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Common Attractive Point Approximations for
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Nonspreading Mappings in Banach Spaces
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Abstract. In this paper, a class of generic generalized Bregman nonspreading mappings
which is said to include the classes of generalized Bregman nonspreading, generic gen-
eralized nonspreading, generalized hybrid mappings etc. as special cases is investigated.
Then, a theorem for existence of attractive point of the said mapping is established in
the setting of reflexive Banach spaces. Also, we prove a demiclosedness property and
construct a Halpern type iterative algorithm that converges strongly to the common at-
tractive point of finite family of generic generalized Bregman nonspreading mappings in
the space. We further apply our main result to approximate common fixed point of the
said mappings. Our results improve and generalize many corresponding ones announced
in the literature.
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1. Introduction

Let C be a nonempty subset of a real Hilbert space H and T': C — H be a
map. Denote the set of fixed points of T' by F(T) and the set of all attractive
points of T' by A(T), ie., F(T) ={u € C : Tu = u} and A(T) = {u € H :
|Tv — ul|| < ||lv—ull,Yv € C}. A nonlinear mapping T': C' — H is called

(1) nonexpansive if ||Tx — Ty|| < ||z —y|| V z,y € C;

(2) nonspreading [20] if 2||Tx — Ty||*> < [Tz — y||*> + | Ty — z||® V =,y € C;
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(3) hybrid [20, 29] if 3| Tz —Ty|* < ||z —y|* +|| Tz —y|*+| Ty —z||* V 2,y € C;
(4) (o, B)-generalized hybrid [17] if for some «, 8 € R, the inequality

alTe = Tyl? + (1 = a)llz = Ty|* < BTz — y|* + (1 = Bz — y|

holds for all z,y € R. Observe that a (1,0)-generalized hybrid mapping is non-
expansive, a (%, %)—generalized hybrid mapping is hybrid and a (2, 1)-generalized
hybrid mapping is nonspreading. The class of generalized hybrid mappings was
extended to that of generalized nonspreading mappings in the setting of Banach
spaces more general than Hilbert. A mapping T of nonempty subset C of a
smooth Banach space E into itself is called a generalized nonspreading mapping

[18] if there exists a, 3,7, € R such that

Oz(ﬁ(T%’, Ty) + (1 - 0‘)¢($7 Ty) + 7{¢(Ty7 Tl‘) - (Z)(Ty? x)}

for all x,y € C, where ¢ : E x E — R is the Lyapunov functional defined by
é(z,y) = ||=||> +2(z, Jy) +||y||* and J is the duality mapping from E into E* de-
fined by Jx = {z* € E* : (z,2*) = ||z||* = ||#*||*}. By calling such mapping T an
(a, B,7,0)-generalized nonspreading mapping, we see that a (1,1,1,0)-generalized
nonspreading mapping is nonspreading [20]. If E is a real Hilbert space, then
d(z,y) = ||z — y||* and subsequently (o, 8,7, )-generalized nonspreading map-
ping reduces to (« + 7, 5 4 d)-generalized hybrid mapping. A class of mappings
which is said to include as special case that of generalized nonspreading ones
was introduced by Takahashi et al. [30]. A mapping T': C' — FE is called generic
(a, B,7,0, €, ()-generalized nonspreading mapping if there exist «, 3,7, d,¢, ( € R
such that for all z,y € C, (i) a+ B8+~v+d >0 (ii) a+ 8 > 0 and

(#ii) ap(Tz, Ty) + Bé(x,Ty) +v¢(Txz,y) + d¢(x,y)
< Ty, Tx) — ¢(Ty,z)} + ({o(y, Tx) — d(y, ) }. (1)

A generic (a, 8,7, 0, €, ()-generalized nonspreading mapping reduces to general-
ized nonspreading if a + = —y—6 = 1.

The existence and approximations of attractive points of the above mentioned
generalized nonlinear mappings have been studied by various authors [see, for ex-
ample, [4, 31, 32, 33] and the references therein|. Several iterative schemes have
been proposed for such approximation, one of which is the so called Halpern’s
scheme introduced by Halpern [14]. Takahashi et al. [31] used the concept of
attractive points of nonlinear mappings and obtained a new strong convergence
theorem for generalized hybrid mappings using Halpern’s type scheme in Hilbert
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spaces. The same authors [30] proved weak convergence theorem of Mann’s type
algorithm for generic generalized nonspreading mappings in Banach spaces.

Let E be a real Banach space and f: E — (—oo,+00] a strictly convex and
Gateaux differentiable function. The function Dy : domfx int(dom(f)) —
[0, +00), defined by

is called the Bregman distance with respect to f (see [13]).

Remark 1. If E is a smooth Banach space and f(z) = ||z||* for all z € E, then
we have V f(x) = 2Jx for all x € E, where J : E — E* is the normalized duality
mapping. Hence Dy(z,y) = ¢(z,y) = ||z||* — 2(z, Jy) + |ly|*, ¥ 2,y € E. And if
E is a Hilbert space, then D¢(x,y) = ||x — y||?, Vz,y € E.

Observe that from (2), we have for any = € domf and y, z € int(dom(f)).

Dy(x,2) = Dy(z,y) + Dy, 2) + (Vf(y) = Vf(2),z —y). (3)

which is called the three point identity. In 2017, Ali et al. [5] introduced the
notion of Bregman attractive point in reflexive Banach spaces. Let the set of
Bregman attractive points be denoted by A¢(T), i.e.

Ai(T)={u € E: D¢(u,Tz) < D¢(u,x), Vo € C}, (4)

where C' is a nonempty subset of int(dom(f)). They also established the exis-
tence of attractive point of generalized Bregman nonspreading mappings in the
space. For more recent results related to Bregman attractive point, see [1, 2, 3].

