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The Three -Variables Differentiable Form of Hilbert’s
Inequality
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Abstract. Through this research, an extension for a differential form of Hilbert’s inte-
gral inequality for three variables is provided, and the form of the reverse of the main
conclusion will also be given.
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1. Introduction

In the middle of the 20" Century, Hardy presented the famous Hardy - Hilbert
inequality, for p > 1, % + % =1, and for the +ve functions f and g given by

fdexdy<smzw) 7fp(m)dx 5 /OOQQ(x)dx LW
0 0 » s 5

where the constant C = ﬁ is the best possible. The inequality (1) has been
sin| —

the starting point for many extensions of inequalities related to it, see for example
[1, 3-8].

For the form of differential in Hilbert’s integral inequality of two variables,
Nizar Kh. [2] gave an extension as follows:

http://www.azjm.org 56 © 2010 AZJM Al rights reserved.
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i P L) .
<C /Ip(n—l-l)—p’v—/\—l (f(n) (x))p dx /yQ(n+1)+q’7—>\—1 (g(”) (y)>qdy
0 0
where C' = F(%J’_’Y_n)r(%—’y—n)
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2. Preliminaries and lemmas

In this research we will need the following well-known functions:

(o]
INw) = /tw_le_tdt,w >0,
0

& ts—l
B(S,r):/tlw_dt, 87T>0,
TRy

and the following representations of the above special functions:

1 17 —1, —at

—_— = — i Tt 2

~ F(w)/ e, ()
0

Nz +1) =2al'(x), =>0,

I'(s)I'(r)

B(s,r) = TG (3)

Next, we introduce the following two lemmas.

Lemma 1. Suppose that p > 1, %—i—% =1,t > 0, I(z) > 0, the derivatives

U, 07, 1™ ezist and are positive, 1™ e L(0,00),(n =0,1,2,--+), (l(o) =1),
LY is the space of all functions that are Lebesque integrable. Furthermore, let
100)=10)=1"(0)=---=1""D(0) =0, for t >0 and for ng+1 > 0. Then
1
o] S q

/e_Ztl(z)dz < £ (T(pn + 1))% /z_q"e_Zt <l(”)(z)>q dz| . (4

0 0
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Proof. Integrating by parts with respect to z, we obtain

o 1 oo
/e_Ztl(z)dz = t/e_Ztl'(z)dz.
0 0

Repeating integration by parts n times with respect to the variable z, we get
—zt 1 —zt7(n)
l(z e 2" (2)dz.
tn

Applying Hélder’s inequality, we have

gy 1 °r _=z
/ (2 = n/ (2’76 P z e qtl(")(z)) dz
0 0

1 T 5 (o q ‘
< m /zp"e_thz /z Me== (z)) dz
0 0
1
1 1 L (7 (n) q !
—  _— [(+=pn—1\3, P —qn —=zt n
- = (t )pF(1+p77)) /z e (z (z)) dz
0
1
B q
e 1 _
= ) | [ ((00) d: |
0

Lemma 2. For p > 1, %Jr% =1, t > 0, and h(z,y) > 0, suppose that the

Oh(z,y) Oh(zy) O*h(zyy) 3h(zyy) O*h(z, 8°"h(z,
((;r y)’ ((93; y)’ 8y(gxy)’ By(aig)’ 8y2(gmy2) A 8y”g§c£}) with respect to
2n
the variable x and the variable y exist and are positive, aayféiﬁ/) € L(0,00), (n =
0,1,2,--), LY is the space of all functions that are Lebesque integrable. Further,

2 2n—2
assume that h(x,y) = 88};((;::1’:1/) == g”ngm?w 0, forx =0 ory=0. Then

for 2 — puq > 0 we have
/ / h(z,y)e” TV dzdy

00

derivatives
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Proof. Integrating by parts with respect to the variable = and let u = h(z,y)
and dv = e *'dz, we obtain

E = //h(x,y)e(x+y)tdxdy:/eyt /h(x,y)extda: dy
00 0 0
OO_ 1 Ooé)h(:v y) _
— yt - ) xt
/e t/@aj e “dr | dy.

0 0

Integrating by parts with respect to the variable y and denoting v = %(x, Y)
and dv = e ¥'dy, we obtain

— 100 —xt b fytah’(l’zy)
E = t/e /e o dy | dx
0 0
B R Ry Y E)
= t/e t/e Dy dy | dx
0 0

Repeating integration by parts n times, we get

1 (g ()
= 0 grd
t2n// aynawn Y
00

Applying Hélder’s inequality, we have

E = //h(x,y)e_(”y)td:cdy
00

17 o)t 0% h(z,y)
— (@ ————"dxd
00
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177 (@+y) _ @ty 9
= 2//{ r4y) te o t}{(:ﬁ—y) = taayzgx’g)}dxdy
00
1 —pq ,—(z+y)t
2n (x+y) He” dxdy
00
1
P

