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Inverse Problem for a Hyperbolic Integro-Differential
Equation with two Redefinition Conditions at the
End of the Interval and Involution
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Abstract. In this paper, we consider an inhomogeneous hyperbolic type partial integro-
differential equation with degenerate kernel, two redefinition functions and involution.
Intermediate data are used to find these redefinition functions. Dirichlet boundary con-
ditions with respect to spatial variable are used. The Fourier method of separation of
variables is applied. The countable system of functional-integral equations is obtained.
Theorem on a unique solvability of countable system of functional-integral equations is
proved. The method of successive approximations is used in combination with the method
of contraction mappings. The triple of solutions of the inverse problem is obtained in
the form of Fourier series. Absolute convergence of Fourier series is proved.
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1. Problem statement

Ordinary and partial integro-differential equations of the Fredholm type are
of great interest in terms of theoretical research and applications in different fields
of physics, mechanics, engineering and chemistry [1-8]. Today, some new prob-
lems are posed for ordinary and partial integro-differential equations, and a large
number of papers are dedicated to the boundary value and inverse problems for
integro-differential equations. Problems with nonlocal conditions for differential
and integro-differential equations are considered in the large number of publica-
tions, such as [9-29]. In [30-36], integro-differential equations with a degenerate
kernel were considered.
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In the present paper, we study the solvability of the inverse problem for a
hyperbolic type partial integro-differential equation with a degenerate kernel,
three parameters, final conditions at the end of the interval and involution. This
paper differs from the other relevant papers as it requires finding two unknown
redefinition functions. This inverse problem also differs from the corresponding
direct problem.

In the rectangular domain 2 = {0 <t < 7T, -1 <z <1}, we consider the
following partial integro-differential equation:

T
Upe(t, ) —w? [Uga(t, 2) + € Uga(t, —2)] = v / K(t,s)U(s,z)ds+a(t)U(t,x), (1)
0

where 0 < «(t) € C[0,T], T is a given positive number, |e| < 1, w is a positive
k

parameter, v is a nonzero real parameter, K (t,s) = > a,(t)b.(s), ar(t), b,(s) €
r=1
C'[0;T). It is assumed that the systems of functions {a,(t)} and {b,(s)}, r =1,k
are linearly independent.
To solve partial integro-differential equation (1), we use Dirichlet boundary
conditions with respect to spatial variable x

Ut,-1)=U(t,1)=0, 0<t<T. (2)

We use also following conditions at the endpoint of the given segment with respect
to time variable t:

U(T7m) = (Pl(x)v Ut(Tvx) = 902('%')’ -1 <z< 1; (3)

where @1 (x) and pa2(x) are redefinition functions and enough smooth on the seg-
ment [—1,1]. For these functions, the following conditions are fulfilled: ;(—1) =
ei(1)=0,i=1,2.

In order to determine the redefinition functions, we use the following two
intermediate conditions:

U(tlvx) = 1/11(95)7 Ut(thm) = 1/}2(33)7 —1<z <1, (4)

where 11 (x) and 19(z) are known and enough smooth functions on the segment
[—1,1], 0 < t; < T. For the functions i (x) and ¥2(x), the following conditions
are fulfilled: ¥;(—1) =;(1) =0,i=1,2.

The choice of conditions (3) and (4) with the final and intermediate data is
due to the fact that in practice it is not always possible to determine the initial
conditions. During the process of aluminum production, before the start of the
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production cycle, the raw material passes through firing and the state of the raw
material at the beginning of the production cycle is not known. And the final
expected state of the output will be unknown in reality. We find it from a known
intermediate state. So, we have to solve an inverse problem to solve the partial
integro-differential equation (1).

Problem statement. Find a triple of functions

{Ult.e) e c@ONCEQ), wila) € Cl-1,1], i = 1,2},

the first of which satisfies the partial integro-differential equation (1) and the
conditions (2)—(4), where Q = {0 <t < T, -1 <z < 1}.

Note that the problem (1)—(4) is formulated in such a way that the direct
problem (1)-(3) has a unique solution for all values of the parameter w, and
the inverse problem (1)—(4) has a unique solution only for some values of w. In
addition, the second parameter v also plays an important role in the context of
solvability.