Motivated and inspired by the works of Takahashi et al. [30], Ali et al. [5] and
Takahashi et al. [31], we first prove the existence theorem for attractive point of
generic generalized Bregman nonspreading mapping in reflexive Banach spaces.
Also, we propose a constructive Halpern-type algorithm that converges strongly
to a common attractive point of finite family of generic generalized Bregman
nonspreading mappings in reflexive Banach spaces. Our results improve, extend
and generalize those of Takahashi et al. [31], Takahashi et al. [30] and Ali et al.
[5] in the sense of spaces, mappings and the nature of convergence.

2. Preliminaries

Let E be a real reflexive Banach space with norm || - || and E* the dual space
of E. Let f: E — (—o00,+00] be a proper, lower semi-continuous and convex
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function. The Fenchel conjugate of f is the convex function f*: E* — (—o0, +o0]
defined by f*(z*) = sup{(z*,z) — f(z) : x € E'}. Observe that the Young-Fenchel
inequality holds: (z*,z) < f(x) + f*(z*), Vo € E, z* € E*. It is well known
that if f : E — (—o0, +00] is proper, convex and lower semi-continuous, then f* :
E* — (—00,+0o0] is a proper, convex and weak* lower semi-continuous function;
see, for example, [28]. A sublevel of f is the set of the form levir ={rek:
f(x) < r} for r € R. A function f on E is coercive [16] if every sublevel of f is
bounded, equivalently | liITi f(z) = +o00. Let B, :={z € E : ||z|]| < r} for all
—+00

[l

r>0and Sg:={z € E: ||z|| = 1}. A function f on F is said to be strongly
fl@) _
+-00.

coercive [36] if lim o =

Jal|=>-+00 |
For any z € int(dom(f)) and y € E, the right-hand derivative of f at x in the
direction y is defined by

Fo(y) = lim LETW) @)

t—0t+ t

()

The function f is said to be Gateaux differentiable at x if lim;_,o+ w

exists for any y. In this case, the gradient of f at x is the function Vf(z) : E —
(—00, +o0] defined by (V f(z),y)=f°(x,y), for any y € E . The function f is said
to be Gateaux differentiable if it is Gateaux differentiable at every z€int(dom(f)).
The function f is said to be Fréchet differentiable at x if the limit in (5) is at-
tained uniformly in y, ||ly|| = 1. Finally, f is said to be Fréchet differentiable on
a subset C' of E if the limit (5) is attained uniformly for z € E and ||y| = 1.
It is well known that if a continuous convex function f is Gateaux differentiable
(resp. Fréchet differentiable) in int(dom(f)), then V f is norm-to-weak™ continu-
ous (resp. continuous) in int(dom(f)) (see also [7]).

The following two results are proved in [36]:

Lemma 1 ([36]). Let E be a reflevive Banach space and let f: E — R be a
continuous convex function which is bounded on bounded sets. Then the following
assertions are equivalent:

(1) f is strongly coercive and uniformly conver on bounded subsets of F;

(2) domf* = E*, f* is bounded on bounded subsets and uniformly smooth on
bounded sets;

(8) domf* = E*, f* is Fréchet differentiable and V f* is uniformly norm-to-
norm continuous on bounded sets.
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Lemma 2 ([36]). Let E be a reflexive Banach space and let f : E— R be a con-
tinuous convex function which is strongly coercive. Then the following assertions
are equivalent:

(1) f is bounded on bounded sets and uniformly smooth on bounded sets;

(2) f* is Fréchet differentiable and f* is uniformly norm-to-norm continuous
on bounded sets.

(8) domf* = E*, f* is strongly coercive and uniformly convex on bounded sets.

Let z € int(dom(f)). The subdifferential of f at z is the convex set defined
by
Of (x) ={z" € E*: f(x) + (z",y —2) < f(y), Vy € E}.

Definition 1 ([9]). The function f is said to be:

(i) Essentially smooth, if Of is both locally bounded and single-valued on its do-
main;

(ii) Essentially strictly convex, if (6]‘)_1 18 locally bounded on its domain and f
1s strictly convex on every subset of domf;

(iii) Legendre, if it is both essentially smooth and essentially strictly conver.

Remark 2. Let F be a reflexive Banach space. Then we have:

(i) f is essentially smooth if and only if f* is essentially strictly convex [see
[9], Theorem 5.4];

(ii) (0f)" = 0f";
(i1i) f is Legendre if and only if f* is Legendre [see [9],Corrolary 5.5]
(iv) If f is Legendre, then V f is a bijection satifying Vf = (Vf*)7L, ranVf =

domV f* = int(dom(f*)) and ran V f* = domV f = int(dom(f)) [see [9],
Theorem 5.10].

Various examples of Legendre functions were given in [9, 8]. One important
and interesting Legendre function is %H |I” (1 < p < ), when E is a smooth and
strictly convex Banach space. In this case, the gradient V f of f coincides with
the generalized duality mapping of E, i.e, Vf = J, (1 < p < 00). In particular,
V f =1 is the identity mapping in Hilbert spaces.

Lemma 3 (][9], Theorem 7.3 (vi), (vii)). Suppose u € domf and v € int(dom(f)).
Then

(1) If f is strictly convez, then Dy(u,v) =0 < u = v;
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(ii) If f is Gateaux differentiable in int(dom(f)) and essentially strictly convex,
then Dy(u,v) = D (Vf(v), Vf(u)).

Lemma 4 ([6], Theorem 1.8). If f : E — R is uniformly Fréchet differentiable,
then f is uniformly continuous on E.

Lemma 5 ([24]). If f : E — R is uniformly Fréchet differentiable and bounded
on bounded subsets of E, then V f is uniformly continuous on bounded subsets of
E from the strong topology of F to the strong topology of E*.

