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Norms of Maximal Functions Between Generalized
and Classical Lorentz Spaces

R. Mustafayev*, N. Bilgicli, M. Gorgiilii

Abstract. The aim of the paper is to find the norm of the generalized maximal operator
My ne(p), defined for all measurable functions f on R", with 0 < o < oo and functions
b, ¢ : (0,00) — (0,00), by

I £x@llae )
My po) f(x) := sup —————, x € R™,
pATO 05 o(Q))

from generalized Lorentz spaces GI'(p, m, v) into classical Lorentz spaces A?(w).
In order to achieve the goal, we reduce the problem to the solution of the inequality

n

(/OOO [T f* ()] w(y) aly>é <c (/0“ </Om[f*(s)]1> dS) i " dx)’l"’

where w and v are weight functions on (0,00). Here f* is the non-increasing rearrange-
ment of a measurable function f defined on R"™ and T, is the iterated Hardy-type
operator involving suprema, which is defined for a measurable non-negative function g
on (0,00) by

(Tu,bg)(t) = sup U(T)

w B /OTg(s)b(s)ds, t € (0,00),

where v and b are weight functions on (0,00) such that « is continuous on (0,00) and
the function B(t) := fot b(s) ds satisfies 0 < B(t) < oo for every ¢ € (0, 00).
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1. Introduction

Let (R, ) be a o-finite non-atomic measure space. Denote by 9(R) the set
of all y-measurable functions on R and by (R ) the class of functions in M(R)
that are finite y - a.e. on R. The symbol 9™ (R) stands for the collection of all
f € M(R) which are non-negative on R.

The non-increasing rearrangement, f* of f € My(R) is given by

PO =imfA>0: p({z e R |f@]> AN <th, e [0,uR).

The maximal non-increasing rearrangement of f is defined as follows:

P07 [ e e 0.um)).

The majority of the functions which we shall deal with will be defined on R™ or
(0,00). In this case, (R, p) is R” or (0, 00) endowed with either the n-dimensional
Lebesgue measure or the one-dimensional Lebesgue measure, respectively. We
shall write just 9™ instead of 9T (0, 0o).

Let © be any measurable subset of R”, n > 1. The family of all weight
functions (also called just weights) on €2, that is, locally integrable non-negative
functions on § will be denoted by W(Q).

For p € (0,00] and w € MT(2), we define the functional | - ||pw.0 on M(Q)
by

1/p
<fQ|f(a;)|pw(x) dx if  p<oo,

esssupq | f(x)|w(x) if  p=oo.

If, in addition, w € W(Q), then the weighted Lebesgue space LP(w,() is
given by

1fllpw.0 =

LP(w, ) = {f € M) : [|fllpw < oo}

and it is equipped with the quasi-norm || - ||p.w.0-

When w = 1 on 2, we write simply LP(§2) and || - ||, instead of LP(w, ) and
| - lp.w,@, respectively.

Quite many familiar function spaces can be defined using the non-increasing
rearrangement of a function. One of the most important classes of such spaces
are the so-called classical Lorentz spaces.

Let p € (0,00) and w € W(0, u(R)). Then the classical Lorentz spaces AP(w)
and I'P(w) consist of all functions f € M(R) for which

b = AT d8>’1’ .
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and )
w(R) »
1 Fllomuy = ( /0 () Pu(s) ds> < oo,

respectively. For more information about the Lorentz A and I see, e.g., [3] and
the references therein.

The study of particular problems in the regularity theory of PDE’s led to the
definition of spaces involving inner integral means which, in turn, involve powers
of the non-increasing rearrangements of functions.

The generalized Lorentz GT'(p, m, v)(R, 1) space, simply denoted by GI'(p, m, v),
introduced and studied in [11] and [12], is defined as the collection of all g € M(R)
such that

l9llarpmw) = (/O#(R) (/Ox[g*(T)}p dT) %v(w) dm) " < o0,

where m, p € (0,00), v € W(0, u(R)).

The spaces GI'(p, m,v) cover several types of important function spaces and
have plenty of applications. For example, when u(R) = oo, p = 1, m > 1 and
v(t) =t7"w(t), t € (0,00), where w is another weight on (0, 00), then GI'(p, m, v)
reduces to the spaces I'"(w). Another important example is obtained when
u(R) =1, m =1, p € (1,00) and v(t) = t‘l(log(2/t))_1/p for t € (0,1). In
this case the space GI'(p, m,v) coincides with the small Lebesgue space, which
was originally studied by Fiorenza in [9]. In the same paper it was proved that
this space is the associate space of the grand Lebesgue space, which is introduced
in [28] in connection with integrability properties of Jacobians. Subsequently,
Fiorenza and Karadzhov in [10] derived an equivalent form of the norm in the
small Lebesgue space written in the form of the norm in the GI'(p,m,v) space
with the above mentioned parameters and weight. Recently, the relationship
between the GI'(p,m,v) space and some well-known function spaces have been
studied in [1]. In the present paper we take (R™, dz) as underlying measure space
and use the notation GI'(p, m,v) for GI'(p, m,v)(R", dx).

The study of maximal operators occupies an important place in harmonic
analysis. Behaviors of these important non-linear operators are very informative
particularly in differentiation theory, providing the understanding and the inspi-
ration for the development of the general class of singular and potential operators
(see, for instance, [57, 27, 13, 60, 58, 25, 26]).

The main example is the Hardy-Littlewood maximal function which is defined
for locally integrable functions f on R™ by

1 n
(Mf)(e) = sup /Q F)ldy,  zeR",
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where the supremum is taken over all cubes () containing x. By a cube, we mean
an open cube with sides parallel to the coordinate axes.

Another important example is the fractional maximal operator, M., v €
(0,7n), defined for locally integrable functions f on R™ by

(M ) = supl /" / F)|dy, = eR™

One more example is the fractional maximal operator M, , 4 defined in [7] for
all measurable functions f on R" by

(Ms;y,Af)( ) = sup HfXQ”S

_ x € R™.
Q3 ”XQ”sn/ (n—v),A

Here s € (0,00), v € [0,n), A = (Ag, Aso) € R? and

(1) = (14 Jlog )Xo,y (1) + (1 + Nog t]) = X100y (), ¢ € (0,00).

Recall that the following equivalency holds:

(M )@) = sup I Xall .

Q3 QI EmEA(|Q])”

Hence, if s = 1, v = 0 and A = (0,0), then M, s is equivalent to M. If
s=1,v¢€ (0,n) and A = (0,0), then M, a is equivalent to M,. Moreover, if
s=1,v € [0,n) and A € R?, then M. 4 is the fractional maximal operator
which corresponds to potentials with logarithmic smoothness treated in [43, 44].
In particular, if v = 0, then M , a is the maximal operator of purely logarithmic
order.

Given 0 < p, g < o0, let M, , denote the maximal operator associated to the
Lorentz LP? spaces defined for all measurable function f on R™ by

My . f(x) == sup /———,
Q>z ||XQ||p,q

where || - ||, is the usual Lorentz norm

1fllp,g == </0°° [Tl/pf*(T)]qul/q'

This operator was introduced by Stein in [56] in order to obtain certain endpoint
results in differentiation theory. The operator M, , have been also considered by
other authors, see, for instance, [41, 35, 2, 46, 36].
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Let 0 < a < 00, b € W(0,00) and ¢ : (0,00) — (0,00). Recall the defini-
tion of the generalized maximal function introduced in [38] and denoted for all
measurable function f on R™ by

£ xoll A ) n
M, ra = - 7 R™. 1
sref (@) =sup = 2Ae, e )

Obviously, My ra@p) = M, where M is the Hardy-Littlewood maximal oper-
ator, when o = 1, b =1 and ¢(t) =t (t > 0). Note that My ray = M, where
M, is the fractional maximal operator, when o = 1, b = 1 and ¢(t) = t'=7/"
(t > 0) with 0 < v < n. Moreover, My pa) = M, when a = s, b =1 and
p(t) = t=M/pAR) (> 0) with 0 < v < n and A = (4g, A) € RZ Tt
is worth also to mention that My yap) = Mpq, when a = g, b(t) = t2/P=1 and
o(t) = tY/P (t > 0).

