Azerbaijan Journal of Mathematics

V. 14, No 1, 2024, January

ISSN  2218-6816
https://doi.org/10.59849/2218-6816.2024.1.122

On the Inverse Spectral Problem for the One-dimensional
Stark Operator on the Semiaxis

A.Kh. Khanmamedov*, Y.I. Huseynova

Abstract. We consider the Stark operator T' = f% +2+¢q(x) on the semiaxis 0 < x <
oo with the Dirichlet boundary condition at the origin. The asymptotic behavior of the
eigenvalues of this operator is studied. By the method of transformation operators, we
study the spectral problem. We give a rigorous derivation of the main integral equation
for the inverse problem.
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1. Introduction

Stark operator is of significant interest for the spectral theory. Many authors
have studied various aspects of the direct and inverse spectral problems for this
operator (see [2, 3, 4, 5, 6, 7, 10, 11, 12] and the references therein).

Consider a boundary value problem generated on the semiaxis 0 < x < 0o by
a differential equation

- +ay+q@)y=Xry, AeC, (1)

with a boundary condition
y(0)=0 (2)

in the case where the function ¢ (x) is real and satisfies the conditions

q(z) € W [0,00),0;(0) = /Ooo:cj g (z)|dx < 00, j <5, (3)
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with o (z) = [°#/|q(t)| dt, x > 0, which are assumed to hold throughout the
work.
In [12], the inverse scattering problem for the boundary value problem (1)—
(2) was studied, where, in addition to (3), the potential ¢ (x) is subject to the
additional condition
q(z)=o0(x),x — oc. (4)

Moreover, in [12], when solving the inverse problem, a formal derivation of the
Gelfand-Levitan-Marchenko type main integral equation was given. In this re-
gard, the question arises of a rigorous substantiation for a derivation of main
integral equation.

In the present paper, by the method of transformation operators, we study the
spectral problem for the boundary value problem (1), (2) in the class of potentials
(3). We obtain a Marchenko-type integral equation for the problem (1)-(2). A
rigorous derivation of this equation is given.

2. Preliminary information and asymptotic behavior of
eigenvalues

We consider the unperturbed equation
" +ay=Xy, 0<z <00, AeC. (5)

It is known [1] that (5) has a solution fy (z, A) of the form fy (z, \) = Ai (z — \),
where Ai (z) is the Airy function of the first kind. It is clear that the spectrum of
the problem (5), (2) is discrete and consists of the roots of the function fy (0, A) =
Ai(—\). The function Ai(—\) has roots A,,n = 1,2, ..., only on the positive
semiaxis [1] and the following asymptotic equality is true:

A — (377(4781—1)> 7 (6)

where

14+ —2z—

87 T36° T 204’ 6967296 -

12 1
g(z)~z§< 5 o 5 __,  TT125 _; 108056875 _g )72_“)0.

From the well-known properties of Airy functions it follows that

([ (e ) ) = 4 (<3) = (ot (DY

8
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where

D=

1 _
T8 T 1608° T 663552 °

1525 2
g1(2) ~7m~ PG ( > 2 152 SIS _6...> , 2 — 00.

~ (o0}

olx,A .

f(a")} forms as an orthonormal basis
n

n=0

for the space L (0,00), i.e. the following equality holds:

Moreover, the system of functions {

i": fo (:f,j\n) Jo (y, 5\n)

Qo O,

=0(z—vy), (7)
n=0

where ¢ is the Dirac delta function.

Now we introduce the solution f(z,\) of the perturbed equation (1) with
asymptotics f (z,A) = fo(z,\) (14+0(1)), z — oco. It follows from [13] that un-
der the conditions (3) such solution exists and admits the following representation
by means of a transformation operator:

@) =f@N+ [ Ao foEyd, (8)

where the kernel K (z,t) is a continuous function and satisfies the following re-
lation:

A (2,1)] scéa <”5’2”> ()

Hereinafter, C' will denote various constants which do not depend on z, A and n.
By using the well-known properties of transformation operators (see, e.g., [14])
and (7), we find

o0

Fo(@A) = F(2, M) + / A #) F(£, Nt (10)

T

where the kernel A (x,v) satisfies the equation

~

A(x,y)+A(x,y)+/yA(x,t)A(t,y)dt:o. (11)

The last equation and (9) imply

ey < Coy (””2“’) | (12)

Let us now return to problem (1)-(2). Obviously, under condition (3), differen-
tial equation (1) together with boundary condition (2) defines in space Ls (0, +00)
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a self-adjoint operator Lg, which can be obtained by closure of the symmetric op-
erator defined by equation (1) and boundary condition (2) on twice continuously
differentiable finite functions (see [15]). Moreover, the spectrum of problem (1),
(2) consists of simple eigenvalues A\,,n = 0,1,2,... and coincides with the set
of roots of the function f (0, ), i.e., the equalities f(0,\,) = 0,n = 0,1,2, ...,

