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Abstract. In this work, we introduce the concept of x-operator frame, which is a gener-
alization of %-frames in Hilbert pro-C*-modules, and we establish some results. We also
study the tensor product of x-operator frame for Hilbert pro-C*-modules.
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1. Introduction

In 1952, Duffin and Schaeffer [3] introduced the notion of frame in nonhar-
monic Fourier analysis. In 1986 the work of Duffin and Schaeffer was continued
by Grossman and Meyer [8]. After their works, the theory of frame was developed
and has been popular.

The notion of frame on Hilbert space has been successfully extended to frames
in Hilbert pro-C*-modules. In 2008, Joita [10] proposed the concept of frames of
multipliers in pro-C*-Hilbert modules and demonstrated that many properties of
frames in Hilbert C*-modules are preserved in these frames of multipliers.

The concept of *-frames was introduced by Alijani and Dehghan [1], providing
a significant advancement in the theory of frames in Hilbert spaces. Building
upon this, the notion of x-operator frames was developed as a generalization of
x-frames, extending the framework to more complex structures within the realm
of operator theory.

The first purpose of this paper is to give the definition of *-operator frame in
pro-C*-modules and some properties.

The second purpose is to investigate the tensor product of Hilbert pro-C*-
modules, and to show that tensor product of x-operator frames for Hilbert pro-
C*-modules X and ), present x-operator frame for X ® ).
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In the next section, we give some definitions and basic properties of Hilbert
C*-modules.

2. Preliminaries

The basic information about pro-C*-algebras can be found in the works [5, 6,
7,9, 12, 13, 14].

C*-algebra whose topology is induced by a family of continuous C*-seminorms
instead of a C*-norm is called pro-C*-algebra. Hilbert pro-C*-modules are gen-
eralizations of Hilbert spaces by allowing the inner product to take values in a
pro-C*-algebra rather than in the field of complex numbers.

Pro-C*-algebra is defined as a complete Hausdorff complex topological -
algebra A whose topology is determined by its continuous C*-seminorms in the
sense that a net {a,} converges to 0 if and only if p(a,) converges to 0 for all
continuous C*-seminorms p on A (see [4, 9, 11, 14]), and

1) p(ab) < p(a)p(b),
2) pla*a) = p(a)?,

for all a,b € A.

If the topology of pro-C*-algebra is determined by only countably many C*-
seminorms, then it is called a o-C*-algebra.

We denote by sp(a) the spectrum of a such that sp(a) ={A € C: A\l4 —a is
not invertible} for all a € A, where A is a unital pro-C*-algebra with an identity

14
The set of all continuous C*-seminorms on A is denoted by S(A). A1 denotes
the set of all positive elements of A.

Example 1. Fvery C*-algebra is a pro-C*-algebra.

Proposition 1. [9] Let A be a unital pro-C*-algebra with an identity 1 4. Then
for any p € S(A), we have:

(1) p(a) = p(a*) for alla € A,

(2) p(1a) =1,

(3) If a,b € AT and a <b, then p(a) < p(b),
(4) If 14 < b, then b is invertible and b=' < 14,

(5) If a,b € AT are invertible and 0 < a < b, then 0 < b~ ! < a1,
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(6) If a,b,c € A and a < b, then c*ac < c*be,
(7) If a,b € AT and a® < b?, then 0 < a < b.

Definition 1. [14] A pre-Hilbert module over pro-C*-algebra A, is a complex
vector space E, which is also a left A-module compatible with the complex algebra
structure, equipped with an A-valued inner product (.,.) E x E — A, which is
C-and A-linear in its first variable and satisfies the following conditions:

2) (§,€) =2 0 for every £ € E,

3) (€,€) =0 if and only if € =0,

for all &,m € E. We say E is a Hilbert A-module (or Hilbert pro-C*-module
over A) if it is complete with respect to the topology determined by the family of

pe(§) = vp((§,€) € E,peS(A).

Let A be a pro-C*-algebra and let X and ) be Hilbert .A-modules and assume
that I and J are countable index sets. A bounded A-module map from X to ) is

called an operator from & to ). We denote the set of all operators from X to Y
by Hom4(X,)).
Definition 2. [2] An A-module map T : X — Y is adjointable if there is a map
T .Y — X such that (T&,n) = (£, T*n) for all { € X,n € Y, and is called
bounded if for all p € S(A) there is M, > 0 such that py(TE) < M,px (&) for all
e X.

We denote by Hom*(X,)) the set of all adjointable operators from X to ),
and Hom* (X) = Hom’ (X, X).