The boundedness of My ra(y) between classical Lorentz spaces A was com-
pletely characterized in [38]. The norm of My a () between two GI's was calcu-
lated in [40] for a wide range of parameters under additional conditions on weight
functions. In view of recent increasing interest in generalized Lorentz spaces, in
our opinion, it will be interesting to obtain a characterization of the boundedness
of this maximal function between generalized and classical Lorentz spaces.

The iterated Hardy-type operator involving suprema T, is defined for non-
negative measurable function g on the interval (0, 00) by

= su U(T)
(Tu,bg)(t) e Te[t,Io)o) B(T)

/Org(y)b(y) dy,  t€(0,00),

where u and b are weight functions on (0, c0) such that u is continuous on (0, 00)
and the function B(t) := fot b(s)ds satisfies 0 < B(t) < oo for every ¢t € (0,00).
Such operators are essential in the search for optimal pairs of rearrangement-
invariant norms for which a Sobolev-type inequality holds (cf. [29]). They are an
effective tool for characterization of the associate norm of an operator-induced
norm, which appears as an optimal domain norm in a Sobolev embedding (cf.
[45, 47]). Supremum operators are also very useful in limiting interpolation theory
as can be seen from their appearance, for example in [4, 5, 8, 52].

In the present paper, it is shown under appropriate conditions on parameters
and weight functions that the inequality

([ 1) @) o d:c>; <o [7([rera)

m 1
P m

() dm)
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holds for all f € M(R™) if and only if the inequality
%

(/OOO [TB/¢a’bh*(t)]gw(x) d;c>fl’ §C</OOO </0r[h*(7)]z dT) v(z) dx)

holds for all h € M(R") (see Theorem 15).
The above-mentioned observation motivates the investigation of the following
restricted inequality for T, ;:

-

m 1

</OOO [Tupf*(2)] " w(x) da?); <C </OOO (/Om[f*(r)]p dT)pv(af) dx> " 2)

Here m, p, q are positive real numbers and w, v are weight functions on (0, c0).
The method used for solution of inequalty (2) is based on the combination of
the duality techniques with the formula

s [ g s = [" @ sw o)

g o9ty f te(z,00)

from [54], which holds for f, w € 9 (0, 00). On the other hand, it uses estimates
of optimal constants in weighted Hardy-type inequalites, as well as in weighted
inequalities for a superposition of the supremal or Copson operator with the
Hardy operator or the Copson operator. Detailed information on materials that
are used in the proofs of the main results is given in the following section.

However, we are not able to solve the inequality under the restrictions 1 <
p<g<m<ooorl<gqg<min{p,m} < oo, since for these values of parameters
the conditions that characterize the weighted iterated Hardy-type inequalities
contain more complicated expressions and the approach used in our paper needs
an improvement.

Throughout the paper, we denote by C a positive constant, which is indepen-
dent of main parameters but it may vary from line to line. However, a constant
with subscript such as C does not change in different occurrences. By a < b, we
mean that a < Ab, where A > 0 depends on inessential parameters. If ¢ < b and
b < a, we write a = b and say that a and b are equivalent.

As usual, we put 0- 0o =0, co/oo =0 and 0/0 = 0. If p € [1, +00], we define
p by l/p+1/p =1

The paper is organized as follows. We start with formulations of background
material in Section 2. In Section 3 we present solution of the restricted inequality.
Finally, in Section 4, we calculate the norm of generalized maximal operator from
GI spaces into A spaces.
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2. Background material

In this section we collect background material that will be used in the proofs
of the main theorems.

We begin with the following characterization of the norm of the associate
space of GI'(p, m,v) given in [24]. Recall that the associate space GI'(p,m,v)" of
GI'(p,m,v) is defined as the collection of all functions g € M(R™) such that

o0
lgllrpmey =  SUp / £ (0)g" (1) dt < oo.
|fHGF(p,m,v)S1 0

As it is mentioned in [24], it is reasonable to adopt a general assumption that
p, m and v are such that

/Otv(s)s’;1 ds + /toov(s) ds < oo, t € (0, 00), 3)

because if this requirement is not satisfied, then GI'(p, m,v) = {0}.
Under the assumption (3), we denote

vo(t) := trg_l/o v(s)s% ds /too v(s)ds, t € (0,00), (4)
and . -
v1(t) := /0 v(s)sr ds +tT£/t v(s)ds, t € (0,00). (5)

Moreover, we assume that a weight v is non-degenerate (with respect to the
power function t"/?), that is,

1 oo
/ v(s)ds = / v(s)sP ds = 0. (6)
0 1
We denote the set of all weight functions satisfying conditions (3) and (6) by
Winp(0, 00).

Theorem 1. [24, Theorem 1.1] Assume that0 < m, p < 0o and v € Wy, ,(0, 00).
(i) Let 0 <m <1 and 0 <p < 1. Then

l9llarpmey = sup g™ (t)
(p.m.v) te(0,00) v1(t) -

(ii) Let 0 <m <1 and 1 < p < oco. Then

o 1 tl
/ p’ P
lgllar(pm.vy = Sup)< / g (s)? dS) T
t

te(0,00
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(iii) Let 1 <m < oo and 0 <p < 1. Then

’ 1
> ;M Vo (t) m/
~ % 7 \M .
lolarnay =~ ([ a7 St a) ™

(iv) Let 1 <m < oo and 1 < p < co. Then

’
m/ m 1
7

[ele) oo , ol t?v ( ) m
P o p d ! 70 dt
HgHGF(p,m,v) </O </t 9 (S) S) Ul(t)m +1

We recall the following well-known duality principle in weighted Lebesgue
spaces.

Theorem 2. Let p > 1, f € MT and w € W(0,00). Then

(A“f@%dﬂﬁ>izsm) S F(0)h(t) dt .

hem+ ( fo Ly dt>

We will use the following statement.

Theorem 3. [5/, Theorem 2.1] Suppose f, w € M. Then

sup /OO g(z)w(x)dx = /OO f(x)( sup w(t)> dx.
g fo 9 )y £J0 0 te(z,00)

Let us now recall (now classical) well-known characterizations of weights for
which Hardy and Copson inequalities hold. The following two theorems, which
are, incidentally, exactly one hundred years old, are absolutely indispensable in
various parts of mathematics (cf. [42, 33, 32, 34]).

Theorem 4. Let 1 < p, ¢ < oo and v, w € W(0,00). Denote the best constant
in the inequality

1

(7 e )MD <c( [ reriwa)’, gem

Cy = sup <fooo <f0=’f f(s) dS)qw(m) d:z:) 1

fem+ < fo dz) P

by

=

|=
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(a) Let p < q. Then

i 1
Cy ~ sup </ w(s) ds> ’ </ v(s)t ds) .
z€(0,00) T 0

(b) Let ¢ < p. Then

[

a(p—1) P—q

Oy ~ (/Ooo (/:Ow(s)ds>pq_qw(x) </0mu(s)1—f” d5> o dx>’”’.

Theorem 5. Let 1 < p, ¢ < oo and v, w € W(0,00). Denote the best constant
i the inequality

(L (L s ) )“J <c(f e “}>w)i femt,

N G GEE d5> )"
fent < Iisdi dw)

(a) Let p < q. Then

L oo
Oy~ sup </ w(s) ds)q (/ v(s)t ds)
z€(0,00) 0 T

(b) Let g < p. Then

by

=

RSA

q a(p—1) P—q

Cy ~ (/OOO (/Ozw(s) ds>p_qw(x) (/:O u(s) P ds> o dx>”.

We next quote results concerning characterizations of inequalities involving
supremum operators in the following two statements.

Theorem 6. Let 1 < p < co. Given t € [0,00), assume that uw € W(t,00) N
C(t,00) and a,v, w € W(t,00) such that 0 < [Fv < oo and 0 < [ w < oo for
€ (t,00). Then the inequality

[ mw[%@w%wWfoc<[w“@%@”Q; )

yE[w,OO)
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holds for all g € MT[t,00) if and only if D1 + Dy < 0o, where

o= ([ am, Lm0 ) (o)) (o) o)

and

o ([ ([ L s gm ([

Moreover, the least constant C' such that (7) holds for all g € M satisfies C ~
D + Ds.