O*h(x,y)
yHpe= (@)t
//x y)*Pe” < ndzn ) dzdy | . (6)
00

It is easy to calculate the first integral on the right-hand side of (6). Using

Q=

IN

the substitutions y = wz and x = m, respectively, we have
oo o0
// x+y) e~ @ drdy
00
[e.@] o0
= /(1 +w) /ml“qex(Hw)tdm dw
0 0
oo oo d
T _ R S— 1+w)t T
1 1q 1—pq ,~ i ( d
/( t)” /(t(w+1)) ‘ <t(w+1>> ¢
0 0

o0 oo
= t“q_2/ (14+w) dw/Tl_“qe_TdT = tHI72T(2 — pq).
0 0

Finally, substituting the last equation into (6), we complete the proof of
Lemma 2. «

Remark 1. For 0 < p < 1, ]lj + % =1, and using the reverse form of Holder’s
inequality, it is easy to prove the following inequalities:

Qe

o0 [e.9]

/e_Ztl(z)dz > £ (C(pn + 1)) /z_q"e_Zt (l(”)(z)>q dz (7)

0 0

Sl
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/ / W, y)e @ dedy >
00

and

Inequalities (7) and (8) are the reverse form of (4) and (5).

3. Main result

Theorem 1. Let p > 1, %—i—% =1, 7>0, 2n—£ < &< g—n. And let
the functiont h(z,y) > 0, is continuous on (0,00) x (0,00), and [(z) is a postive

e ele e} o 2p n p
function continuous on (0,00). If [ [(z+y) " Ep+2np+F (%) dxdy < oo
00

and fz_T+§q+"q+% (l(”)(z))qdz < 00, then
0

(o elie oo o]

/// dxdydz
x—l—y—{—z
0

00

// x+y T*§p+2np+27p 82nh(x7y) pdxdy
oy™ox™
00

1

B =

o

/z‘”ﬁﬁnﬁg (l(”)(z))q dz | (9)

0

P(E+E-20)T(Z—¢-n)

where C' = e

Proof. Let

o0 00 OO

/// dxdydz
x+y+z
0

00

Using Holder’s inequality, we get
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//h(m,y)l(z) (/tTle(Hy“)tdt) dzdydz
00

0

0

Substituting (4) and (5) into (10), we obtain:

o0
1 1
1< 55 (/ £ [T (2 g

0

1P

2n P
83/”8 n

0 0

3=

aT(1 + pn)
()

% // LU—f-y 82nh(33 y) /t7_1+£p+“p_2np_2‘1p6_(z+y)tdt
oy ox"
00

0

1
oS 00 q
x ( / P (l””(z))q / ¢roimtamma—na—y ethtdz)

0 0

[

« 7tr 1—¢q |=n—n— (F(l _Hm,))% (72q776zt (Z(n)(z)>qd2) a

(tfrf%//h(:c,y)e(m+y)td1:dy) (thlg/eZtl(z)dz) dt
00

(10)

T =

dt

3=

o
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Q=

(2 = ug)sT(1 + pn)»T(7 + p + pup — 2np—*)PF(T—§q ng—ng—1)

I(7)
oo o0 1
2n p P
—7—Ep+2np+ 22 9 h<x7y)
/ / (4 y) T2 <8y”8x” dzdy
00
- 1
[ Jerrsmet o) a
0
o 82nh( ) p %
—r—Ep+2np+ 22 LY
//m+y q <8y“8x”> dxdy
00
- 1
X /z_T+5q+nq+Z <l(")(2)>qdz
0
Setting pu = W and n = %, we complete the proof of our
maln result Wlth C2p+2np T— Ep T— qf qn q — wn — C

To show that C Wthh appears in (9) is the best constant, let us define the
following two functions:

0, 0<z<1,0<y<l
he(z,y) =
6( y) F(%—l—f—%—Qn) T+§P*2TP*672 N -
W@er) g ; r>ly=>1
and
0, 0<zxl

_tg— 9 __
D(Z—¢—£—n) T8 p7c7l

e 2 q , z2>1
L(Z—¢6-%)
where 0 < € < min{7 + &p — £ — 2nq,7 — {g — 2 — nqg}. It is easy to find
ath T+§p72—p76 2 9 ( ) T— {q—ffe 1_
W(f;y):(x—i—y) » > 1,y > 1, andlen(z):z a "
z > 1.