2. Formal solution of the direct problem (1)-(3)

First, consider the homogeneous differential equation
Upe(t, ) — w? [Upe(t, ) 4+ € Upe(t, —x)] = 0 (5)
with boundary conditions of the Dirichlet type
Ut,—1)=U(t,1)=0, 0<t<T. (6)

Problem (5), (6) will be solved by the method of separation of variables: U(t,z) =
u(t)d(x). Then, from this problem we arrive at the following spectral problem
for an ordinary differential equation

V' (z) + ed"(—z) + M(z) =0 (7)
with boundary conditions
9(-1)=0, 9(1)=0. (8)
In case of even eigenfunctions, equation (7) takes the form of
(1+e)d](x) + M1 (z) = 0. 9)
Solving the differential equation (9) with conditions (8), we find the eigenvalues

An = (14 &) 7%(n+0.5)2 (10)
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and the eigenfunctions
V1n(z) = cos m(n +0.5)z, n e N. (11)
In the case of odd eigenfunctions, equation (7) takes the form of
(1 — £)04(x) + Aaa() = 0. (12)

Solving the differential equation (12) with conditions (8), we find the eigenvalues
and the corresponding eigenfunctions of the following problem:

Aon = (1 —e)m2n?, |e| <1, (13)
Von(z) =sin mnz, n € N. (14)

Note that the eigenfunctions ¥;,(x) (i = 1,2) determined by (11) and (14) form
a complete system of orthonormal eigenfunctions in the space Ly[—1,1]. There-
fore, we seek nontrivial solutions to the inhomogeneous partial integro-differential
equation (1) in the form U(t,z) = Ui (t, ) + Ua(t, z), where

Ui(t,2) =Y win(t)Pin(x), i=1,2, (15)
n=1

are the Fourier series, and Uy (¢, z), Ua(t, x) satisfy the following integro-differential
equation:

T
Uin(t,z) — w2 [Uize(t,x) + € Ujza(t, —x)] = a(t) Ui(t, z) + V/K(t, s)Ui(s,x)ds,
0

1
umM:/MQMMA@m,hﬂﬂ. (16)
—1

Substituting the Fourier series (15) into this integro-differential equation, we
obtain a countable system of second order ordinary differential equations

k
i (t) + WX i uin(t) = Vzar(t) Tinr +a(t) uin(t), i=1,2, (17)

r=1

where \;,, are the eigenvalues determined by (10) and (13),

T
Tinr = /bT(s)uin(s) ds. (18)
0
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Solving the countable system of inhomogeneous differential equations (17) by the
method of variation of arbitrary constants, we obtain

Uin(t) = A1p cos VAipwt+ Agy sin /A wt+

k t
+ an/sin VAinw (t—s)a, (s)ds+
AZ"n‘wrzl
0
. t
+ : /sin Ninw (t —3s)a(s)uin(s)ds, (19)
in W

0

where Ay, and Ag, are arbitrary coefficients of integration, to be determined
later. By differentiating (19) with respect to ¢, we obtain

Wy (1) = =V XNinwAiy sin VX ipwt 4+ AipwAo, cos / Ajpwt+

% ¢
+I/ZTinr cos \V/Ajpw (t—s)a,(s)ds+
r=1 0
t
+ [ cos VAinw (t —s)a(s)u;n(s)ds. (20)
0
For redefinition functions ¢1(z) and o () we set p1(x) = ¢11(x)+p21(z) and
w2(x) = @12(x) + @a2(x). Now, supposing that the redefinition functions ;1 (x)
and @;2(x) are expanding into a Fourier series and using the Fourier coefficients
(16), from conditions (3) we obtain

1 1
um(T):/Ui(T,x)ﬂm(x)dx:/goil(x)ﬁm(:r)d:r:tpiln, (21)
—1 —1

1 1
oy, (T) :/Uit(T,x)ﬁm(x) dx:/goig(x)ﬂm(x) dr = pion, i=1,2. (22)
—1 -1

To find the unknown (arbitrary) coefficients A, and Ag, in (19) and (20), we
use the boundary conditions (21) and (22). Then we arrive at the system of
algebraic equations (SAE)