=

Proof. The statement was formulated in [22, Theorem 4.4] for t = 0. The
proof directly follows by using change of variables of the type = + ¢t = y several
times when ¢ > 0. <

Theorem 7. Let 1 < p < oco. Given t € [0,00), assume that u € W(t,00) N
C(t,00) and a,v, w € W(t,00) such that 0 < [Tv < 00 and 0 < ["w < oo for
x € (t,00). Then the inequality

[ v [ ewas|wwar< e ([Cowrman)” e

holds for all g € MT[t,00) if and only if E1 + By < 0o, where

S

o= ([ L ey ([T ([ ) )
o ([( [ Lo ] o) s o [0 oran)’

Moreover, the least constant C' such that (8) holds for all g € M satisfies C ~
B+ Es.

and

Proof. The statement was formulated in [30, Theorem 6] for ¢t = 0. The proof
directly follows by using change of variables of the type = + ¢t = y several times
when ¢t > 0. <
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Investigation of weighted iterated Hardy-type inequalities started with the
study of the inequality

</0°° (/Ot (/:O hy) dy>mu(s) ds)iiw(t) dt)é

< C</OOO h(t)Po(t) dt) %, heMmt.  (9)

Note that the inequality (9) has been considered in the case m = 1 in [6] (see
also [14]), where the result was presented without proof, and in the case p = 1
in [15] and [55], where the special type of weight function v was considered.
Recall that the inequality has been completely characterized in [17] and [18]
in the case 0 < m < 00, 0 < ¢ < o0, 1 < p < 0 by using discretization
and anti-discretization methods. Another approach to get the characterization
of inequality (9) was presented in [48]. The characterization of the inequality
can be reduced to the characterization of the weighted Hardy inequality on the
cones of non-increasing functions (see, [19] and [20]). Different approach to solve
iterated Hardy-type inequalities has been given in [37].
As it was mentioned in [19], the characterization of ”dual” inequality

(/OOO </too </OS hy) dy) mu(s) d8> %w(t) dt)é
< C(/OOO h(t)Po(t) dt)”, —

can be easily obtained from the solutions of inequality (9), which was presented
in [16].

Theorem 8. [16, Theorem 2.9, (a) and (c)] Let p, g, m € (1,00) and u, w, v €
W(0,00). Assume that the following non-degeneracy conditions are satisfied:

o u is strictly positive, [ u(s)ds < oo for allt € (0,00), [5° u(s)ds = oo,

q

. fgw(s) ds < 00, ftoow(s)<fsoo u(y) dy) " ds < oo for all t € (0,00),

q

. w(s)< 1% uly) dy> " ds = 00, [P w(s)ds = oo.
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Let

q

(15 (5 () "ty as) "ty )

< Jo~ h(t)Pu(t) dt)

(a) If p < min{m, q}, then C =~ Fy + F5, where

t N7 o \ = t )
Fy = sup (/ w> (/ u> (/ v1p>
te(0,00) 0 t 0

00 00 L L t i/
F, = sup (/ (/ u) w(s) ds) (/ vl_p)p.
te(0,00) t s 0

(b) If m < p < q, then C = F + F3, where

C = sup
hem+

=

1
P’
and
/

n 1 00 00 _p s p(m—1) p—m
q p—m 1—p'\ P~ ™ 1y pm
F3 = sup (/ w) </ </ u> (/ v p> v(s) pds)
te(0,00) 0 t s 0

Another pair of ”dual” weighted iterated Hardy-type inequalities are

([ () sre) )

< o</ooo h(t)Pu(t) dt> Y hemt  (0)

and

1

(7 (L ([ o) re)’ o)
< C(/OOO h(t)Pu(t) dt> %, hemt.

Both of them were characterized in [19] by so-called ”flipped” conditions. The
”classical” conditions ensuring the validity of (10) was recently presented in [31].

Theorem 9. [31, Theorem 1.1, (a) and (¢)] Let p, ¢, m € (1,00) and u, w, v be
weights such that the pair (u,w) is admissible with respect to (m.q), that is,

0</0t</stu)lw(s)ds<m, t € (0,00).
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Let

1

(fo“ (ft°° <fs°° h(y) dy) mu(s) ds> %w(t) dt> !
oz

(a) If p < min{m, q}, then C =~ G, where

C = sup
hem+

Q=

t tNE N: o0 %
m q ;7\ P
Gi1 = sup (/ w(s) (/ u) ds) (/ vl_p> .
te(0,00) 0 s t

(b) If m < p < q, then C = G1 + G2, where

t 1 00 s m 00 m(p—1) p—m
q p—m ,\ p—m pm
Gy = sup </ w> (/ (/ u) u(s)(/ vl_p> ds) .
te(0,00) 0 t t s

We will apply the following ”gluing” lemma.

Lemma 1. [21, Lemma 2.7] Let o« and [ be positive numbers. Suppose that
g, h € M+ and a € W(0,00) is non-decreasing. Then

0 B % 0 t (¢4 é
ess sup (/ <a(az)) g(t) dt) </ (a()) h(t) dt>
ze(0,00) \Jo  \a(z) +aft) o \a(z)+af(t)

%esssup(/ g) </ h> +esssup</ a_'gg> </ a‘”‘h)
x€(0,00) 0 x z€(0,00) x 0
We recall the following ”an integration by parts” formula.
Theorem 10. [39, Theorem 2.1] Let o > 0. Let g be a non-negative function
on (0,00) such that 0 < fotg < 0o for allt € (0,00) and let f be a non-negative
non-increasing right-continuous function on (0,00). Then

a= (] tg)aga)[f(w— lim F(]dt < oo

™|

Q=

t—-+o00

holds if and only if

Ay = /(Om) ( /0 t g) s < o

holds. Moreover, A1 = As.
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We are going to make use of the following remark in order to shorten some
calculations in the proofs.

Remark 1. Let w € W(0,00) and F be any non-negative continuous function
on (0, 00).
Since
sup, <, <¢ (1) for x <t,

sup F (M)x(0.4(7) = { 5 for t<um

for any 0 < x, t < oo, the relation

[ (swronea )wwa~ [ s o) vie)da

holds for 0 <t < oo.
Similarly, since

{ sup;<, F(7) for x <t,

sup F'(7)X[t,00)(T) = sup,, F(1)  for t<u,

<1

for any 0 < x, t < oo, the relation

/0“’ (SHPF (T)Xt,00) (T)>w(:r) dx:

<1

() f s [ (o)

holds for 0 <t < oo.

3. Characterizations of restricted inequalities for 7},

We start this section with some historical remarks concerning restricted in-
equalities related to the operator T;, .

The notation 9™ ((0,00);]) is used to denote the subset of those functions
from 9T (0, 00) which are non-increasing on (0, c0).

Recall that the inequality

HTu,beq,w,(O,oo) < CHpr,v,(O,oo)v f € er((Oa OO),J,) (11)

was characterized in [22, Theorem 3.5] under condition

" b(r)
sup / ——dt < 00.
te(0,00) B(t) Jo u(7)

<
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However, the case where 0 < p < 1 < ¢ < oo was not considered in [22]. It is
also worth to mention that in the case where 1 <p < o0, 0<g<p<oo,q#1
[22, Theorem 3.5] contains only discrete condition. In [23], the new reduction
theorem was obtained when 0 < p < 1, and this technique allowed to characterize
inequality (11) when b = 1, and in the case where 0 < ¢ < p < 1, [23] contains
only discrete condition. The complete characterizations of inequality (11) for
0 < ¢ <o0,0 < p < oo were given in [20] and [38]. Using the results in
[48, 49, 50, 51], another characterization of (11) was obtained in [59] and [53].
Note that the inequality

( /0 N < /0 Tunf(t) dt>qw(x) dw)é

<c ( / " f@po) dx) L femt (.00,

was characterized in [39, Theorem 6.1] for 1 < p, ¢ < oo, where w and v are
weight functions on (0, 00).
Recall that the inequality

([ mororayans)

m

<o [“([wers) ww)’,  emE, o

was investigated in [40, Theorems 3.3 and 34] for 1 <m <p <r < ¢ < oo or
1 <m <r <min{p,q} < oo, where w and v are appropriate weight functions on
(0, 00).