[e.e]

are true. Therefore, the eigenfunctions {f(‘zi:")} of problem (1), (2), where

n=0

ap = \/fooo |f (2, A\n)|? dz, form an orthonormal basis for the space Ly (0, 00), i.e.,
the following relation is true:

Zf(zAn)f%An)zﬂx_y)‘ (13)
n=0 n

n

Theorem 1. Under conditions (3), the spectrum of the operator L consists of a
sequence of simple real eigenvalues Ap,n > 0, and the asymptotic formula

= (UYL 6 (8) s "

1s valid.

Proof. By virtue of (8) we have

FO0) = fo (0,0) + /OOO A1) fo (£ A)dt. (15)

From the well-known relation [1]

Ai(—z) ~ %2 1 sin (C + %) [1 + 0 (C_l)] , (= %z% z — 400,

and the definition of the function fy (x, \), it follows that

£0.(0, 1) = 2X~ ¥ sin @A n Z) Leo(x i asse (o)

On the other hand, as shown in [13], when the condition Q4 < oo is satisfied, the
relation

/OOA(O,t) fo(t,A)dt:O(A*%) , A — oo,
0

holds. From the last three relations we find

™

_1 2.3
F(0,N) =2) 451n<3)\2+4

>+0(A—i) ;X\ — +oo. (17)
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2
Let \, = ( )3. Then, for large values of n, by virtue of (17), the
function f ( , ) takes values of different signs at the ends of the segment
1 ,1
[— 2, 2} Therefore, there is a point belonging to this segment at which the

1

- <1 __1
function f (O,An+>\> vanishes. Let f (o, )\n+5n) — 0,6, € <—>\n2, A,ﬂ).
Then, on the basis of (17) we conclude that

. (2 /% oo -1
sm<3 ()\n—i-én) +4>—O(An >,n—>oo. (18)

3
Since % A + 6, 2)\2 4+ 9)? o
(o)) = i (42
from (18) we get sin \3d, = O ()\n 2) , n — o0o. Whence it follows that d,, =

0 (n_%) , n — 00. Thus, the proof of the theorem is completed. <«

3. Derivation of the main integral equation of the inverse
problem

An important role in the solution of the inverse problem is played by the
Marchenko-type integral equation. We put

N N
n=0 n
N I’,S\n ,5\n
(2,1) Zfox/\ fo (y, A )_Zf[)( ZﬂfO(y ) (20)

n=0

From the results of [8, 9] it follows that the sequences ®x (x,y) and Fy (z,y) are

uniformly convergent in each finite domain of variation of the variables x and y.

Put ® (z,y) = ]\}im Oy (x,y). By using (6), (13), (19) we find that the sequence
—00

[° ®n (z,y) g (y) dy converges to zero in quadratic mean. In what follows, for
brevity, we will write this equality in the form

L (L2 (@00)) [ @ () g ) dy = 0.

N—oo
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Since g (y) is a function with bounded support, integration in f;o Oy (z,y) g (y)dy
is, in fact, between finite limits. Passing to the limit as N — oo, we obtain

[e.9]

lim @wawg@My—/m@uwm@ww—u

N—oo [,

Thus, we have proved the identity

/oo<1>(w,y)g(y)dy=0,

where g (y) is an arbitrary function with bounded support. Therefore,

@ (2.y) = lim By (,9) = 0.

Let
F(z,y) = i hi A"iéf o) _ B e Anlj 0 (v NCIY
n=0 n n

Theorem 2. For any fized x > 0, the function A(x,y) from representation (7)
satisfies the integral equation

F(ﬂs,y)-l—A(x,y)—i—/ooA(x,t)F(t,y)dt:0, y > T (22)

Equation (22) is called the main integral equation of the Marchenko-type.

Proof. Consider representation (10). For y > x, it follows from (19) that

N
, (x, \n)
Z:Of(an ny Zf - )+
o N
+/ A(yjt){zf(z/\")f(t’k)}dt:
y "0 n (6793

Further, using formulas (7) and (6), we obtain

Z;)f$>\)fo(y, Z;)fow)\)fo(z;1 n)

(e%
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Az, 1) {i\f: Jo ((i,n)\n) Jo (Z;)\n) } g iv: fo (m, 5\n> fo (y, Xn)

Qp Qi

—+

n=0 n=0

Qp Qp Qp,

+§:{fow)\ fo (4, 2n) f0<$75\n>f0<y75‘n>}+

n=0

o) a
nO n n

o o Gy, Gy,
n=0

= ij: fo <iﬁ7j\n> fo (27 Xn) +Fyn (m,y)—i—/:o Az, t) {i o (; Xn) fo <y75\n) } dt+

~

(0%
n—=0 n n

+/OOA(x,t)FN (t,y)dt.