At1p cos VAipwT + Aoy sin VAjpwT = 1, (23)
—A1n sin VAjpwT 4+ Aoy cos VAinwT = von,
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where
% T
v .
Yin = Piln — ZTinr S111 )\inW(T—s)ar(s)ds—
)\inw r=1
0
T
1
————— [ sin VAipw (T —s) a(s)uin(s)ds,
)\mw
0
& T
72n:90i2n_7/z7—in7’ COs )\inw(T_S)ar(S)dS—
r=1 0
T
—/cos VAinw (T — 8) a(s) uin(s)ds.
0

For unique solvability of SAE (23), the condition

5 — cos VAipwT sin /A;jpwT 20
= _sin VAjpwT cos VAipwT

must be fulfilled. Since dg,, = 1, this condition holds for all values of the parameter
w. Consequently, SAE (23) has a unique solution

| e osin VAT | ‘ o . '
Aln—‘ Yon  COS \/mwT ‘_@zln COs \/)\anT @i 2n S111 V)\anT+

T

k
+\/%nwzlnm sin V\jpwsa(s)ds+
r= 0
. T
—i—/sin Ninwsa(s)uin(s)ds, (24)
)\mw

VAipwT . /
Agp = ‘ T o i = @iln SIN VAT + @izn €08 V/AjpwT+

—sin VAjpnwT 7o,

k T T
+VZTinT cos V/Ainwsap(s)ds+ [ cos V/Ainwsa(s)uin(s)ds. (25)
r=1 0 0
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Substituting (24) and (25) into (19), we obtain

Uin(t,v,w) = @itn Xitn(t,w) + @ion Xion(t,w)+

/Hm(t, s,w) as)uin(s,v,w)ds, (26)
)\mw
0

where

Xitn(t,w

) =cos V/Aipw (T —1t) —sin
Xion(t,w) =cos \/Ainw (T +1t)—sin

)\mw (T — t),
)\mw (T — t),

T
X13Tn t w :/Hzn t S, w ar(S)dS,
0

: _ <
Hm(ts’w):{smz(t—i—s), z t<s<T

Ainw) 1= 17 27 =~ 4,
sin z (t —s)4cos zt sin zs+ z sin zt sin zs, 0 <s <t
Although the functions (26) are the Fourier coefficients of the solution to the
direct problem (1)—(3), they contain extra quantities 7;,, that are still unknown.
To find these quantities, we substitute (26) into (18) and arrive at a new SAE
v k
Tinr — i Z Tijnr Ji3rjn(t) = QilnOilrn T Yi2n0i2rn + Ui4rn(uzn)
j=1

where

(27)

by(s

T T
Oilrn = /br(s)Xiln(va) T2rn / Xz?n S w) dS 5\ =V Ain("-)y
0 0

T T
Ti3rjn /br /Hm 5,0,w)a;(0)dbds,
0 0

& st (i) = ;\/br(s)/Hm(s,ﬁ,w)a(@)um(e)dﬁds.
0 0

To establish the unique solvability of SAE (27), we introduce the matrix

1—%o@31in 50120 ... X 0i31kn
v v
$0i21n 1 — S 0i320n S 0i32kn
Oion(v,w) = A A A
v v
X Oi3k1n S 0i3k2n  --- 1

— X Oiskkn
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and consider the values of the parameter v, for which the Fredholm determinant
differs from zero:

Ajon(v,w) = det Oy, (v,w) # 0. (28)

Determinant Ao, (v,w) in (28) is a polynomial with respect to £ of degree
no more than k. The countable system of algebraic equations Ajp,(r,w) = 0
has no more than k different real roots for every value of n. We denote them
by u;(l = I,p, 1 < p < k). Then vy, = viin = Ap; = VAipwp are the
characteristic (irregular) values of the kernel of the integro-differential equation

(1). So, we introduce the following notations:

A1 = {(Vina W) Vin=VAipwpy, i=1,2, we (0,00)}7

Ai2:{(Vin7 w) [ Ajon (vi,w)| >0, vip # VXinwpr, 1=1,2, WG(O,OO)}-

On the number set A 2, we consider a matrix ©; .y, n(v,w) =

V; V; 14 V;
1 ;7‘01‘31 1n 50131 (G-ln  Timln jaii‘sl (+1)n §0i31 kn
_ 3 0i321n X0i32(j—1)n  Tim2n 3032 (j+1)n X 0i32kn
v Vi Vi Vi
S 0iskin 3O0isk(j—U)n Timkn 3 0i3k(j+)n -+ 1= J0i3kkn

m = 1,2, 4. Taking into account the known properties of the matrix ©; ., n (v, w),
we use the modified Cramer method on the set A ;9 and obtain the solutions of
SAE (27) in the form