In this section we give the characterization of the inequality

1

[Tt @] w(e) dz )
d y

<C (/OOO </Ox[f*(r)]pd7) () dxy, feME™). (13)

As it was mentioned in [40], inequality (13) is a special case of inequality (12) for

r=q.
Denote the best constant in inequality (13) by K, that is,

o (5 [Bas )" (@dx);'

FEM(RP) £l ar(pm,v)




66 R. Mustafayev, N. Bilgicli, M. Gorgiilii

Lemma 2. Let 0 < p < oo, 0 <m < o0, 1 <q< oo andbe W(0,00) be such
that the function B(t) satisfies 0 < B(t) < oo for every t € (0,00). Assume that
u € W(0,00) NC(0,00) and v, w € W(0,00). Then we have

K = sup sup sup .
h: fox hgfow w <p€9ﬁ+ H gD”q’J),l*q/ ,(0700) feim(]R”) H fHGF(pJnyv)

Proof. Applying Theorem 3, we have

<fooosup‘r€[z,oo |: 77—— fo f*:| )dl‘)
K= sup

FEM(R™) ||f||GF(p,m,v)

1 0 u(z) /x i} )q >;
= . h b| d
[ T Per—— fos,?ffoon @”)(B(a:) o 1)

By duality and Fubini theorem, we get

1 157 (=) Z(fof*>

K= sup ———m sup sup
feEMR™) HfHGF(pmv ) h: fO h<f0 w eeEMt ”SOHQOl*q’,(O,OO)
= sup —i— sup sup .
fEM(R™) HfHGF(pmv ) h: [ h< [ w peMT H(pnq"hlfq’,(()’oo)

Interchanging the suprema yields

K= sup sup sup .
hi 2 h< [ w peM+ [/l g ni-a (0,00) rem@n) HfHGr(p,m,v)

This completes the proof. |

Theorem 11. Let 0 < m < 1,0 < p < 1,1 < ¢ < o0 and b € W(0,00) N
M ((0,00); 1) be such that the function B(t) satisfies 0 < B(t) < oo for every
t € (0,00). Suppose that u € W(0,00) N C(0,00), v € Wy, ,(0,00) and w €
W(0,00). Then

: :
K~ sup ! . </ ( sup U(T)q> w(x) daz)
te(0,00) V1 (t)ﬁ 0 TE[z 1]
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1
B(t L \a
+ sup ®) < sup ulr) > (/ w> ’
te(0,00) V1 (t) TE[t,00) B(T) 0

tam B[ (o (563) ) vinar)”

Proof. By Lemma 2, Theorem 1, (i), and Fubini theorem, we have

¢
1 Jo o) < I sO}gé) dy
K=~ sup sup sup T
h: [F < [T w pEMT ||(p|’q/7h1—q/’(0’oo) t€(0,00) vi(t)m

t
- 1 fo U
A~  sup sup sup —
h: [ R< [T w pEMT \|<PHq/7h1—q'7(o,oo) t€(0,00) v1(t)m
1 B(t) [° oL
+ sup sup sup M.
h: [ h< [ w peMT H‘:DHq/,hl—q/,(o,oo) t€(0,00) Ul(t)ﬁ

Interchanging suprema, by duality, we get

1 d
K=~ sup sup — sup fo ol X, t]( z)de
h: [F h< [F wt€(0,00) V1 (t)m pemt ”SOH ¢ hi=a (0 0)
B(t) J5% o (@) 5 X0 (@) da

+ sup sup T sup
h: [ h< [ wt€(0,00) V1 (t)ﬁ peEM+ H‘p”q/,hl—q ,(0,00)

(1)51 b fOS}ILlffO </ Xoa (e Mm)
(oo

Applying Theorem 3, by Remark 1, we arrive at

= s (7 (o vt o)
e SO (o (50) e @) wiet i)

1 t
A sup : </ < sup U(T)q> w(z) dm)
te(0,00) V1 (t)m 0 TEx,¢]

q

te(0,00) U

1
B
+ sup sup
t€(0,00) vl(t)m he [ER< [T w

Q=
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BO) (') (7)
q u\T
+ sup il < / w) sup
te(0,00) V1 (75)H 0 TEL,00) (T)

wam B[ (o (563) ) vinan)”

The proof is completed. <

S

e

Theorem 12. Let 0 < m < 1,1 < p < 00,1 < ¢ < 00 and b € W(0,00) N
M+ ((0,00);1) be such that the function B(t) satisfies 0 < B(t) < oo for every

€ (0,00). Suppose that u € W(0,00) N C(0,00), v € Wi, ,(0,00) and w €
W(0, c0).

i) If p < q, then
1
tp q
A sup + sup s P(/ ( sup u(T )q> w(m)d:c)
te(0,00) Ul( m setoo) 0 TE[z,s]
+ sup sup </ ( > >
te(0,00) U m s€t,00) t
([ (%) o)
+ sup sup
te(0,00) U m setoo) t
X (/ < sup <
YyE[z,00)

,_.

it) If ¢ < p, then

K=~ sup
t€(0,00) v1(t)

—_

3=

N

D\H_

VR

3

m »

= e

B

h’v
=
)l
(=]

N~~~
£
o
QU
S

~~

+ sup
te(0,00) U1 (t)

/t ) </t S <T§[§,’s} “(T)q> w() dx) =

><< sup U(y)qyffzfﬂ)w(S)dS)pq

y€E[s,00)

3=
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() wB ([ meaw)”
=+ sup 1 w sup B
te(0,00) Ul(t)ﬁ 0 TE[t,00) B T t
+ sup b - (/ < sup < sup (u i ) ></ B(t,s)ds))
te(0,00) Ul(t)a t T€[x,00) \YE[T,00) B :l/ t
(f)
tl 0o ( ) _q_
p ult p—q
s s (O Cam € )) i)
te(0,00) vy (¢)m \Ji relyoe) \B(7)
><< sup < )>>< Btsds) ()dw)pq,
YyE[z,00) ) t
)

e = ([ (P2 a) 7 (B9) cicicn

Proof. By Lemma 2 and Theorem 1, (ii), we have

1
K=~ sup sup
h: [ h< [ w peMT ||<)0Hq’,h1—q/’(07oo)

/ 1 1
[e%s} 1 s [e%e] p -7 t*
X sup (/ </ b(y)</ sou>dy> dS)p -
te(0,00) \Jt  \S Jo y B vi(t)m
1
~ sup sup
h: [ h< [ w peMT ||<)0Hq/,h1—q/’(07oo)

q

where

1 / 1
TIASTADEON
X sup T - [ pu| ds
te(0,00) V1 (t)ﬁ t s Jo

+ sup sup
h: [ h< [ w peMT ||<p|‘q/7h1—q/’(0,oo)

L 00 00 P’
X sup r i </ (B(S)/ Sﬁu> ds>
te(0,00) V1 (t)ﬁ t S s B

Interchanging the suprema gives

—_

e

/

o) s P i
t% <f0 <i fo QOU) X[t,00) (3) dS)
K =~

~ sup sup — sup
h: [ h< [ wt€(0,00) vl(t)ﬁ peMt+ ||90Hq/,h1—q’7(oyoo)
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/

» 1
B 4
b (B2 e) v
+ sup sup —— sup .
h: [¥ < [F wte(0,00) V1 (t)m pemt [ll g h1-a' (0,00)

First consider the case where p < g. By Theorems 4 and 5, we have

to © VO N\
K=~ sup sup —— sup </ TP Xt,00) (T) dT) </ huq>
h: [ h< [y wt€(0,00) V1 (t)H s€(0,00) s 0

to
+ sup sup 5
h: [F h< [T wte(0,00) V1 (t)m

s (B(r)\" Vo (u\?\a
X sup / ( > Xt,00) (T d7'> (/ h< > .
sE(O,oo)( 0 T & )( ) s B
Since

1 s 1
sup </ T_P'X[t’m)(r) d7'>p (/ huq>q
s€(0,00) s 0
= max{ 81(10pt) </ T_plx[t,oo)(T) dT)
se(0, S
00 L s 1
sup (/ T*P'X[noo)(f) dT)p (/ huq>q}
s€t,00) s 0
o] L/ t L
:max{(/ Tp/d7'>p (/ huq>q,
t 0
o0 i/ S 1
sup </ = dT)p (/ huq>q}
s€t,00) s 0
~ N
= sup </ T_p,d7'>p </ huq)q
sE[t,00) s 0
s 1
1 q
~ sup 8_10(/ huq>
sE[t,00) 0

e
N
o\m

>

IS

=]
"
I

and
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o g, ([ (22 i)

se(0,t

<
o ([ (22wt

s€t,00

s€(t,00

= ([ () o) ([(5))

s€[t,00)

oo (' (52 ) ([0())')

by interchanging the suprema we get

v 1 5
K ~ sup T sup s r sup / huq
te(0,00) v1(t)m se€lteo)  h: [y A<y w \Jo

~~
< =

+ sup I
t€(0,00) v1(t)™ se€t,00

Finally, by Theorem 3 and Remark 1, we arrive at

71

N CN
g 8
>~ >
—— 7
wle W=
L —
Q2
~_ S ~—
Q= . Q=
H,—/

1 o 1
K =~ sup Ll sup s </ < sup U(T)qX(OVS](T)> d:v)
0

te(0,00) Ul(t)ﬁ s€[t,00) TE[x,00)

1 /
P s p
+ sup t — sup </ <B(T)> d7'>
t€(0,00) v1(t)m s€ft,o0) \ Jt T
X </ ( sup (

yE€[z,00)

t
A sup . supsp</<sup u(T)?
0 TExs]

te(0,00) V 1( msE[too
%
)’

Y e

~—

(y
(y)

e

Y e SN— wy)

)

+ sup
te(0,00) V

,_.