A function f : E — R is called a Bregman function [19] if the following
conditions are satisfied:

(i) f is continuous, strictly convex and Gateaux differentiable.
(ii) the set {z € E: Dy(x,2) < r} is bounded for all z € E and r > 0.

Lemma 6 ([19]). Let E be a reflexive Banach space, let f: E — R be a strongly
coercive Bregman function and let Vi be the function defined by

Vi(z,2*) = f(x) — (", 2) + f*(z"), Vo € E,z" € E*.

Then the following assertions hold:
(1) Dg(x,Vf*(x*)) = V(x,2*) for all x € E and x* € E*.
(2) V(z,z*) + (y*, Vf*(z*) —z) < V(x,z* +y*) for all z € E and x=*,y* € E*.

It follows (see, for example, [34]) from the definition that V is convex in the
second argument and

V(z,Vf(y)) = Ds(z,y).

A Bregman projection [10] of x € int(dom(f)) onto the nonempty, closed and
convex set C C domf is the unique vector Pé(:n) € C satisfying

Df(Pl(z),z) = inf{D(y,z) : y € C}.
The following is a well-known fact about Bregman projections.

Lemma 7 ([12]). Let C be a nonempty, closed and convex subset of a reflexive
Banach space E. Let f: E — R be a Gateaur differentiable and totally convex
function and let x € E. Then

(a) z= Péa: if and only if (Vf(z) —Vf(z),y—2) <0,Vy e C;

(b) D¢(y, Pé:c) + Df(Pél’,iL’) < D¢(y,z) Vx € E,y € C.
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The following result was proved in [22].

Lemma 8. Let E be a Banach space, let r > 0 be a constant, let p, be the
gauge of uniform convexity of g and let g : E — R be a convex function which is
uniformly convexr on bounded subsets of . Then,

(i) for any x,y € B, and o € (0,1),
glaz + (1 —a)y) < ag(z) + (1 = a)g(y) — a(l —a)p(lz = yll)

(ii) for any x,y € By, pr(||lz —yll) < Dy(z,y)

(iii) If in addition g is bounded on bounded subsets and uniformly convexr on
bounded subsets of E, then for any x € E,y*,z* € Bf and o € (0,1),

Vy(z, ay+(1-a)z") < aVy(z,y*)+(1—a)Vy(z, 2%) —a(l—a)pr([y" =27

Let f : E — (—o00,400] be a convex and Gateaux differentiable function.
The modulus of total convexity of f at x € int(dom(f)) is the function v(zx,.) :
int(dom(f)) x [0,400] — [0,400] defined by

vp(z,t) = inf{Ds(y,x) : y € domf, ||y — x[| = t}.

The function is totally convex at x if vy(x,t) > 0 whenever ¢t > 0. The function f
is called totally convex if it is totally convex at every point x € int(dom(f)) and
is said to be totally convex on bounded sets if v¢(B,t) > 0, for any nonempty
bounded subset B of E and t > 0, where the modulus of total convexity of the
function f on the set B is the function V; : int(dom(f)) x [0,4o00] — [0, 4]
defined by

Vi(B,t) = inf{v¢(z,t) : © € BNdomf}.

Lemma 9 ([27]). If z € int(dom(f)), then the following statements are equiva-
lent:

(i) The function f is totally conver at x;

(”) for any sequence {yn} C domf limy 400 Df(ynvx) =0 = limy 400 Hyn -
x| =0.

Recall that the function f is sequentially consistent [11] if for any sequences
{z,} and {y,} in E, such that the first one is bounded, the following relation
holds:

Hm Dy(yn, xn) = 0= lim |y, — z,[| = 0.

n—-4o00 n——4o0o
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Lemma 10 ([11]). The function f is totally convex on bounded sets if and only
if it is sequentially consistent.

Lemma 11 ([26]). Let f : E — (—o00,+00| be a Legendre function such that

V f* is bounded on bounded subsets of int(domf*). Let xz € int(dom(f)). If
{Df(x,2,)}nen is bounded, then so is the sequence {Tp}nen.

Lemma 12 ([25]). Let f : E — R be a Gateaux differentiable and totally convex
function, xg € E and let C' be a nonempty, closed and convex subset of E. Suppose
that the sequence {x,} is bounded and any subsequential limit of {xy} belongs to
C. If Dy(xp,x0) < Df(Pé(xo)xo,xo) for alln € N, then {x,} converges strongly
to P (o).

Let [*° be the Banach space of bounded sequences with supremum norm. Let
i be an element of the dual space of [* (i.e p € (I1°°)*). The value of p at
f=(x1,x2,23,.....) € *° is denoted by u(f) and sometimes by g, (x,). A linear
functional p,, on [* is called a mean if p(e) = ||p|| = 1, where e = (1,1,1,...).
A mean p is called a Banach limit on [*° if p,(xn41) = pn(x,). It is known
that there exists a Banach limit on [*°. If p is a Banach limit on [*°, then for

f=(x1,20,23,.....) €1,

liminf z,, < pp(z,) < limsup z,.
n—=o0 n—00

In particular, if f = (z1,z2,23,.....) € [*® and x, — a € R, then we have
wu(f) = pn(zyn) = a. The following result is well-known, see [15].

Lemma 13. Let E be a reflexive Banach space, let {x,} be a bounded sequence in
E and let u be a mean on1°°. Then there exists a unique point zg € co{x, : n € N}
such that pn(xn,y*) = (20,y*) V y* € E*.

The following results will play a vital role in establishing our main results.

Lemma 14 ([35]). Let {ay} be a sequence of non-negative real numbers satisfying
the following relation:

An+41 < (1 - a)an + an(sna n > no,

where {an} C (0,1) and {05} is a real sequence satisfying the following conditions:

lim,, o0 oy, = 0, fozl oy, = 00 and limsup,, ,, 6, < 0. Then lim,_, a, = 0.