T — v, M . Ai2rn(y¢w) Ai4r"(y’w’uin)
irn Piln Az’On(va) Pizn AiOTL (V,OJ) AiOn(V»W)

;o (29)

where i = 1,2, » = 1,k, (,w) € Aig, Ajrmn(v,w) = det Ojppmn(v,w), m =
1,2,4. Substituting (29) into (26), we obtain

Uin(t, V,w) = @itn hitn(t, v,w) + Yion hion(t, v, w)+

v LA (v, w,win)

7 drn\V,W, Win

+ § 3rn t)+
VAinw 1 AiOn(V7W) i ()

T

T
1
+ /Hm(t,s,w)um(s,u,w) ds, (v,w) € A;2, (30)
)\mw
0
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sin z(t+s), z=vVA\ipw, t<s<T,
sin z (t —s)4cos zt sin zs+ z sin zt sin zs, 0 <s <t

H;n(t,s,w) = {

The relation (30) is a countable system of functional-integral equations. Substi-
tuting (30) in the Fourier series (15), we obtain a formal solution of the direct
problem (1)—(3) on the domain {2 :

Z 19171 [‘len zln(t7 v, W) + Pi2n hi2n(ta v, U.))—|—

v, LN (v,w,uin)
) drn\V,wW,Uin

7 rnt
+\/)\mw z:; Ajon (V,w) Xigra(t)+

T

1
e /Hm(t,s,w) Uin (s, v,w) ds], (ryw) € Njo2 1 =1,2. (31)
)\mw
However, there are two unknown quantities y;1, and @;2, in (31).

3. Formal solution of the inverse problem (1)-(4)

We will now formally define the redefinition functions ;1 (z) and p;(z). We
subordinate function (30) to conditions (4). For this purpose, we differentiate
(31) with respect to the time-variable ¢:

Zt t LIJ‘ Zﬁzn 807'171 zln(tal/aw) + @ion hlﬁn(t,l/,w)—i-

k
Vi A V,w, U
bty BB i) ()

\/)\mw — Aion(lj,w)

‘s




12 T.K. Yuldashev, O.Sh. Kilichev

1

T
+ /H{n(t,s,w) uin(s,v,w)ds|, (r,w)€ A, i=1,2. (32)
)\mw

0

Then, applying intermediate conditions (4) to functions (31) and (32), we arrive
at the solution of the following SAE:

{ Citn [Xin(t1,w) + €i11n) + @izn [Xion(t1,w) + €i12n] = P1n, (33)
Citn [Xiin(t1,w) + €i21n] + Qizn [Xign(t1,w) + €i22n] = on,
where

k
143 Aijrn(yaw)

= ~N ; t , W),
)\inw — Ai()n(l/,W) X7,37"n( 1 )

Vi Aijra(sw) ,
€i2j = ; t , W), = ]-327
2jrn )\ian:l AiOn(Vaw) XzS'rn(l ) J
v LA (V,w, Uin)
- % drn\V,W, Uin
= Yiin — i t1,w)+
77/}171 wzln \/mw vt AiOn(V7w) Xern( 1 )
T
1
+ /Hin(tlysaw) uin(svva) dS, (34)
)\inw
0
v LA (v, w, uin)
i 7 drn\V,W, Uin /
= Yion — o (T, w)+
¢2n /l;Z)ZQTL \/mw a AiOn(Vaw) Xz?)r( 1 )
T
1
+ /H{n(tl,s,w)um(s,y,w) ds, i=1,2, (35)
)\mw
0

1
Visn = [i5(@)in(a)da, ij = 1.2
)

The fulfillment of the following condition provides the unique solvability of SAE
(33):
Vign(w) = ‘ X/z‘ln(tl,w) + &t Xizn(t,w) +€iton | _
Xitn(t1,w) + €210 Xjon (t1,w) + €i22n

—z sin 22T — z cos 22T + 2z sin 2(T — t1) cos 2(T — t1) — z cos 2z2(T — t1)—

—zeinlsin 2(T + t1) 4 cos 2(T — t1)] — zejion[sin 2(T — t1) + cos 2(T — t1)]—
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—eioincos (T +t1) — z sin 2(T — t1)] — €s0on[sin 2(T — t1) — 2z cos z(T — t1)]+

+eitin€izon — €i21n€itzn 70, 2 =V Aipw, 1 =1,2. (36)

Before proceeding to find a solution of SAE (33), we consider condition (36).