+ sup +— sup (/
m s€[t,00) t
U

te(0,00) VU (
(e
sup
m s€t,00) t T

o
><< ( sup
yE€[z,00)

m/\

w(z) da;>

)qX[s,oo) (y)> dfﬁ) %

1
q

e, i) ()

y€Els,00)

) ) o)

S p/ i [e'e) q %
oo ([ (%) )’ g, ([0))
)y \Jt T he [T R<[Fw \Js
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Next consider the case where ¢ < p. By Theorems 4 and 5, we have

1
tp 00 o r—a
K=~ sup sup T (/ (/ TP Xit,00)(T) d’l’) 5P Xt,00) (8)
h: [ < [F wte(0,00) V1 (t)m \JO s

p p—aq

§ p—aq pq
X / hut ds
0
(g—L)p

L X /
+ tr 5 B(1)\? —a
he o L (/ (/ ( ( )> X{t,00) (T) d7->
h: [ h< [y w t€(0,00) V1 (t)m 0 0 T

B(s) v > w\ 7\ =4 T
X ( . ) X[t,OO)(S)</S h<B> ds .
Since
(g=D)p D
e o0 , p—q / § p—q
/ (/ TP X[t,00) (T) dT) s P X[t,oo)(s)</ huq> ds
0 S 0
0o 00 (¢=D)p R p
12 P—q / PrP—q
:/ </ TP d7'> s P </ huq> ds
t s 0
o0 S ﬁ
%/ sqpp</ huq) ds
t 0
and
/ (¢=1)p ’ P
o0 s B T p p—q B s p 0 U q p—q
[ UL R wetnar) ™ (52) ([ n(5) ) e
0 0 S s

we have

t% * p § e=r E
K=~ sup sup . / sa-p / hul ds
h: [FR< [T wte(0,00) v (t)m \ Jt 0

tr ([ o\t N\
+  sup sup - < B(t, s)</ h() d7'> ds .
h: [ h< [y wt€(0,00) V1 (t)R t s B
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By duality, applying Fubini’s Theorem and interchanging the suprema, we
get

e [ go(s)(f(f huq> ds

K= sup sup 0 T sup 7

h: [§R< [ wte(0,00) V1(E)m | peMt[t,o0) P
070 <ft qsq ds)

ﬁw¢<s><fswh<;y) Al

t
+ sup sup W sgp 7
he [P h< [T wte(0,00) U m eMmtt, a=p p
fo —fo w t€(0,00) V1 4 00) <ft )qqp ds)

LA

1
tr

t
SUPR: [ h< [T w Jo hut < ftoo <P>
1 sup

sup T 7
et | erie <ft0090(8)535d8>p

. Ui gy 7 1)

+ sup I sup
t€(0,00) v1(t)m | pem+|t,00) < pp >
ft q ads

q
1 Supy,. foz hgfoz w ftoo h(T) (B(T) (

tr
sup 7
M+ [t,00 -
IR [is00) <ft B(t, s) e ds) ’

+ sup
te(0,00) v1(t)

3=

On using Theorem 3, we arrive at

2 (55 (s3rct w00 )t e ) (1)
K =~ sup ( )1 sup ;
te(0,00) V1 ()™ | peMmTtt,c0) P
<ft qsq ds)

1
q

tr
+ sup T sup 7
te(0,00) U1 (t)H PEM*[t,00) d P
ft q s q S

1 IS (supTe[m,oo) W)Xy (1) [ so) w(e) de
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t% fO (Sup‘rexoo) (U(( )) X[too ft 90)
+ sup

050101 (£)7 | wem* o0 C
te(0,00) U1 m | g€ t,00 a=p P
(ft B(t,s) ds>

By Remark 1 and interchanging the suprema, we get

1 ¢ 1 oo d
A~ sup b - (/ (sup u(T)q>w(x) dx>q sup Ji~ pls) ds 7
t€(0,00) v (t)m \Jo \r€x] pemle OO)<ft )asa d5> p

Q=

AV O (g (a0

te(0,00) TE[t,00) PEM*[t,00) < oo

[ SUpr e ey 1(7)" ( IS so) w(e) da
+ sup sup

; q
te(0,00) Ym | pem+t,00) <oo P )P

[ p(s)asads

Q=

t T

s)ds
+ sup < w> u(r) sup ft o 7
t€(0,00) m 0 Te[t 00) 7-) - P

eI too)(ft s)qqus)

q
t% ftoo SUPr¢[z,00) (%) <ftT go) w(z) dx

+ sup n sup

L q
T\ (i) )
By duality, we have
1 1 p=q
tp t q © p pq
K~ sup . / sup u(7)? ) w(x)dx / sa=p ds
t€(0,00) v1(t)m \Jo \ €[z, t

P—gq

t% t % -, pqg
+ sup - </ w> sup u(7) / S9P X[r,00)(5) ds
te(0,00) V1 (t)m 0 TEL,00) t
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I 5Bt ur)1( [ ¢ ) wla) do

3 =

t
+ sup T sup

te(0,00) v1 ()™ | pEM*[t,00) <f°° o(s)asa ds)
t

q
P

pP—q

> t - o]
+ sup tv - (/ w)q sup u(r) (/ B(t, s)x,r(s) ds) .
te(0,00) vy (t)m \ Jo reftioo) B(T) \ J

q
. j‘tOO SupTE[m,oo) <g((:_))> <ft7' (10) w(x) dx
+ sup ——— sup 7
oo m +[t,00 a=p
0o vr{B) | el (ffo o(s)1B(t,s) T ds) ’

-

3=

Applying Theorem 6 and Theorem 7 yields

: :
K ~ sup ! 5 </0 ( Sl[lpt]u(T)q> w(z) dm)
TE|T,

te(0,00) V1 (t) m

1 1

tr L\ _1
+ sup . (/ w sup u(T)T P
te(0,00) v1(t)m \Jo T€[t,00)

p—q

1 o s N - p—aq
+ sup t - </ < sup u(r)ppqtm-qqp) (/ w>p qw(s) ds> "
te(0,00) v1(t)m \ Jt T€[s,00) t
t% oo S ﬁ
+ sup z </ (/ ( sup u(y)q>w(3:) da:)
t€(0,00) v1(t)m \ Jt t \y€lz,s]
pP—q
><< sup U(T)qquP>w<8>d8)
TE[s,00)
pP—q

q u(T
sup

tv t Y[ [T e
+ sup - (/ w </ B(t,s)ds
te(0,00) v1(t)m \ Jo reftioo) B(T) \ Jy
_Pq

|
i (o ()™ ([ 5e00)

t€(0,00) v1 () TE[x,00) y€E[T,00)

3=

9 P—gq

([ ) e ar) "
Ly o u() ) -
e ([ (o () Jrorw)

75
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(o (33) ) ([ 5000 )aterac) ™

The proof is completed. |

Theorem 13. Let 1 < m < 00,0 < p < 1,1 < ¢ < 00 and b € W(0,00) N
M ((0,00);1) be such that the function B(t) satisfies 0 < B(t) < oo for every

€ (0,00). Suppose that u € W(0,00) N C(0,00), v € Wi p(0,00) and w €
W(0, 00).

i) If m < q, then

~ < _w "
<, (] 7%)
b ([ET)”

te(0,00) 0 Yy
1
b ([ET)”

te(0,00) 0 Yy

it) If ¢ < m, then

ONETE =) |
[ (o (5g) )]

q m—q

([T (o () ([ 0)”
" (/000 </0 <yil[1£ﬂu(y)q>w(x) dx) —a

Q

U Camam ()™ ()
U Cam ) Jre)™
(L (5) ) (e worae) ™
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where the functions B1 and Ba are defined for all s € (0,00) by

0 m(g—1) ( )
. Vo m=a (s
B1(s) ( / m+1> or(s)m
S Ul 1
and , o /
B (s) (/“Bmm>nMM$mm@>
8) = R Al
2 0 'U71TL +1 'Ul(S)m +1
respectively.