Definition 3. [2] Let A be a pro-C*-algebra and X, be two Hilbert A-modules.
The operator T : X — Y is called uniformly bounded below, if there exists C > 0
such that for each p € S(A),

py(T¢) < Cpx(§),  forall§ € X,

and is called uniformly bounded above if there exists C' > 0 such that for each
p € S(A),
py(TE) = C'px(§), forall§ € X,

IT|co = inf{M : M is an upper bound for T},

py(T) = sup {py(T(x)) : £ € X, px(§) <1}
It’s clear that p(T) < ||T||eo for all p € S(A).
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Proposition 2. [2]. Let X be a Hilbert module over pro-C*-algebra A and T be
an invertible element in Hom (X') such that both are uniformly bounded. Then
for each € € X,

1T 22 (€,€) < (T&, TE) < T2 (5, &)

Similar to C'*-algebra, the *-homomorphism between two pro-C*-algebras is
increasing.

Lemma 1. If p: A — B is an x-homomorphism between pro-C*-algebras, then
@ 1is increasing, that is, if a < b, then ¢(a) < @(b).

3. x-operator frame for Hom%(X)

Definition 4. A family of adjointable operators {T;}ics on a Hilbert A-module
X over a unital pro-C*-algebra is said to be an operator frame for Hom*(X), if
there exist positive constants A, B > 0 such that

Ag,€) < (TiE, Tig) < B, €),¥E € X. (1)

icJ

The numbers A and B are called lower and upper bounds of the operator frame,
respectively. If A = B = X, the operator frame is A-tight. If A = B =1, it is
called a normalized tight operator frame or a Parseval operator frame. If only
upper inequality of (1) holds, then {T;}ics is called an operator Bessel sequence
for Hom?(X).

Definition 5. A family of adjointable operators {T;}icr on a Hilbert A-module
X over a pro-C*-algebra is said to be an x-operator frame for Hom’(X), if there
exist two strictly nonzero elements A and B in A such that

A OA" <Y (T, Tié) < B, §)B*,VE € X, (2)

i€l

The elements A and B are called lower and upper bounds of the x-operator frame,
respectively. If A = B = A, the x-operator frame is A-tight. If A= B = 14, it is
called a normalized tight x-operator frame or a Parseval x-operator frame. If only
upper inequality of (2) holds, then {T;}ici is called an x-operator Bessel sequence
for Hom’(X).

We mentioned that the set of all operator frames for Hom(X') can be consid-
ered as a subset of x-operator frame. To illustrate this, let {7} }ic; be an operator



*-Operator Frame for Hom; (X) 83

frame for Hilbert A-module X with operator frame real bounds A and B. Note
that for £ € X,

(VAL (VAL < (T, Ti) < (VB)1a(&, §)(VB)1a.
el
Therefore, every operator frame for Hom* (X) with real bounds A and B is an

s-operator frame for Hom’(X) with A-valued *-operator frame bounds (v'A)14

and (\/E)IB.

Example 2. Let A be a Hilbert pro-C*-module over itself with the inner product
(a,b) = ab*. Let {&;}ier be an *x-frame for A with bounds A and B, respectively.
For each i € I, we define T; : A — A by T;§ = (£,&), V¢ € A. T; is adjointable
and T} a = a&; for each a € A. And we have

AL A" <) (€)%, 8) < B(E,EB*,VE € A
i€l
Then
A(E,€)A* <Y (Tie, Ti) < B(E,€)B* Ve € A.
i€l

So {T;}icr is an x-operator frame in A with bounds A and B, respectively.

Similar to *-frames, we introduce the x-operator frame transform and *-frame
operator and establish some properties.

Theorem 1. Let {T;};c; C Hom’(X) be an x-operator frame with lower and
upper bounds A and B, respectively. The x-operator frame transform R : X —
12(X) defined by RE = {T;¢}ieq is injective and closed range adjointable A-module
map and px(R) < px(B). The adjoint operator R* is surjective and it is given
by B ({€:}ier) = Yooy TP for all {€ber in ().

Proof. By the definition of norm in I2(X),
Pr(RE)? = p(>_(Ti&, Ti6)) < pa(B)*p((£,6)), V¢ € X. (3)
el

This inequality implies that R is well defined and px(R) < px(B). Clearly, Ris a
linear A-module map. We now show that the range of R is closed. Let { R¢, }nen
be a sequence in the range of R such that lim, _,.c R, = n. For n,m € N, we
have

P(AGn = &ms &n — Em)AT) < p((R(&n — &m), R(&n — §m))) = P (R(&n — gm))Q
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Since { R&, nen is a Cauchy sequence in X, we have
P(AEn — &m, &n — &m)A*) — 0, as n,m — 0.
Note that for n,m € N,

p(<§n - §m7€n - gm)) - p(AilA@n - fmyfn - fm)A*(A*)il)
S p(A_l)Qp(A<£n - €m7 gn - §m>A*)

Therefore the sequence {&,}nen is Cauchy and hence there exists £ € X such
that &, — & as n — oo. Again by (3), we have

Pa(R(&n — &m))? < px(B)’p((&n — £,6n — ©)).