Suppose the opposite:
Vion(w) =0, i =1,2. (37)

Condition (37) is a transcendental equation. Let us denote the set of its
solutions with respect to w by &. So, on the set

Az = {(Vm,w) | Aion(vyw) | >0, vip # VAinw , 1=1,2, we€ %}
SAE (33) is not uniquely solvable. However, on the other set
Aig = {(u,w) tAion (v, w)| > 0, [Vion(w)| > 0, Vin # V/ Ainw i, w € (0,00) \ %}

SAE (33) is uniquely solvable. Now let us start solving SAE (33). Taking into
account notations (34) and (35), we obtain

k
v Ajgrn(V,w,uin)

Ajon (v, w)

©Vijn = VinWijin(W) + Yiznw; jon (w) + Wi j3rn(w)+
Ainw r=1

M/Z‘jn(S,W) Uin(S,I/,W) d87 Za.] = 1727 (va) € Ai47 (38)

_|_
>
P | =
3
S
O\’ﬂ

Wwinin(w) = Vigt (Xian (t1,w) + €i220 (W), winon(w) = Vigi (—Xizn(t1,w) + 1120 (w))

Wizin (W) = Vigh (X (t1,w) + €in1n(W)) , wizzn(w) = Vig,! (Xitn(t1,w) + £i11n(W))
Witz (W) = — [Xigrn(t1, W) Wit1n (W) + Xizpn (t1, W) Witzn(W)]
Wiz rn(w) = — [Xisrn(tl,w) wi2in (W) + Xigyn (t1,w) wz‘22n(w)] )

s,w) = Hin(t1, 8) wiin(w) + Hy, (t1, ) wir2n(w),
= H;n(t1,s) winin(w) + H., (1, 8) wioon(w), i=1,2.

< 2

Wi?n(sv w

Since @;1, and p;o, are the Fourier coefficients, from (38) we obtain the Fourier
series

k
143 Ai4rn(VaW7uin)

Ai()n(y7 w)

oo
ij(r) =D Din() [Tlfilnwijln + YignWijon + Wijgrn+
n=1 )\mw r=1
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+ /Wijn(s,w) Uin(s,v,w)ds|, (v,w)€ Ay, i=1,2. (39)

The functions u; (¢, v,w) in (39) are the Fourier coefficients of the unknown func-
tion U;(t, x,v,w). Therefore, we need to uniquely define the Fourier coefficients
w;in(t, v,w). Substituting (38) into (30), we finally obtain the following countable
system of functional-integral equations:

uln(ta I/,W) = S(tu I/,W;Uin) = wilngiln(ta V,(,U) + wiQn gi?n(t7y7w)+

k
Vi Aigrn(V,w, Uin)
+ i 3 t,w +
Ainw —1 AiOTL(V)w) gi Tn( )
T
1
+m/Gm(t,s,u,w) Uin(S,v, w)ds, (v,w) € Njyg, i =1,2, (40)
n
0

9itn(t, v, w) = wirin(W)h i (t, v, w) + wioin (W) hjon (t, v, w),
Gizn (t, v, w) = witon (W) hin(t, v, w) + wigon (W) hion(t, v, w),
gizrn(t,w) = gitn(t, v,w) Xizrn(t1,w) + gion(t, v,w) Xiz 0 (t1, W) + Xizra(t, W),
Gin(t,s,v,w) = gitn(t,v,w) Hin(t1, 8,w) + gion(t, v, w) H. ,(t1, 8,w) + H;n(t, s,w).

Note that the functional-integral equations (40) make sense only for values of
parameters v, w from the set A;4. In addition, the unknown functions w;,(t, v, w)
in (40) are under the determinant sign and under the of integral sign.