Proof. By Lemma 2, Theorem 1, (iii), and Fubini’s theorem, we have

m’ i,
(5 (3 v (1ot ) ) Lot ar)
K =~ sup sup

h: [ h< [ w peMT

||80Hq’,h1*q/’(0 00)

’

m o
o0 t
(fo (fo 90“) ot )Sn)Jrl dt)
A~ sup  sup

h: [ h< [y w et

181l g h1-a" (0,00)

m/ L
(5 (1) sz
+ sup sup .

h: [ h< [ w peMT

”%0||qah1—q',<o,oo>
Let m < ¢q. By Theorems 4 and 5, we have

o] Vo ﬁ t %
K=~ sup sup / —T T / hu?
h: [ h< [y wt€(0,00) t U 0
t By, e < /u\\ 7
+ sup sup TS h|l = .
he [ h<[F wte(0,00) \Jo v t B
Interchanging the suprema, using Theorem 3 and Remark 1, we arrive at

1 1

o (o) m’ q

~ sup / m/> sup </ h(r )X (0,4(7) d )
te(o,oo)< ¢t 037

he Jg h< g w

Bmm>é </ (Mﬂ)q )3
4 g% z wo)(7)d
tes(g,go) </0 vy’ 1 he foxsilzlgfo”” w \Jo ™ B(r) Xipoo) (T) 47

1 1

([ )" ([ o) o)’
/A sup — sup u(7)¥x0q(7) | w(x)dz
te(0.00) \Jr T 0 (04

TE[x,00)

7
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th/UO # 00 U(T) q %
+ sup (/m> </ (sup ( >X7OOT>wxdx>
te(0,00) \JO vy +1 0 reluoo) \B(T) [t,00)(T) | w()

1

< e \™ [ [ 7
A sup </ m’+1> (/ < sup U(T)q> w(z) da:)
te(0,00) t U 0 TE[x,t]
’ 1 1
+ s </th“0>m/</tw>q sup u(r)
up e
te(0,00) \Jo ot 0 reft.oc) B(T)
t BmlUO ﬁ 9] (7_) é
+ sup </ — ) </ ( sup ( ) > (z )dl’) .
te(0.00) \Jo T t \refnoo) \B(7)

Now let ¢ < m. By Theorems 4 and 5, we have

q

K=~ sup (/ Bi(s </ huq> qu ds> ™
h: [ h< [y w

wis 3740

thS;LlEfO </ 2 </ (B )

By duality, we get

[ ols) ( I huq> ds

K= sup sup -
h: v h v gﬁ+ m g—m m
fo Sfo w | pE <fooo QO(S) . %1(8) q ! ds)

Ji et (S () as

+ sup sup 7

[ T w + 00 m g=m m
he 5 h< [, pEM <f0 o(s) 5 Ba(s)" e ds>

By Fubini’s theorem, interchanging the suprema, on using Theorem 3, we
arrive at

s g e I ([ ) ar
K~ | sup

q
N+ m g—m m
pe < fo 90 )q - d8>
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+ | sup
peMt

I (supecaey a1 ([ ¢ ) Juto) o %

~ | sup
g—

(e e )

1
q q
fooo <Sup7€[1‘,oo) (g%:})) < ()T QO) ) w(.’L’) dx

+ sup T
+ m —m m
e (o) 0a(e) 5" s

Applying Theorem 6 and Theorem 7 yields the result. Hence the proof is
completed. |

Theorem 14. Let 1 < m < 00,1 < p < 00,1 < g < 00 and b € W(0,00) N
IMT((0,00);1) be such that the function B(t) satisfies 0 < B(t) < oo for every
t € (0,00). Assume that u € W(0,00) N C(0,00), v € Wy, p(0,00) and w €
W(0,00). Suppose that

t 00 !
/ va(s) ds < oo, / s P va(s)ds < oo,
: f
=

/

0</Ot</: <Bl(/y>>p dy)p vals)ds < 0, te (0,00),
Aﬂ”hdnglmmg@:m,

where the function vy is defined by

m/

£% o (1)

W’ t e (0,00)

'Ug(t) =

i) If max{p, m} < q, then

~

m

<= ([ (] ) ) o) ([o) am 53

Q|
<
—~
3
~
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80

it) If m < q < p, then

sup

K~

pq
T)r=a(T

) o) ([ (

)) (o)) &

sup u

s, (4

+ sup
(0,00
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p—aq

x < sup u(T)q(TH)qqp)w(t) dt>

TE[t,00)

Proof. By Lemma 2, Theorem 1, (iv), and Fubini’s theorem, we have

e g (LG L[ o)) ) wom)”

/ m 1
7

p P e
(5 (5 (P2 eg) as) Ty )
~  sup sup

h: [ h< [ w pEeMT ||80qu,h1—q’7(o,oo)

/ m’ 1

+  sup sup <f000 <ft°° (l oo u>p dS) 71}2 © dt> )

he [ h< [ w pEM+ [l n1-a (0,00)
=: A+ B.

Let p < g and m < q. We first estimate A. By Theorem 9, we get

ml

t t I . %4 0 N
A~ sup sup (/ (/ (B(y)) dy) ’ va(s) ds) </ h<u> > .
h: [ h< [ wt€(0,00) 0 s Yy t B

By interchanging the suprema, applying Theorem 3 and Remark 1, we obtain

/ 1
7

ax e ([ () (B2) ) o) |
< (L0 (55) @)’
<o ([ (] (22) )7 o)
(" Cam, (G5 remo)rions)
< (L () ) o)™ ([1o)” e 05
e ([ (P2) ) o)

Q=
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([ (o (8 Yutnrae)

Now we estimate B. Note that, by Theorem 8, the following equivalency

holds:
[e’¢) ’ t L
_m/ ! q
B~ sup sup (/ s PUQ(S)dS) </ huq>
h: [ h< [y wt€(0,00) t 0
a

1 t o t
+  sup sup t » (/ va(s) ds) </ huq>
he [ h< [ wte(0,00) 0 0
m’ 1 1
© /1 \7r m t q
A sup sup (/ ( ) va(s) ds> (/ huq>
h [ h< [F w te€(0,00) 0 s+t 0

By interchanging suprema, applying Theorem 3 and Remark 1, we have

i~

Q=

1

m’ 1 0o q
A sup </ ( ! ) ’ va($) ds)m sup / h(z)u(z)?x(0,q(7)dx | .
te(0,00) \Jo  \8t1 hi [ h< [T w0
%/ q m % o0 .
/A sup vsds> (/ <sup UTqX’T>wxd$>
iy (U () T ) (7 Camromcantn e
m 1
o0 1 3 ooy t P
A sup </ ( ) va($) d5> </ < sup u(T)q>w(:v) dx> .
te(0,00) \Jo  \Ss+1 0 \ 7€z

Combining the estimates for A and B, we obtain the result.
m_ 1

Let m < g < p. By Theorem 9, we get
1
P - o] u q q
d hl =] d
() )
p

Q=

t t /B P’
A~ sup sup (/ v2(5)</ ((y)) dy)
h: [ h< [ wite(0,00) \JO s 4
t L/ 00 00 q - £=q
m r—q rq
+  sup sup (/ v2> </ B(t, s)</ h<u> dm> ds)
h: [ h< [y wt€(0,00) 0 t s B

=: A + As.

Since in the previous case A; was estimated as

.