Now suppose that our C' is not the best constant. Then 30 < Q < C', we get
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3 =

T he(x7 y)glg (Z) 77 r—ptonpt 2P 82nh6 p
/// @ryto)r drdydz < Q (x+y) 9y 0" (x,y) ) dxdy
000 00

1
q

% /Z T+§Q+nq+% (lgn)(2)>qd2’
0
// z +y) " 2dxdy /z61d2
1 1 1
_ 11
e(1+ 6)26 (11)
To estimate the left integral in our main inequality (9), we use the substitution
e o I(T—¢—_€_n
z=u(zr+y)and let S = TG +(£ 5_25)}((;_5_3‘1) ). Then we find
/ / / %) dadyd-
(z + Y —l— z)7
000
00 00 00 T+'5p’2*p75 2 T—Eq—%—e—l
S///:r—l—y ! : ! dxdydz
(x4+y+2)"
111
T—fq—%—e—Z
. -r+§pf%pfef1 R [u(x + y)] !
= S du) | dzd
[ a0 | [ i e+ waul | dady
11 1
z+y

o I_g_£]

B 9 wua q
= S//(:c—i—y) /(1—|—u)T du | dzdy
11

1
z+y
1
Y T e e

o % i - wa q

= S 2 Y g /d dxd
//(“y) /(1+u)f " T R
11

0 0
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1
z+y

00 00 1_5_£_1

_ —2—e¢ T __ €T €y [ wr

= S//(:E—i-y) B( 3 ,—+ &+ -) / AT du | dxdy
11

> T e fuitein
D B%‘5‘¢p+§+q*‘{ Tray
-
ey | B e [
- sPa T D o (12)

It is clear that if we let e — 0T, then from (11) and (12) the contradiction is
clear. the contradiction will be obtained. By this, we finish the proof of the first
theorem. «

Theorem 2. Let 0 < p < 1,(q < 0), %—i—% = 1,7 > 0. Let h(z,y) > 0 on
(0,00) x (0,00), and l(z) be a positive function continuous on (0,00). If

o » th p
//(x + y)fT*ng"p*% (aany(;n’g)) dxdy < oo,
00

and -
/Z‘r+fq+nq+z <l(")(z)>qdz < o0,
0
then
o0 00 X0 o0 o0 l
h(z,y)i(2) //’ e eprampr 2 (0P he(2,y) ’
— 2 dxdydz > C prenp — 27| dxd
///(az+y+z) ayaz T+y) oyrozn ) MY
000 00
0 ) :
/z 7—+£q+nq+ l( )(Z)> dz : (13)
0

T(Z+¢-2n)0(Z—E—n)

where C' = ) as in (9).




66

- C //ﬂc—i—y —T—€p+2np+22 & he(z,y) pdxdy
oy™ox™
00
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Proof. Using the reverse Holder’s inequality and (2), we have

[e.9]

1 T-1_
I = F/( +§// z,y)e” @ty tdwdy) (t T g/e_z'tl(z)dz

0

1
oo 00 00 p P
1 / lig // ~(a+y)
— t" p h(z,y)e " Vdxdy | dt
2 ( 00 -

0

X ( Z T4 ( [ eZtl(z)dz) dt) :

Substituting (7), (8) into (14), we obtain:

00 00 00 p
FL (/tT 1+Ep (//h(a:,y)e(z+y)d:vdy) dt)
0 00

X ( [ T8 ( { eth(z)dz) dt)

o0

> 11(17_) (/tT L+ep (t” - F(2 ,uq)%

0

Y

P

3=

1\ P
P

_ 0*"h (z,9) P

ppo—(z+y)t [ 2 TPeAT I

X (//(ﬂf—l-y) e ( JOzn > dxdy dt
00

Q=

3=

» 7tr—1—§q T (C(pn + 1)) <7zqnezt (Z(N)(z))qdz)

0 0

B =

)dt

(14)

dt

2=
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o0

« /Z—T+§Q+7’Lq+g (l(n) (z))q dz ’ (15)
0
where C' = C,,;, is the same as in (9). Further, as in (9) we can prove that C' is
also the best possible constant, by defining the same functions h.(z,y) and Il.(z)
as in the proof of (9). Suppose that we can find a constant R : R > C such that
(15) holds when we replace C' by R. Then

o0 00 OO

/// ddd:/// dddz
a:+y—i—z x+y+z
11 1
_— 16
” 6(1—1-6)26 (16)
On the other hand,
(o elie oo ]
I = /// < d:ﬂdydz
m+y+z
1171
00 00 6O ( N )T+5P—Tp—€—2 ‘r—{q—%—e—l
T +y P z q
= S dxdyd
/// @+y+o)r e
111
00 00 T_e_e_q
= S//($+y)2e/uq£qdudazdy
ANCERY
11 L
1
T € T+ T €
S// +y) /“q__q_l /y“q_g_q_ld dxd
- Y |ty |y Rl
1
z+y
S T T L
= ——&—=,—4&+-)— @ > d
2%(1 +¢) (q et ) {u !
I_§_£’I+£+E
< S G ir q). (17)

If we let € — 0" in (16) and (17), the contradiction will be obtained. By this,
we finish the proof of the theorem 2. <«
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