Lemma 15 ([21]). Let {a,} be a sequence of real numbers such that there exists
a subsequence {n;} of {n} such that a,, < ap,+1 for all i € N. Then there
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exists a non-decreasing sequence {my} C N such that my — oo and the following
properties are satisfied by all (sufficiently large) numbers k € N:

amk S amk—i—l;

a/k‘ S amk—i-l-

In fact, mp = {j < k:aj <aji1}.

3. Main Results

In this section, we establish a new strong convergence theorem for common
attractive point of finite family of generic generalized Bregman nonspreading
mappings in a real reflexive Banach space E. But first we prove the following.

Lemma 16. Let f: E — (—oo,+00| be a Legendre function which is Fréchet
differentiable. Let T be a mapping of a nonempty subset C of int(dom(f)) into
itself. Then the set of attractive points Ap(T) is closed and convex.

Proof. We first show that the set A¢(T) is closed. Let {z,} be a sequence in
A¢(T) such that x, — u as n — co. Then let us show that u € A¢(T"). Now, for
any x € C,

Dy¢(u,Tx) = Df(nli_)noloxn,Ta:) :nli_g)lo Dy(xy, Tx)
< lim Dy¢(zp, ) = Df(ggngoxn,x)

n—o0

= Df(u,m).

Thus, u € A¢(T') and so A¢(T') is closed. For convexity, we let u,v € A¢(T) and
a € (0,1). Then let us we show that z := au + (1 — a)v € Ay(T). Now for any
x e,

D¢(2,Tx) = f(2)— f(Tz)—(Vf(Tx),z —Tx)
f(Tx) —(Vf(Tz),au+ (1 — a)v —Tx)
(Tx)

= f(z) = f(Tz) —a(Vf(Tz),u —Tx)

- 1-ayVf(Tzx),v—Tx)

= 1) —af(m) — (1 - a)f(v)

+ alf(u) = f(Tx) = (Vf(Tz),u - Tx)]

+ (=a)f(v) = f(Tz) = (Vf(Tz),v - Tx)
— J(2) - af(w) - (1 - a)f(v) +aDy(u, Ta)
+ (1—a)Dg(v,Tx)
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< f(2) —af(u) = (1 —a)f(v) +aDs(u,z) + (1 — a)Dy(v, z)
= f(x)—af(@) - (1 -a)f(z) = (Vf(z),aut+ (1 -a)v—x)
= f(z) = flx) = (V[f(z),z - )

£z, ).

|
-

Thus, Dy(z,Tx) < Dy¢(2,x). Therefore, z € Af(T). Hence Af(T) is closed and
convex. This completes the proof. <«

Definition 2. Let f: E — (—o00,+00| be a convexr and Gateauz differentiable
function and C a nonempty subset of int(dom(f)). A mapping T : C — C is
called a generic generalized Bregman nonspreading mapping if there exist real
numbers «, 3,7, 0,€, ¢ such that for all x,y € C, (i) a +p+v+ 6 > 0; (ii)
a+ [ >0;

(iid) aDy(Tz, Ty) + BDs(x, Ty) + 7Dy (Tx,y) + 6Dy (z,y)

Remark 3. Observe that the generic generalized Bregman nonspreading mapping

reduces to generalized Bregman nonspreading if o« + 6 = —v — 3§ = 1 and it is
Bregman nonspreading [23] if a = 1,6 =0 =( =0 and v = ¢ = —1. Also, in
view of Remark 1, if E is smooth and f(z) = |z|?, then the generic general-

ized Bregman nonspreading mapping reduces to generic generalized nonspreading
mapping in the sense of [30]. We now establish the existence of attractive point
of generic generalized Bregman nonspreading mapping.

Theorem 1. Let f: E — (—oo,+00] be a strongly coercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on a bounded
subsets of E. Let C' be a nonempty subset of int(dom(f)) and T : C — C be a
generic generalized Bregman nonspreading mapping. Then Af(T) # 0 if and only
if {T™x} is bounded for some x € C.

Proof. Suppose Af(T) # 0. Then by taking z € Af(T) we see that Dy(z, Tx) <
D¢(z,z) for all x € C. Thus,

Dy(z,T"z) < Dy(2,T" z) < ... < Dy(2,Tz) < Ds(z,2),

for all z,y € C. Therefore, {D(z,T"x)} is bounded. Since f is strongly coercive
and totally convex which is bounded on a bounded subset of F, it follows from
Lemma 1 that V f* is uniformly norm to norm continuous on bounded subsets of
domf* = E* and consequently V f* is bounded. Hence, by Lemma 11, {T"z} is
bounded.
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Conversely, suppose {T"z} is bounded. Replacing x with 7"z in (iii) of Definition
2, we see that for any y € C' and n € NU {0},

aDy(T" 2, Ty) + BDy(T"x,Ty) + Dy (T" a,y) + Dy (T "z, y)
< €(Dg(Ty, T""'x) — Dy(Ty, T"x)) (7)
+ ((D(y, T""a) = Dy(y, T"x)).

Since {T™z} is bounded, then by applying Banach limit p, on both sides of the
inequality (7) we get

apn Dy(T"x, Ty) + BunDy(T"x, Ty) + v Dy(T"x, y) + Spn D (T2, y)
This implies
(a+ B)un D (T"x, Ty) + (v + ) pn D (T"z,y) < 0.

Using the three point identity (3), we obtain

(a+ B)pn (Dy(T"x,y) + Dy(y, Ty) + (Vf(y) = Vf(Ty), T"x — y))
+(v + ) D (T"z,y) < 0.
This implies
(@+B+v+8)unDy(T"z,y)
+ (a+B)(Ds(y, Ty) + un(V f(y) = Vf(Ty), T"z — y)) <O0. (8)

By applying condition (i) of Definition 2 in the inequality (8), we get

(a+B)(Dy(y, Ty) + pn(V f(y) = Vf(Ty), T"x —y)) < 0.