Comparing the last two equalities, we get

- (x,y)+/oofl(y,t){if(Z’)\")f<2)\n)}dt:
Y n=0 n n
_ /OOA(x,t) {f: & <; ) f (z ») } dt+

n=0

+/OOA(:C,7§)FN (t,y)dt + Fy (x,9).

Fix z and denote the smooth function with bounded support contained in the
interval (x,00) by ¢ (y). Multiplying both sides of the latter identity by ¢ (y),
integrating with respect to y, we obtain

[CevGaswans [ [i (f Awn HE2a) “Z’A")]g(y)dyz

X X TLZO n n

- [ Evewswan [ {i (/OOA@:@ & (;1“) dt) & <Z’A”>] 9 (y) dy+
x x n—=0 Y n n
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+/;O [/;A(x,t)FN (t,y)dt] g9 (y) dy.

Passing to the limit as N — oo, for each smooth function g (y) with bounded
support we obtain

/Oo@<x,y>g<y>dy+/Oofi(y,@g(y)dy:

/°°F<m,y>g<y>dy+/wAw,y)g(y)dw

+am [ MOOA(x,t) Fy (t,y) dt} 9 (y)dy.

N—oo [,

Since y > x, we have A(y,x) = 0. Moreover, as shown above, the identity
® (z,y) = 0 is true. Therefore, the relation

/wF(w,y)g(y)der/OOA(w,y)g(y)der

+ Jim / Az, t) Fy (t,y) dt| g (y) dy =0 (23)
—0 Jg LJ i
holds. We now show that
lim / Alz,t) Fy (t,y) dt| g (y) dy =
N—oo z LJz ]
oo [ o0
- [T aworey dt}g@) dy. (24)

Note that for each b > x, uniformly with respect to y € (z,b), the following
equality holds:

b
lim A(x t) Fy (t,y)dt = /Amt (t,y)dt. (25)

N—oo

Further, it follows from the definition of the function Fi (x,y) and (6), (13) that
the sequence [ A (z,t) Fy (t,y) dt converges to the limit Ag (z,y) = <I + fl)
<I + A*) A(z,y) — A(z,y) in quadratic mean, where I is a unit operator, and

the operator A is defined by the formula Ah (y f A(y,s)h(s)ds. From the
last relations we find

Ap (z,y) = /oofl(y,t)A(:c,t) dt+



130 A.Kh. Khanmamedov, Y.I. Huseynova

Yo 0o t R
+/A@@A@@@+/‘Amw/A@@Amﬁwﬁ (26)
T Yy T
If we consider the function

Az, t), x <t <hb,
Ab(xat):{ ( O)t>b

then it can be similarly shown, that the equality

N—oo

b
l-i-m-(Lg(x,b))/ A(z,t) Fy (t,y)dt = G (y,b),

is valid, where

b
G@M:/A@ﬁA@@ﬁﬁﬁA@@Am$ﬁ+
Yy

xT

b t 0o b
+/ A (y,t)/ Al(s,t) A(x,s)dsdt + A (y,t)/ Al(s,t) A(z,s)dsdt,
Y T b T
for x <y < b. Further, using (8), (12), (26) and expression for G (y, b), we obtain
G (y,b) = Ao (2,y) ,b — .

Moreover, the last relation is true uniformly with respect to y. Indeed, due to
formulas (8), (12), (26),

|G (y,0) = Ao (z,y)| < Coo (b) = 0,0 — c0.

On the other hand, taking into account (25), we obtain

/bA(:C,t)F(t,y)dt:G(y,b)

for y < b. Therefore, we get

b
lim Az, t) F(t,y)dt = Ao (z,y),

b—oo J,

and this equality is true uniformly with respect to y taken from each finite interval
(z,a). Thus, we have proved that the improper integral fzoo Az, t) F(t,y)dt
converges and the equality

/MA@QF@wﬁZAM%w
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is true. Taking into account that l]-Vi -m- (L (y,00)) [° A(x,t) Fy (t,y)dt =
—00

Ap (z,y), we have

o0

e (L (.00) [ At Py e)de= [~ Al Py

N—oo

The last equality implies (24). Since g (z) is an arbitrary function with bounded
support, from (23) we finally obtain equation (22).
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The theorem is proved. «
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