COr(BWY T WO ()
A~ su / (/ <> d > vo(s ds) (/ w) su
! te(of;) ( 0 s Yy Y 2(%) 0 Te[t,go) B(7)
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m/ 1

o () (P2) ) )™
([ (o, (53) Jrera)”

we continue with the estimate of As.
By duality and Fubini’s theorem, we have

. v ( [ np)7) ds

t m
Ay = sup sup < / v2> sup
. [z ) ,00 + ,00 0o _
h: [ h< [T wte(0,00) \JO YEM+[t,00) ( %0 (s ) B(t, 5) a=p ds>

aq
4

q

L\ ene(#3) () ao

= sup sup < / 1)2) sup -
y \Jo

hi [ < [2 w t€(0,00 YEM*[¢,00) <foo w(s)gB(t S)% dS) ’
t )

By interchanging suprema, duality and Theorem 3, in view of Remark 1, we

arrive at

q

N Supp; [+ hgf(fwfooo h(z) (%) X[t,00) (% ) J W da
Ay = sup < / v2> sup q
oo +[t,c0 -
1€ (0,00 10 YEMTL00) (ft"w(s)’q’g(t,s)qq” ds)p

L fooo <supfe[x7oo) <u(( )) X[too ft )

t
= sup </v2> sup 7
o0 +[t,00 -
(€00 0 veMTlhoe) ( toow(s)gB(t,s)qqus>p

u(T) ftTw s)ds

t Nwr/ [t \g
/A~ sup (/ 7)2) (/ w> sup sup 7
te(0,00) \J0 0 TE[t,oo)B(T) YEM[t,00) a=p \P
[ ,8) @ ds
1

q
to\ 7 [ (Supq—e[x,oo) <§((TT))> I d))w x)dx
+ sup (/ v2> sup 7
o) +[t,00 a=p
te(0,00) \J0O YEM+[t,00) (ftoo@b(s)zl?(t,s)qqp ds) )

Q=

Q=

Q|
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t # i q 7' pqq
sup </ U2> (/ w> sup (/ B(t,s)x-(s)d >
te(0,00) \ JO 0

~
~

TE[t,00) T

q
¢ # (Supfrexoo (j_é;((;))) ftTlﬁ)w(x)dx
4+ sup (/ v2> sup
te(0,00) 0

a

vesinee) ( [ () B(t,s) T ds) ’

Applying Theorem 6 yields
w(r) ([ w
Ao~ sup / sup / B(t,s)ds
te(0,00) TE[t,00) B(r) t

o (f )T}L( <T:‘;20 o () ([ seaa))
(
(

/

(o) Tow)” |

o ()" () </°°(T:[:20( ) Juwa)”
(o (33)) ([ s00a)ura) ™.

Combining the estimates for A; and As, we arrive at

/

o (UL G2 ) o) () i
A AVACY DD
<

TE[t,00) B(T)

e, () (
e () O Camam, (563) ™ (] s

TE[s,00) TE[T,00)
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1

o (o) (L Com (52) Yuran)™

(o () ([ mman)uteras) ™

Now we estimate B. By Theorem 8 we have

[e’e) ’ # t %
B~ sup sup (/ s P va(s) ds> </ huq)
h: [ h< [y wt€(0,00) t 0

t % 00 s —r B4

m q pP—q prq

+  sup sup (/ v2> (/ sqp</ huq> h(s)u(s)? ds) :
h: [ h< [y wt€(0,00) 0 t 0

Since

oo L # t s p—q ;;1
B~ sup sup </ s P uy(s) ds> </ </ huq) h(s)u(s)? ds>
h: [ h< [y wt€(0,00) t 0 0

t 1 ) s -9 p—g
m/ q P—q Pq
+  sup sup </ 1)2) </ sa-p </ huq> h(s)u(s)? ds) .
hfoz hgfozth(O,oo) 0 t 0

By Lemma 1, we arrive at

& t
B = sup sup (/ < >
h: [ h< [ w te(0,00) 0 s+t
4 p

X (/Ooo <Sit>’”qq</oshuq> pqqh(s)u(s)qu>pqq.

Applying Theorem 10 to the last integral, we obtain

q q

LG huq>”h<s>u<s>: ds )
L))
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[ () () (k)
L) ()

By duality, we get

X

B =~ sup sup (/ (
h: fox hgfo”” w t€(0,00) 0

h: [ h< [y w t€(0,00) < 0 S + t

<f0 huq> ds
sup

.
vem . (s+t)a d8>

Q|

9
P

¥(s)

Interchanging suprema, Fubini theorem and Theorem 3 imply

me ([ (o) o)
A sup vo(s) ds
te(0,00) \Jo  \S+1 ?
s g e o I ([0 ) dr
X Slilnlt)+ q
Ve (fo 5 s+t)§ds>p

Q=

Q|
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Applying Theorem 7 yields
m/ 1

B~ sup </ ( t >pvg(s)d5>m (/ < sup ’LL(T)qu‘Z(T—I—t)qu>
te(0,00) \Jo  \Ss+1 0 \reftoo)

q p—aq

() o)

m_ 1 q

+t§3£°) </OOO <3 i t) () ds)"“(/f(/ot <y§[1£t]u(y)q> w(z) d:c)w

pP—gq

><< sup u(T)q(TH)q‘%)w(t)dt)”.

TE[t,00)

~

Finally, if we combine the estimates of A and B, then we get the result and
the proof is completed. <

4. Boundedness of M ra@p) from GI'(p,m,v) into A?(w)

In this section we formulate and prove the reduction theorem for the bound-
edness of My ra@) from GI'(p,m,v) into A?(w) and calculate the best constant
in the inequality

(/Ooo (Mool @F e dm>; : C</ooo (/Ow[f*(T)]p dT> %v(:ﬁ) d$> i,
(14)

which is required to hold for all f € M(R™).
A function ¢ : (0,00) — (0,00) is said to satisfy the Ag-condition, denoted
¢ € Ay, if for some C' > 0

d(2t) < Cop(t) forall 0<t<oo.

A function ¢ : (0,00) — (0,00) is said to be quasi-increasing, if for some
C>0
o(t1) < Co(t2),
whenever 0 < t1 <ty < 0.
A function ¢ : (0,00) — (0, 00) is said to satisfy the Q,-condition, 0 < r < oo,
denoted ¢ € @,-(0,00), if for some constant C' > 0

($) <ol Eor)”

i=

for every finite set of non-negative real numbers {¢1,...,¢,}.
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Theorem 15. Let 0 < p,m, ¢ < 00, 0 < a < 7 < o0 and v, w € W(0,00).
Assume that ¢ € Q-(0,00) is a quasi-increasing function. Suppose that b €
W(0,00) is such that 0 < B(t) < oo for allt > 0, B € Ay, B(co) = oo and
B(t)/t*/" is quasi-increasing. Then inequality (14) holds for all f € IM(R™) if
and only if the inequality

1 m

< /0 ) [TB/W,bh*(x)]%w(ﬂ?) dg;> "< C( /O h ( /0 x[h*(T)]E d7>pv(x) dx)

holds for all h € M(R™).

3=

Proof. Assume that the inequality

</0"° [(Mg a0y f)" ()] w(z) d:v>; < C(/OOO </ox[f*(7)]pd7> %U(x) dx)

holds for all f € M(R™).

Denote by 9rad+(R™) the set of all measurable, non-negative, radially de-
creasing functions on R", that is,

3=

MradH(R™) = {f € MR") : f(z) = h(]z|), z € R™ with h € MT((0,00); 1)}
Recall that the inequality
(o) @ 2 sw o™ [Tl ay)”
TE[x,00) 0

holds for all g € 9@+ (R™) with constant C' > 0 independent of g and x (cf. [38,
Lemma 3.12)).