Thus, there exists zg € F such that by Lemma 13 we get

(a+B)(Ds(y, Ty) + (V(y) — Vf(Ty),z0 — y)) <O0.

Also, applying condition (ii) of Definition 2 together with the use of (3), we get

Therefore, D¢(z0,Ty) < Df(z0,y). Hence, A¢(T) # (). This completes the proof.
<

The following Lemma gives the demiclosedness property of generic generalized
Bregman nonspreading mapping which will play a vital role in proving our main
result.
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Lemma 17. (Demiclosedness Property). Let f: E — (—o0,400| be a Legendre
function which is uniformly Fréchet differentiable on bounded subsets of E. Let
C be a nonempty subset of int(dom(f)) and T : C' — C be a generic generalized
Bregman nonspreading mapping. If x, = z and x, — Tz, — 0, then z € Ap(T).

Proof. Let {z,} C C be a sequence such that z,, — z and x,, — Tz, — 0.
Since f is uniformly Fréchet differentiable on bounded subsets of F, then by
Lemmas 4 and 5, both f and V f are uniformly continuous on a bounded subsets
of E, respectively. This implies f(z,,) — f(Tx,) — 0 and V f(z,) — Vf(Tz,) —
0 as n — oo. Thus, for any y € C, we have

Dy(Ty,Txn) — Dy(Ty,zn) = f(Ty) - f(Tﬂﬁn) = (Vf(Tan), Ty — Txn)
— f(Ty) + f(zn) +(Vf(zn), Ty — zn)
= flan) = f(Tan) — <Vf(TfUn) Ty —Tay)
+ (Vf(zn), Ty — >
= flzn) = f(Tzn) — (Vf(T2n) = Vf(zn), Ty — Tzp)
+ (Vf(xn), Tz, — iL'n> — 0 as n — 0. 9)

Since T : C' — C'is a generic generalized Bregman nonspreading mapping, there
exist a, 3,7, 0,€, ¢ € R such that by replacing = with x,, in (iii) of Definition 2,
we obtain

aD¢(Tz,, Ty) + BDg(xn,Ty) +vDf(Txy,y) + 0Df(zp,y)
< €(Dp(Ty, Txy) — Dy(Ty, xp)) (10)
+

C(Df(y; T'fUn) - Df(yvxn))av yeC.

Using equation (3) in inequality (10), we get

a(Dp(Tzn,y) + Dy(y, Ty) + (Vf(y) = V(Ty), Txn —y))
+ B(Ds(xn,y) + Ds(y, Ty) + (Vf(y) = VF(Ty), 20 — y)) +¥Ds(Txn,y)
+ 0Df(xn,y)
< €(Dy(Ty,Txy) — Dp(Ty,xy)) + ((Dyp(y, Tan) — Dy(y, x,)).

This implies

a(Dy(Txn,y) — Dy(xn, y) + D(@n, y) + Dy(y, Ty))
+ aVf(y) = VI(Ty), Tz, —y))

+ B(Dy(wn,y +Df(y7Ty) (Vi) = VI(Ty),zn — 1))
+ Y(D§(Twn,y) = Dy(wn,y) + Dy(wn,y)) + 6Df(n,y)

Q
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< E(Df(Tya Tzp) — Df(Tyv -Tn)) + C(Df(y) Txp) — Df(y, xn)) :
Thus
(a+B+7v+0)Dg(zn,y)
a(Dp(Txp,y) — Dy(zn,y) + Dy(y, Ty) + (Vf(y) = VF(Ty), Tz, — y))

B(Dy(y, Ty) + (Vf(y) = VF(Ty),zn — y)) + ¥(Ds(Txn,y) — Dy(zn,y))

Since a + 8+ v+ 6 > 0, from (11) we obtain

a(Dy(Tzp,y) — Dp(wn,y) + Dy(y, Ty) +(Vf(y) = VI(Ty), Ty —y))

IN + +

+ B(Ds(y, Ty) + (Vf(y) = VI(Ty),2n — ) +v(Ds(Txn,y) — Ds(xn,y))
< e(Df(Ty,T:cn) - Df(Ty,mn)) + C(Df(y,Tznn) - Df(y,:nn)).

= a(D (Txpn,y) — Dy(xn,y) + Ds(y, Ty) + (Vf(y) = Vf(Ty), Tz, — a:n>)

+ V) = V(Ty),zn —y) + B(Dy(y, Ty) + (Vf(y) = VI(Ty), 20 — y))
+ Y(D§(Txn,y) — Dy(2n,y))

< e(Dy(Ty, Tap) — Dy(Ty, 2n)) + C(Ds(y, Txn) — Dy(y, xn))-

Taking limit as n — co, we get

a(Dy(y, Ty) + (V) —VI(Ty),z—y))
+ B(Dsly,Ty) +(Vf(y) = Vf(Ty),z —y)) <0.

= (a+8)(Ds(y, Ty) + (Vf(y) = Vf(Ty),z—y)) <0.

Again using (3), we have

(a+ B)(Ds(y,Ty) + Dy(z,Ty) — Ds(y, Ty) + Ds(z,y)) <O0.

Since a4+ > 0, we obtain Dy (z,Ty) < Dy(z,y) for all y € C. Hence, z € A¢(T).
This completes the proof. «

The following Proposition will be used in proving our main result.