4. Solvability of the countable system of functional-integral
equations

Let us investigate the system of functional-integral equations (40) for unique
solvability. To this end, consider the following well-known Banach spaces, which
we will use in our further actions:

The space By of function sequences { un(t) },,=; on the segment [0, 7] with the

norm
240.5
() 5, = {Z(tggs;mn)} < oo
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The Hilbert coordinate space ¢2 of number sequences {¢,},-; with the norm

e o] ) 0.5
||w|e2={2|son| } < oo,
n=1

The space Lao[—1,1] of square-integrable functions on [—1, 1] with the norm

! 0.5
19 | 41y = { 1o dx} <o
21

Smoothness conditions. Let the functions ;(x) € C3[—1,1], i = 1,2 have
peace-wise continuous derivatives with respect to = up to fourth order on [—1, 1].

1
Then, after integrating the integrand functions ¥, = [ ¥;j(x) 9in(x)dx, i,j =
1

1,2 by parts four times with respect to z, we obtain the following relation:

(4)
1\* ‘wijn L
|¢Z]n|g - 1 7’7]:172a (41)

T n

@ _ ot
where ¢/, = | =& Vin(x)dx, i,j = 1,2. Here the Bessel inequality is

valid:

oo 1 2
ZW‘-’”}QS/[‘W] dz, i,j=1,2. (42)

n=1 ]

Theorem 1. Let the smoothness conditions and the following conditions be ful-
filled:

max H giln(ta I/,(/J) | ; |gl2n(t7 V7w) ” < 5i1 < o0, (43)
te[0,7

idr \V,

Aiar (v,w)
Aio(l/, w)

+d3 <1, i=1,2, (44)
Lo

pi = |vi|di2 dior

k
r=1

where Sior, iz and S, will be defined by (48) and (49), while Ayrpn (v,w) will
be defined by (51). Then the countable system of functional-integral equations
(40) is uniquely solvable in the space Bo. In this case, the desired solution can
be found by the following iterative process:

{ u?n(t’ V,W) = ¢i1n9i1n(ta’/7w) +1/}i2ngi2n(t,V,W), (45)

w L (t v,w) = S(t, viwiul™), 1=1,2, m=0,1,2,..

in
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Proof. By virtue of smoothness condition (41) and estimate (43), applying the
Cauchy—Schwartz inequality and Bessel inequality (42), from the approximations
(45) we obtain the following estimate:

tg%(??lg]‘u t)‘é t1§3¥}[|¢lln|‘glln(t7y7w)’+|¢12n‘|9127’L(t)y7w)|]§
=1 '
< )
51@) z - +§; -
04, 9%
M gi +H‘§%w ]Z&o<m. (46)
x La[-1,1] z La[-1,1]

Taking into account the estimate (46), applying the Cauchy-Schwartz inequality,
for the first difference of approximations (45) we obtain:

[e.e]

max ‘u (t) —u (t)\g

mn

te[OT
S M P
’VZ n 1)\3/2 zOn Vw) tg%oa)%] gi3rnll,W
=1
Z)\sﬂ o /Gm(tsuw)u (s,v,w)ds| <
n=1"in
>~ [k AU (l/wuo) ?
< |vi|dis I S|+ Gisdio < oo, (47)
212 A
where
dio > isrn(t,w)], 0i2 = 48
o_tgﬁ%\gs (t,w)l, di2 (48)
1
§i3 = Gt s, v w) | ds| L i=1,2. 49
o=\ 2 x’;{fwo/' (t.s.vw) | ds| . o (49)

Continuing this process, similarly to the estimate (47) we obtain

o0

ma um+1t—umt <
e [0~ (0 <
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00 k m m—1 2
I/wu»)—A,-Mn(un )
<l |6, i4rn » Yin Iy +
<ttt 3 (3|2 b
+6; 3 Ztre%m%c |l (t,v,w) —ull(t,v,w) ]2 <
[e's) k x A ) 2
< |vil|di2 Z [Z ! (:ny ) 5¢0T] | it v,w) —ul" "t v, w) HB2+
n=1 Lr=1 Z n

+5i3 Hu;n(t? l/7w) - um_ (ta V7W)HB2 < Pi Hugn(tyaw) - u;n_l(tv V’w)HBZ ) (50)