Thus p(RE, — RE) — 0 as n — oo implies that R¢ = 7. It follows that the
range of R is closed. Next we show that R is injective. Suppose that £ € X and
R¢ = 0. Note that A(E,§)A* < (RE, RE). Then (£,€) = 0,s0 & =0, i.e. Ris
injective.

For £ € X and {&}ier € 12(X), we have

(RE,{&iYier) = (Tichier, {&iier) = D (T, &) = > (6, T7&) = (6, Tr&).
icl i€l i€l
Then R*({&}ier) = > ie; Ti°é- By injectivity of R, the operator R* has closed
range and X = range(R*), which completes the proof. «

Now we define *-frame operator and we study some of its properties.

Definition 6. Let {T;}ic; C Hom(X) be an *-operator frame with x-operator
frame transform R and lower and upper bounds A and B, respectively. The *-
frame operator S : X — X is defined by S{ = R*R§ = ), T Ti§, V€€ X.
The following lemma is used to prove the next results.
Lemma 2. Let X and Y be two Hilbert A-modules and T € Hom(X,)).

(i) If T is injective and T has a closed range, then the adjointable map T*T is
invertible and
P(T*T )y <T*T < pa(T)*Ix.

(i1) If T is surjective, then the adjointable map TT™* is invertible and

px((TT*) ™)'y < TT* < pa(T)*Iy.

Proof.
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1. Since the adjointable map T™ is surjective, it follows that for any & €
X there exists n € Y such that T%n = £. Since Y = kerT* & ImT, it
follows that n = n; + Th for some 1, € kerT* and some h € X. Thus,
& = T*(m+Th) = T*Th, and hence T*T is surjective. If T*T¢ = 0,
then T¢ € kerT* N Im7T = {0}, which implies that £ = 0. Therefore,
T*T is an injective positive map. Hence, T*T is an invertible element of
the set of all bounded A-module maps, 0 < (T*T)™' < p((T*T)~") and
0 < (T°T) < px((T*T)). Therefore, pr(T*T) )" < T°T < pa(T)?

2. Let T be surjective. Then T* is injective and has a closed range. By substi-
tuting 7 for T in (1), we see that T'T* is invertible and px((TT*)" 1)1 <
TT* < px(T)2

<

Theorem 2. The x-operator frame S is bounded, positive, self-adjoint, invertible
and px(A~1) 2 < pa(9) < px(B)?,

Proof.
By definition we have, V&, n € X:

(S¢,m) = <Zﬂ*Ti£,n>

i€l
= (T Tig,n)
el

= S e, 77 T

el
= <5,ZT:Tin>
el
= (&, Sn).

Then S is selfadjoint.
By Lemma 2 and Theorem 1, S is invertible. Clearly S' is positive.
By definition of an *-operator frame, we have

A OA" <Y (TiE, Th6) < B(E,€)B*.
i€l
So
AlE, ) A" < (S€,€) < B(£,&)B",
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Then
Pa(ATN) 2px(€)? < pa((S€,€)) < pa(B)*pa(§)?,VE € X.
If we take supremum on all ¢ € X', where py(£) < 1, then py(A~1)72 < px(9) <
ﬁx(B)Q. D |

Corollary 1. Let {T;}ic; C Hom*(X) be an *-operator frame with *-operator
frame transform R and lower and upper bounds A and B, respectively. Then
{T;}icr is an operator frame for X with lower and upper bounds px((R*R)~1)~1
and px(R)?, respectively.

Proof. By Theorem 1, R is injective and has a closed range, and by Lemma 2
pr(R*R)™) 'y < R*R < px(R)*Ix.

So
Pr((R*R)™)7HE &) <D (TE, Tig) < pa(R)*(€,€), Vo€ X,

el

Then {T;};c; is an operator frame for X with lower and upper bounds px ((R*R) 1)~}

and py(R)?, respectively. <

Theorem 3. Let {T;}ic; C Hom’(X) be an *-operator frame for X, with lower
and upper bounds A and B, respectively, and with *-frame operator S. Let 0 €
Hom(X) be injective and have a closed range. Then {T;0}icr is an x-operator

frame for X with x-frame operator 6*S6 with bounds ﬁX((Q*Q)_l)féA, px(0)B.