Proposition 1. Let f: E — (—oo,+00] be a Legendre and uniformly Fréchet
differentiable function on bounded subsets of E. Let C be a nonempty subset
of int(dom(f)) and T : C — C be a generic generalized Bregman nonspreading
mapping such that Af(T) # 0. Suppose that uw € C and {z,} is bounded in C
with ©, — Txy, — 0 as n — oco. Then hmsup(Vf( )= Vf(2),zn, — 2z) <0; where

z = Pp(r)(u) is the Bregman pmjectwn ofC onto As(T).
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Proof. We have seen from Lemma 16 that Af(T) is closed and convex. Let
u € C and z = Pa,1)(u). Since E is reflexive and {z,} is bounded, there
exists a subsequence {zy, } of {z,} such that z,, = v € C as k — oco. Since
lim ||zp, — T2y, ||= lim ||z, — Tz,| = 0, by Lemma 17, v € Af(T). Now, let
k—o0 n—00

{zp, } be a subsequence of {z,} such that

ligljgp(Vf(u) —Vfz),zn—2) = kli)IEO(Vf(u) —Vf(2),zn, —2)
= (Vf(w) = Vf(z),v-2).

Then, by Lemma 7, we get
limsup(Vf(u) — Vf(z),z, — 2) = (Vf(u) — Vf(2),v —z) < 0, for all v €

n—o0

A¢(T), where z = Pf;f(T) (u) is the Bregman projection of C' onto A¢(7T"). Hence
limsup(V f(u) — Vf(2),z, — z) < 0. This completes the proof. «

n—o0

We now prove our main result.

Theorem 2. Let f: E — (—oo,+00] be a strongly coercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let C' be a nonempty, closed and convex subset of int(domf) and
T;,:C — C fori=1,2,. . .,N be a finite family of generic generalized Bregman
nonspreading mappings such that A = NN, Ap(T;) # 0. Let {x,} be a sequence
generated by u,x1 € C:

{ Yn = Vf* [/anfxn + (1 - ﬁn)vaxn]a
LTn+1

= Pé[Vf*(aanu + (1 - an)vfyn)]’ (12)

where T =Ty oTy_10...0T1{B,} C [a,b] C (0,1) and {a,} is a sequence in
(0,1) satisfying (C1) : limpyo0 a, = 0 and (C2) = > 07 oy = +00. Then {x,}
converges strongly to z = P a(u).

Proof. From Lemma 16, we see that A¢(7;) is closed and convex for each
i=1,2,...,.N and so A = N, A¢(T;) is closed and convex. Let z = P 4(u) € A.
Then from (12), Lemma 6 and equation (4) we have

Df(zayn) = Df(z Vf [ﬁn frn + (1 ) foN])

< Ban<Zaxn) ( n)Df(Z T‘TTL)
= BnDy(z,2n) + (1= Bp)Dy(2, Ty o Ty—1 0 ... o Ty (zy))
< Ban(z, xn) (1 — ﬁn)Df(z Tn_10...0 Tl(xn))
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< Ban(Z, xn) + (1 - Bn)Df(van)
= Df(Z,ZL‘n).

Similarly,

Dy(z,2n11) = Dy(z,PIVF*(anVf(u)+ (1 — on)Vfya)])

< Dy(z, VI anVf(u) + (1 = an)V fyn])
= apDy(z,u) + (1 — an)Dys(2,yn) (13)
< anDf(z,u) + (1 —an)Dys(2,2p).

Thus, by induction we obtain
D¢(2z,xp41) <max{D¢(z,u), D¢(2z,2n)} V0 > 1.

This implies that the sequence {Dy(z,x,)} is bounded. Since z € A, by bound-
edness of {Df(z,x,)} and definition of Af(T), there exists k > 0 such that

D¢(z,Txn) < Df(z,2,) <k, VneN.

Hence by Lemma 12, both {z,} and {Tx,} are bounded. Since f is bounded
on bounded subsets of E, by [[11]. Proposition 1.1.11], Vf is also bounded
on bounded subsets of E*. Hence the sequences {Vf(z,)} and {Vf(Tz,)}
are bounded in E*. We know from Lemma 2(3) that domf* = E* and f* is
strongly coercive and uniformly convex on bounded subsets of E*. Let s =
sup{ ||V f(zn)|, |Vf(Tx,)|} and pf : E* — R, the gauge function of uniform
convexity of the conjugate function f*. Then, by Lemmas 6 and 8, we have

Df(zy yn) = Df(z, e [anfxn + (1 - 5n)vaan
= Vf(z, BV frn, + (1= B,)Vf(Tx,)
= [(2) = (B V f2n + (1 = B)Vf(Tzn))
FBnV fan + (1= B,)Vf(Txy))
(1= Bu)f(2) + Buf(2) = Bnlz, V frn) — (1 = Bu)(z, Vf(Tzn))
Buf*(Vf(zn)) + (1 = Bn) f(VF(Tx))
Bn(1 = Ba)ps (IV f () = Vf(Ta)|))
(1= Bn)[f(2) = (2, Vf(Tzn)) + [ (Vf(Tzn))]
+ Balf(2) = (2, Vzg) + [(Vf(22))]
— Bl = B0 (IV f(xn) = Vf(Tzn)])

+ IN +
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= (1= Bn)Vi(2, Vf(Tn)) + BuVi(2, Vf(2n))

— Bl = Bu)ps(IVf(xn) = VI(Tzn)|)

= (1—=Bn)D¢(2,Txy) + BuDys(z, zn)

= Ba(1 = Bu)ps (IV f(2n) = Vf(Txn)])

< (1= 5n)Ds(z,2n) + BnDyf(2, xp)

— Ba(l— 6n)p:(||vf(xn) - Vf(TfEn)H)

= Dy(z,20) = Bu(1 = Bu)Ps (IV f(2n) = VF(Tn)]])- (14)
It follows from (13) and (14)
anDy(z,u) + (1 = an)Dy(2,yn)
anDy¢(z,u) + (1 — an)Dy(z, xp)

that

Df(za$n+l) <
<

- (1 - an)ﬁn(l - ﬁn)p:(“vf(xn) - Vf(Ta:n)H)
= an[Dy(z,u) = Dy(2,20) + Bu(1 = Bu)ps (IV f(2n) — V(Twn)l])]
+ Dy(z,2n) = Ba(l = Ba)ps (IV f(2n) = V(Twn)l))-