)

where
S| Biarn (w)
z4rn . _
pi = | vi| i 5 ‘ Sior || +6i3, i=1,2, Ajurpn(r,w) =
1 zOn
Lo
Vi v; _ v >
1 - f0i311n 7"71'31(];1)71 Oi41n TZUiSI(jJrl)n f%:ﬂlm
v U; — Ui o
TZO'Z'32 in 7101'32(]‘—1)71 0i42n 7101'32(]‘_,_1)“ 710—1'3214371 (51)
)
21 v; _ v; v
TOi3kln - YOBk(j—U)n Oidkn 3 O0i3k(j+D)n - 1= 3 O0i3kkn

T T
Oidrn = ;\/|br($) ’ / | Hin(8,97w) Oé(@)‘ df ds.
0 0

According to the condition (44), p; < 1. Consequently, it follows from the es-
timate (50) that the operator on the right-hand side of the countable system of
functional-integral equations (40) is contracting. Then the estimates (46), (47)
and (50) imply that there is a unique fixed point, which is a solution to (40) in
the space Bo. Theorem 1 is proved. <«

5. Uniform convergence of series

Theorem 2. Let the conditions of Theorem 1 be fulfilled. Then the series in (39)
are convergent in [—1,1].

Proof. According to the Theorem 1, u;,(t,v,w) € By is a solution of the
system (40). As in the case of estimates (46) and (50), we obtain

4
lpij(z)] < <71T> 5:16:9 HW M

ozt ozt +

iy

La[—1,1] La[-1,1]
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0 k
Aigrn (U, w, U
+ [vi] 02 g g ZZX?)( v.0) ) dior |+ iz |ui(t, v, w)|| g, < oo,  (52)
n=1 Lr=1 wnA™

where i, j = 1,2. The estimate (52) implies the absolute convergence of the series
(39). Hence, it is obvious that | p;(x) | <|p1j(x) |+ ]|p2i(x)| <oo, j=1,2. <

Substituting the system (40) into the Fourier series (15), we obtain

Ui(t,z) =Y 9 in(x) [itn gitn(t, v, w) + thion gion(t, v,w)+
n=1

k
Vi Ajarn(V,w, uin)

+
\/Ainw,rzl AiOn(Vaw)

gi3rn(t7w)+

1

T
+ /Gm(t,s,y,w)um(s,y,w) ds], (ryw) € Ajyg, i=1,2. (53)
inW
0

A

Theorem 3. Let the conditions of Theorem 1 be fulfilled. Then the main un-
known function U(t,x) = Ui(t,z) 4+ Us(t,x) of the inverse problem (1)—(4) is
defined by the Fourier series (53), and this series (53) converges absolutely in
the domain Q0 for all (v,w) € A;4. Moreover, the function (53) belongs to the
class C (Q) N sz(Q)

The proof of Theorem 3 is similar that of Theorem 2.

6. Conclusion

In the rectangular domain Q@ = {0 <t <7, —1 <z < 1}, we consider an
inhomogeneous hyperbolic type integro-differential equation (1) with degenerate
kernel, two redefinition functions (3) given at the endpoint of the segment and
involution. To find these redefinition functions, we use intermediate data (4). We
also use Dirichlet boundary value conditions (2) with respect to spatial variable x.
The Fourier method of separation of variables is applied. The countable system of
functional-integral equations (40) is obtained. Theorem 1 on unique solvability of
countable system of functional-integral equations (40) is proved. The method of
successive approximations is used in combination with the method of contraction
mappings. The triple of solutions of the inverse problem is obtained in the form of
Fourier series (39) and (53). The absolute convergence of Fourier series is proved
(Theorems 2 and 3).



Inverse Problem for a Hyperbolic Integro-Differential Equation 19

Remark 1. For values of parameters (v,w) from the set N;3, the uniqueness of
the solution to the inverse problem (1)—(4) is violated. Because condition (36) is
not satisfied in this case.

Remark 2. For values of parameters (v,w) from the set A;1, the inverse problem
(1)—(4) does not make sense. Because condition (28) is not satisfied in this case.
But, the direct problem (1)—(3) has an infinite set of solutions, if 1(z) = pa2(z) =
0 for all x € [-1,1] and a(t) =0 for all t € [0,T].
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