@u@/\ddcm...Addcv;_mwm—l >0,

Ywj = Y 267 € shy, (C"), ¢, = ¢],.. Theorem 2 is proved. <
k,it=1
We note that Theorem 2 allows us to give a criterion for u () € m — cv(D)
to be in the class L, (D).
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Definition 3. The function u(z) € L}, (D) is called m—convex function in the
domain D C RZ, u(z) € m — cv(D), if it is upper semicontinuous and for any
twice smooth m — cv(D) functions vi, ..., Un—m, the current ddu® A dd°v§ A ... A

ddvé_,, A B defined as
[ddu® A dd°v§ A ... A ddvG_, A BT (w) =

- / wCddv§ A ... Addv_, ABTTH Addw, we FYO(DxRY) (8)

18 positive, 1i.e.

/qud%f Ao Nddovs,_, A BTN AddCw >0, Yw e FOY (D xR} ,w > 0.

Definition 3 allows us to obtain the following refinement of Proposition 1.
Proposition 1. Function u(z) € L}, (D), D C R, ism — cv in D if and only
if the function u®(z) = u®(z +iy) = u(x) is shym in domain D x Ry.

Proof. Tt is clear that the functions u(z) and u®(z) = u(z + iy) = u(x)
both belong to the class LlloC and are upper semicontinuous at the same time.
If u(z) € m — cv(D), then, according to Definition 3, for any twice smooth
m — cv(D) functions vy, ..., Up—m, the current dd°u® A dd°v§ A ... Add°vS_,,, A BT
defined as

[ddu® A dd°v§ A ... A ddvG_, A BT (w) =

= / wCddv§ A Addvl_, AT Addw,  we FOY(DxRY) ()
is positive. In particular, this current is also positive for all functions of the form

vj = degtxkxt em—co(D), dl,=d},, j=1,2,...,n—m.
it

As we have seen above, for any functions w; = ; )2z € shm(CM), cl, = ¢,

we have dd“v§ = +dd“w; and v§ € sh,(C"), or, which is the same, v;(z) €
m — cv(D). Here

no 4 dif k#t
v = E &z, dl, = ot
! kt=1 R T { % if k=t

Therefore, according to the condition

/ u® ddv§ A Addvs,_, ABTTH Addw >0, Yw e FOY (DX RY), w >0,
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we obtain
/ uCddwy A ... A dd°w,,_,, N BT A ddCw =

= 4n—m / uddv§ A .. A ddvS,_, A BT Addw >0, Yw € FYO(D x RY), w > 0,

ie. u(z) € shy(D x RY).
Conversely, if u®(z) = u(z) € shy,, (D x R}), then

/ uddwy A ... Add°w,,_,, AN BT Addw >0, Ywe FOO (D xRY), w>0,

Vw; = Zc]itzkét € shy, (C), c]it = E‘Zk, ji=12,..,n—m.
kot

But then for any real function

vj = Zd{ctwkxt em—cwR"), d,=d},, j=12,...,n—m,
k.t
n .

we have ddv§ = 1dd“w;, where w; = > ¢, wyw; and
kit=1

g d, if k£t
M 2di, if k=t

It follows w; € shy, (C*), j =1,2,...,n —m and, according to Theorem 1,
/qudel Ao AddCw,_, A BTN Addw >0, we FP?(DxRY), w>0.
Therefore,

/ uCddv§ A ... AddvE_,, A BT A ddCw =

1
= /ucddcwl A e AddWp—m A BTN ddw > 0, w e F070(D X RZ), w >0,

T ogn—m

which proves u(x) € m — cv(D). <
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4. Properties of m — cv(D) functions

We note the following properties of the m — cv functions.

lL.cv=1l-cwC2—-cwC..Cm—cvC..Cn—cv=sh

Proof. We will use Proposition 1’: an upper semicontinuous function u(z) €
L} (D),D C R™ is in m — cv(D) if and only if the function u®(z) = u(z + iy) =
u(z) is in shy, (D xR™). Let u(x) € (m—1)—cv(D). Then u®(z) € Shpy—1(D xR™).
Since the inclusion shy,—1 C shy, is whell known, we have u®(z) € shy, (D x R™).
Hence u(x) € m — cv(D). <

2. If u,v € m — cv, then au + bv € m — cv for any a,b > 0.
Proof. If u,v € m — cv, then the following currents are positive:

ddu’ A ddv$ A ... Addv_,, A BT >0,
dd“v® A ddv§ A ... AddvE_,, A B> 0.

From this it follows that

dd®(au® + bv®) A ddv§ A ... Add“vE_,, AT =
add®u® A ddv§ A ... A ddvS_, A BT+
bddve A dd°vS A ... A ddvE_,, A B> 0.

<

3. If y(¢) is convex, increasing function of the parameter ¢t € R and u € m—cuv,
then you € m — cv.

4. The limit of uniformly converging or decreasing sequence of m—cv functions
is m — cv (obviously).

5. The maximum of finite number of m — cv functions is again m — cv.

Proof. It is enough to prove it for a maximum of two functions u,v € m — cv.
We again use Proposition 1/, that the functions u¢, v¢ € sh,, (D X RZ) . As proved
in [13], max {u‘(2),v(2)} € shm (D x RZ) . But then

[max {u(z), v(z)}]* = max {u’(2),v°(2)} € shp, (D x ]RZ) .

That is, max{u(x),v(z)} € m — cv(D). <

6. If w € m — cv, then for any hyperplane IT C R"™ the restriction uly is also
m — cv function on II;

Proof. Indeed, we fix a hyperplane II C R", assuming, without loss of
generality, II = {(x1,....,2p_1,2,) € R : 2, = 0}. Then II® = II x il =
{(#1,..sy2n—1,2n) € C™ : z, = 0} is a hyperplane in a complex space C". In
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[13]
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Sadullaev-Abdullaev proved that if w(z) € shy, (D x RY), then w(z)|c €

shin((D x RZ) N II€). Hence, u®(2)lge € shp((D x R?) N 1I%), which means

u(x

)| € m—cuo(DNII). <

Corollary 1. If u € m — cv, then for any plane I C R", dimgIl = m, the
restriction ulr is a subharmonic function, u|;p € m — cv = sh.

The proof is easily obtained by applying property 6 consecutively to the planes

1,1 DI, D .. DI, =1L |
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