Putting k1 = sup{|Dy(z,u) — D(z, zs)| + Bn(1 = B)0i (IV f(zn) = Vf(Tz)|) },
we see that

Df(Z7xn+1) < Df(Z,I‘n) - Bn(l - Bn)p:(”vf(l‘n) - vf(Txn)H) + anks.
Which implies
Bn(l — Bn)p:(va(l"n) - Vf(Tzn)H) < Df(z,:nn) - Df(ZvCUnJrl) +anks  (15)

We now divide the remaining proof into the following cases.
Case I. Let there exist ng € N such that for all n > ng the sequence {Df(z,x,)}
is non-increasing and since it is bounded, it is convergent. Thus, we see that

D¢(z,2p) — Df(2,2n41) — 0 as n — oo. (16)
Now, using C; and equation (16) in (15) we have
Bl = 8ot IV F (2) — VTaa)[) = 0 as 0 — oc.
Since 3, € [a,b] C (0,1), by property of pt we have
T [V (e) = V(e =0,

Since f is strongly coercive and uniformly convex on bounded subsets of F, by
Lemma 2(2), f* is Fréchet differentiable and V f* is uniformly norm-to-norm
continuous on bounded subsets of E. Thus, we obtain

Jim [l = Tl = i [V57(V ) = VI (VS (Ta))| = 0.
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On the other hand,
Df($nv yn) = Df(xna vf*[ﬂnvfl'n + (1 - /Bn)vaxn])

ﬁan(xnyxn) + (1 - ﬁn)Df(xn,Txn)
(1= pBn)Ds(xyn, Txy) = 0 as n — oo.

IN

It follows from above expression and Lemma 9 that
Jim [z, — ynl| = 0. (17)

Now, let z, = Vf*[a,Vf(u) + (1 — a,)V f(yn)]. Using Lemmas 6 and 7, we see
that

Dj(z,PL(zn)) < Dy(z,20) = Vy(2,V f(20))

Vi(z, Vf(zn) — an(Vf(u) = Vf(2))

an(Vf(u) = Vf(z),2n —2)

(2,0, Vf(u) + (1 = )V f(yn) — an(Vf(u) = V[f(2))
(Vf(u) =V f(2),2n — 2)

Vi(z, (1 an)vf(yn) +anVf(2))

an(Vf(u) = Vf(z),2n — 2)

(1 = an)Vi(2, Vf(yn)) + anVi(2,Vf(2))

an(Vf(u) = Vf(2),2n — 2)

(1 = an)Ds(2,yn) + anDy (2, 2) + an(Vf(u) = Vf(2),2n — 2)

(1 —an)Dy(z,2n) + an(Vf(u) = Vf(2), 2, — 2). (18)

Df(Z, xn—i—l)

+ IA

Vi

+
Qe

n

+ IN +

IN

Observe that
IVf(yn) = Vf(zn)l = anlV f(yn) = Vf(u)]| = 0 as n — oco.
By the nature of f and V f, we obtain
Jim [y, — 2| = 0. (19)
It follows from (17) and (19) that
Jim o, — 2] = 0. (20)

By Proposition 1 and equation (20), we can conclude that

limsup(Vf(u) — Vf(2),zn—2) = limsup[(Vf(u) —V[f(z),2n — xn)

n—o0 n—0o0
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+ (Vf(u) = V[(z),2n — 2)] (21)
= h?—igmvf(u) —Vf(z),zn —2) <0.

Hence by Lemma 14 and inequalities (18) and (21), we get x,, — 2 = P 4(u) as
n — 0.

Case II: Put {a,} = {D¢(2,2,)} and let there exist a subsequence {n;} of
{n} such that for all i € N, a,, < an,+1. For some sufficiently large N and for all
n > N, define a map 7 : N — N by

T(n) ={k <n:a < ags1}.

Then, it follows from Lemma 15 that the sequence 7(n) is non-decreasing with
7(n) = oo asn — o0 and ar(n) < Ar(n)41s Gn < Ar(n)41- Using the fact that
Qr(n) — 0 as 7(n) — oo and by equation (15), we obtain

P IV f(@r(ny) = Vf(Tarm)l) — 0.
Following similar argument as in Case I, we see that

lim HxT(n) - Txr(n)” =0.

n—oo

Also,
limsup(V f(u) = Vf(2),2r(n) — 2) < 0.

7(n)—o0

It follows from equation (16) that
Ar(n)+1 < QAr(n) + aT(n)[(Vf(u) - vf(z>7x'r(n) - 2> - aT(n)]‘

From the fact that a,(,) < ar(,)41 and a,(,) > 0, the above inequalities give
ariny <AV f(u) = Vf(2), 2.3, —2) = 0as 7(n) — oc.