Thus the inequality

([ L;‘i& )qs(T)-l( [ 5w dy);]qw@) dx);

m

< c(/ooo (/Ox[g*(T)]pdTyv(x) da:)il

holds for all g € 9M*@d+(R™), which evidently can be rewritten as follows:

m

w(z) dx>; < c(/ooo </0m[g*(7')]§ dT> " () d;c>$’.

el

(/000 (T 40 09") ()]
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Since for any h € 9M(R™) there exists g € MM@I+(R") such that g* = h*, the
inequality

1 00 T % %
([ 1@ totae) <o [7( [t ) i)
holds for all h € M(R"), as well.
Now assume that the inequality
00 L 00 x n L
([ @sementowa) <o [7( [weir) )
0 0 0
holds for all h € 9M(R"™).
Obviously, the last inequality is equivalent to the inequality
00 T é q %
(7] sw oo [Trors )| wwa)
0 TE[z,00) 0
0o x m 1
< c(/ </ [f*(T)]Pdr> ” o(e) d:n)
0 0
for all f € 9M(R™).
Recall that the inequality
- 1
(Mg pep) )" () <C Sup )¢(T)1</O [ (W)]*b(y) dy)
TE|t,00
holds for all f € M(R™) (cf. [38, Corollary 3.6]).
Consequently, the inequality
* 4q % P m
</0 [(Md)’Aa(b)f) (:C)}qw(x) dx> < C’(/O </0 [f (T)]pd7'> v(z) dm)
holds for all f € 9M(R™), as well.
The proof is completed. <

Combining Theorem 15 with Theorems 11, 12, 13 and 14, respectively, we get
the following four statements.

Theorem 16. Let 0 < m < a<r <o, 0<p<a<qg< oandbd €
W(0,00) NINT((0,00); 1) be such that the function B(t) satisfies 0 < B(t) < oo
for every t € (0,00), B € Ay, B(oo) = co and B(t)/t" is quasi-increasing.
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Moreover, let ¢ € W(0,00) N C(0,00) be such that ¢ € Q-(0,00) is a quasi-
increasing function. Assume that v € Wy, (0,00) and w € W(0,00). Then

[ M pe ) | GT (pym,0)— A4 ()

1 t B(r)= )q ) 2
~ d
tes&)lgo) V1 (t)% </0 <Ts€l[llPt] o(7) wlz)de

o B[y

up w up ——

te(0,00) 1(t)% T€[t,00) o(7)
1

+ sup B(t)=

3=

te(0,00) U1 (t)
where vy is defined by (5).

([ (s ot5) o)

Theorem 17. Let 0 <m < a <r < oo, a < min{p, ¢} < co and b € W(0, o0)
IMT((0, 00);

o0)N
);d) be such that the function B(t) satisfies 0 < B(t) < oo for every
€ (0,00), B € Ay, B(co) =

oo and B(t)/t*" is quasi-increasing. Moreover, let
® € W(0,00) NC(0,00) be such that ¢ € Q,(0,00) is a quasi-increasing function
Assume that v € Wy, ,(0,00) and w € W(0, 00).

i) If p < q, then

| Mg, nev) |G (pm,0)— A4 ()
o () (o 55 )0 o)
/A sup — sup s P sup w(z
te(0,00) ’Ul(t)a S€[t,00) 0 TE[z,s] ¢(T
q 1

+ sup sup (/ ( > dT (/ w) sup ——

te(0,00) VU t m SE[(too t 0 TE[s,00) ¢(T)

l B p o
()
‘ T

(f
([ (o ) )

+ sup
te(0,00) U

1T Sup
m s€[t,00)

it) If ¢ < p, then

[ Mg A )| GT(p,m,0)— Ad (w)

g B(r)a\* g
A sup / < sup > w(x dx)
te(0,00) V1 (t)% < 0 TEx,t] ¢(7—) ( )

—_

Q=
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S ([) ()
+ sup I w sup P
te(0,00) ’Ul(t)ﬁ 0 TE[t,00) ¢<T)
)

1 _Pq

e (7 (o, () )
([ ) i) "

S ey e Lya -
+ sup ! - (/ </ ( sup Bl) w(x) dx>
te(0,00) U1 (t)a t t EEX] ¢(y)

\]

cam e (€ (i) [ B
sup sup sup | — ,8)ds
te(0,00) U1 (t)% t TE[x,00) YE[T,00) ¢(y) t

q

q b=

et
wamne U (T:;:I;) oty ) me)
<(Lm, 2 o) ([ s )uera)
where

e = ([ (B2 ) (HO) pcicien

Theorem 18. Let 0 <p < a <r < oo, a < min{m, ¢} < oo and b € W(0,00) N
MT((0,00); 1) be such that the function B(t) satisfies 0 < B(t) < oo for every
t € (0,00), B € Ay, B(co) =00 and B(t)/t*" is quasi-increasing. Moreover, let
¢ € W(0,00) NC(0,00) be such that ¢ € Q,(0,00) is a quasi-increasing function.
Assume that v € Wy, (0, 00) and w € W(0, 00).

i) If m < q, then

| Mg, ne(b) [l GT (pym,0)— A4 ()
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00 meo t L\ ¢ 1
Vo me B(T)a q
A sup / ma) (/ ( sup ) w(x dx)
te(O,oo)( . 0 \refey 9(7) (=)

Gt

m—«

</t BmTav()) e </t >$ 1
+ sup G r— w sup
te(0,00) 0 m—a 0 TE[t,00) ¢(T)

U1

m—a

tBﬁ'UO ma 00 1 q %
+ sup </ — > </ ( sup ) w(x dx) ;
t€(0,00) 0 Y= t T€[z,00) o(7) (=)

Uy

it) If ¢ < m, then

[ M, ne(b) [l GT (p2,0)— A9 ()

< ([ (zm, @Q)i)l(/f 5)) (/ o) Tutar)
(L (o ) )™
(o (B2) [ Yot

Q

L o) ™)) )
' (/0“ </t°° (Qﬁﬂo) ¢(1¢)> w(z) dm) e mi
; <y§€i€o)<i>(1w>q</o %2>w(t) dt) "

where the functions B1 and By are defined for all s € (0,00) by

m(g—a)
By(s) = (/OO _wlf) dt> o wo(s)
T 2m—a 2m—a
s i) mee vy(s) m=e

and s
- S B(t)m-a vt alm=0) B(s)m=a (s
%2(5) = </ ( ) 2m—0a( ) dt) ( ) 2m—oo<< >’
0 U1 (t) m—a 'Ul(S) m—a

respectively.
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Theorem 19. Let 0 < a < r < 00, a < min{m, p, ¢} < oo and b € W(0,00) N
MT((0,00);1) be such that the function B(t) satisfies 0 < B(t) < oo for every
t € (0,00), B € Ay, B(xo) = o0 and B(t)/t*" is quasi-increasing. Moreover, let
¢ € W(0,00) NC(0,00) be such that ¢ € Q(0,00) is a quasi-increasing function.
Assume that v € Wy, ,(0,00) and w € W(0,00). Suppose that

t [e’s) ma
/ Ua(s) ds < oo, / s pm=a)Pg(s)ds < o0,
0 t
(p—

L IBy)\PE |\ e
0< / / 73,/ dy D9(s) ds < oo, t € (0,00),
0 s

1 mao o0
/ s p(im—a) 1}2(5) ds = / {)2(5) ds = o,
0 1

where the function vy is defined by

m(p—a)
tr(m—o) t
Ba(t) = L) o0,
vl(t) m—a

i) If max{p, m} < q, then

[ M A ) | GT (pym,0)— A4 ()

m(p—a m—« 1
t t / B(y) e 7p(557a§~ fa t \g 1
A sup / / — Yy Ua(s)ds /w sup ——
te(0,00) 0 s Yy 0 TE[t,00) (T)
tyogt N Ty
(L2
te(0,00) 0 s Yy

=

mo m—ao 1
©/ 1 \plm—a)_ “ma ([T B(T)i q g
+ sup (/( > vsds) </<sup >wxdx>;
te(0,00) \Jo \8+1 2(s) 0 \refey (1) (@)
it) If m < q < p, then

[ M A 5) | GT (pym,0)— A4 ()

m(p—o) m—a 1
t t / B(y) 725 \pOn—a) ma t
A sup / (/ () dy) U9 (s ds) </ w> sup
t€(0,00) ( 0o \Js y 2(s) 0 reftoc) A(T)
+ sup </ </ <B(y)>ﬁ dy) " )62(3) ds>
te(0,00) 0 s )

Q|
‘H
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([ (o) o)’

m—«

t ma
e (o) (o s ([ Bena) ™ )
o (o) () Com, Com, G )
([ sewa)) ([ o)
o (o) T (o, qbé)q dw>
X(y:[:lam?y)(/m )uteyis)
s ([T(55)" Teee) T ( (T:';“;) (2o

(L7 om0 sty

1

(o (B2) s utyar) ™.
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