Thus, hmr(n)—)oo aT(n) = hmT(n)—mo aT(n)H = 0. Since 0 < a, < aT(n)H, it
implies that lim, o ap = lim, oo D(2,2,) = 0. Therefore, by Lemma 9, we
arrived at x,, — z as n — oo. Hence in view of the above two cases, we see that
the sequence {x,} converges strongly to z = P 4(u) € A. This completes the
proof. <«

Corollary 1. Let f: E — (—o0,4+00] be a strongly coercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let C' be a nonempty, closed and convex subset of int(domf) and
T;,:C — C fori=1,2,. . .,N be a finite family of Bregman nonexpansive mappings
such that A = NN A¢(T;) # 0. Let {z,} be a sequence defined by (12). Then
{an} converges strongly to z = P 4(u).
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Proof. Let the mapping in Definition 2 be an («, f,7,0,€, ()-generic gen-
eralized Bregman nonspreading mapping. Observe that (1,0,0,—1,0,0)-generic
generalized Bregman nonspreading mapping is a Bregman nonexpansive. Thus,
by Theorem 2 we see that the sequence {z,} converges strongly to z = P 4(u).
This completes the proof. «

Corollary 2. Let f: E — (—o0,+00] be a strongly coercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let C be a nonempty, closed and convex subset of int(domf)
and T; : C'— C for i=1,2,. . .,N be a finite family of Bregman nonspreading
mappings; i.e.,

D¢(Tx,Ty) + Dy(Ty,Tz) < D§(Tx,y) + Dy(Ty,z) ¥V x,y € C.

Suppose that A = NN A¢(T;) # 0 and let {x,} be a sequence defined by (12).
Then {z,} converges strongly to z = Pf;(u)

Proof. Observe that (1,0, —1,0, —1,0)-generic generalized Bregman nonspread-
ing mapping is Bregman nonspreading. Thus, by Theorem 2 we see that the
sequence {x,} converges strongly to z = P 4(u). This completes the proof. «

Corollary 3. Let f: E — (—o0,+00] be a strongly coercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let C' be a nonempty, closed and convex subset of int(domf) and
T;,:C — C fori=1,2,. . .,N be a finite family of generalized Bregman nonspread-
ing mappings; i.e. 3 a, B,y and § € R such that for all z,y € C

aD¢(Tz,Ty) + (1—a)Ds(z,Ty)+~{Ds(Ty,Tx)— D¢(Ty,x)}

Suppose that A = NN A¢(T;) # 0 and let {x,} be a sequence defined by (12).
Then {x,} converges strongly to z = P 4(u).

Proof. Since an («, 3,7,9,€,()-generic generalized Bregman nonspreading
mapping is generalized Bregman nonspreading for « + § = —y — § = 1 with
a+p>0and a+B+v+ 6§ >0, it follows from Theorem 2 that the sequence
{xn} converges strongly to z = P 4(u). This completes the proof. «

Corollary 4. Let C be a nonempty, closed and convexr subset of a real Hilbert
space and T; : C — C for i=1,2,. . .,N be a finite family of normally generalized
hybrid mappings such that A = NN, A;(T;) # 0. Let {x,} be a sequence defined
by (12). Then {xy,} converges strongly to z = P 4(u). where P 4(u) is the metric
projection of C onto A¢(T).
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Proof. By Remark 1, we see that the generic generalized Bregmen nonspread-
ing mapping reduces to normally generalized hybrid mapping in Hilbert space,
i.e. there exist ai, 51,71 and §; € R such that

ar||Tz — Ty|* + Billz — Tyl|> + m||Tz — y||* + 1]jlz —y||> <0V 2,y € C, (22)

where a1 = a—e¢, 1 = B+¢€,v1 = y—C and §; = 0+ satisfying a1 +51 = a+5 > 0
and a1+ 81 +71+d1=a+5+~v+ > 0. Thus, by Theorem 2 we see that the
sequence {x,} converges strongly to z = P 4(u). This completes the proof. <

Corollary 5. Let C' be a nonempty, closed and convex subset of a real Hilbert
space and T; : C — C for i=1,2,. . .,N be a finite family of generalized hybrid
mappings such that A= NN, A¢(T;) # 0. Let {z,} be a sequence defined by (12).
Then {x,} converges strongly to z = P 4(u). where P 4(u) is the metric projection
of C onto Ay(T).

Proof. Observe that from equation (22) it follows that if a3 + 81 = —y1 —
01 = 1, then an (ay, 81,71, 01)-normally generalized hybrid mapping becomes a
generalized hybrid mapping satisfying aq + 81 = a1 + (1 —a3) > 0 and ag + 31 +
M+ =a1+(1—a1)+y+ (=1 —1) > 0. It follows from 2 that the sequence
{z,} converges strongly to z = P 4(u). This completes the proof. «

Here, we approximate a common fixed points of generic generalized Bregman
nonspreading mappings in Banach space by applying Theorem 2.

Corollary 6. Let f: E — (—o0,+00] be a strongly coercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let C' be a nonempty, closed and convex subset of int(domf) and
T;: C — C fori=1,2,. . .,N be a finite family of generic generalized Bregman
nonspreading mappings such that F = NN F(T;) # 0. Let {x,} be a sequence
defined by (12). Then {z,} converges strongly to z = Pr(u).

Proof. Since T; for i = 1,2, ..., N are generic generalized Bregman nonspread-
ing mappings with F = N, F(T;) # 0, then by letting v € F and replacing z
with v in (iii) of Definition 2, we have for any y € C

aD¢(v,Ty) + BDs(v,Ty) +vD¢(v,y) + dDs(v,y) <O.

This implies
(a4 B)Dy(v, Ty) < =(vy +0)Dy(v,y).
Using (i) and (ii) of Definition 2, we get

Dy(0.Ty) < ~ (5D 0) < Dy,



Common Attractive Point Approximations in Banach Spaces 47

= Dy(v,Ty) < Ds(v,y).

Thus, v € Ay(T) and consequently F(T') C Ay(T). Since Af(T) # 0, it follows
from Theorem 2 that z,, = z as n — 0,z € A¢(T).

Since C' is closed and {z,} converges strongly to z, it implies that z € C'. Using
the fact that z € A¢(T) N C, we see that

Dy(2,Tz) < Dg(z,2) = 0.

This implies that z € F(T). In addition,

D¢(u,z) = inf{Dy¢(u,v):v e Ap(T)} <inf{Ds(u,v):ve F(T)}.

Hence z = P z(u). This completes the proof. «
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