Proof. We have

A(BE, 06) A" <> (¢, T,0¢) < B(0E,0¢)B*, V¢ € X. (4)

el
Using Lemma 2, we have py((6%0)71)~1¢, &) < (0€,0€), V€ € X. This implies
Ba((676) ) TA(E ) (B ((670) 1) TTA)T < A, 06 AT VE € XL (5)
And we know that (0€,0¢) < px(0)2(¢,€), VE € X. This implies that
B(0€,06) B < px(0)B(¢, &) (px(0)B)", V€ € X. (6)
Using (4), (5), (6), we have

pa((070) ™) T2 AL ) (B ((9°0) ™) T2 A) < Y (Tif, T0€)

el
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So {T;0}icr is an x-operator frame for X'.
Moreover, for every £ € X, we have

07506 = 0% Y T;T,06 = > 0°T;Ti0E =Y (i) (Ti0)E.

i€l 1€l i€l

This completes the proof. «

Corollary 2. Let {T;}ier C Hom’(X) be an x-operator frame for X, with x-
frame operator S. Then {T;S™}icr is an x-operator frame for X.

Proof. The proof follows from Theorem 3 by taking § = S~!. <«

Corollary 3. Let {T;}icr C Hom’(X) be an x-operator frame for X, with x-

frame operator S. Then {TiS_%}Z-e[ is a Parseval x-operator frame for X.

Proof. The proof follows from Theorem 3 by taking § = .S “3. <

Theorem 4. Let {T;}ie; C Hom(X) be an *-operator frame for X, with lower
and upper bounds A and B, respectively. Let 0 € Hom(X) be surjective. Then

{0T;}icr is an x-operator frame for X with bounds Aﬁ;\g((GH*)_l)_%, Bpx(6).

Proof. By the definition of x-operator frame, we have

A QAT < (T, Tig) < BIE,€)B*,VE € X. (7)

el
Using Lemma 2, we have
P ((00") D) "UTE, Tie) < (0Tix, 0T,€) < p(Ti€, TiE),VE € X. (8)

Using (7), (8), we have

pa((067) ™) T2 A(E, ) (pa((967)T) T2 A)" < > (OT€, 0T3¢
i€l
< Bpx(0)(£,§)(Bpx(0))",V§ € X.

So {0T;};cr is an x-operator frame for X'. <
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Theorem 5. Let (X, A,(.,.)4) and (X,B,(.,.)g) be two Hilbert pro-C*-modules
and let p : A — B be an x-homomorphism and 6 be a map on X such that
(08, 0m)p = ((&,m.A) for all &,n € X. Also, suppose that {T;}ic; C Hom(X)
is an x-operator frame for (X, A,{.,.)a) with x-frame operator Sy and lower
and upper *-operator frame bounds A, B, respectively. If 0 is surjective and
0T; = T;0 for each i in I, then {T;}icr is an x-operator frame for (X,B,(.,.)B)
with x-frame operator Sg and lower and upper x-operator frame bounds p(A),
@(B), respectively, and (Spt&,0n)s = ©((Sa& ) A)-

Proof. Let n € X. Then there exists £ € X’ such that ¢ = n (0 is surjective).
By the definition of x-operator frames we have

A, ) A" < (Ti€, Tié) a < B, €) 4B

el

By Lemma 1 we have

P(A(E,€)aA™) < p(Y (TE, i) a) < @(B(E,E)4B").

iel

By the definition of *-homomorphism, we have

P(A) (€ )P(A7) <D (T8, Tid) a) < @(B)p((€,€) 4)p(BY).

el

From the relationship between 6 and ¢ we get

P(A)OE,06) Bp(A)* <D (0TiE, 0T:€) 5 < p(B)(0€,08)p(B)*.
el

From the relationship between 6 and T; we have

P(A)(05,06)Bp(A)* <> (Ti06, Ti0)5 < p(B)(6¢,0)50(B)".

el

Then

p(A)(n,m)s((A)* <> (T, Tim)s < @(B)(n,m)s(p(B))*,Vn € X.
i€l
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A

On the other hand, we have

P((Sa&ma) = () TiTE, n) a)
1€l

= o((Ti&, Tim) 4)
1€l

= (0T3¢, 0Tim) s
i€l

= (T10¢, TiOn) s
el

= (T Ti0¢, )5
el

= <SBH£> 977>37

which completes the proof. «

4. Tensor product

The minimal or injective tensor product of the pro-C*-algebras A and B,
denoted by A ® B, is the completion of the algebraic tensor product A ®., B
with respect to the topology determined by a family of C*-seminorms. Suppose
that X is a Hilbert module over a pro-C*-algebra A and )Y is a Hilbert module
over a pro-C*-algebra B. The algebraic tensor product X ®a,1; Y of X and Y is
a pre-Hilbert A ® B-module with the action of A® B on X ®,1, ) defined by

((@n)(a®b)=Ea®nb forallé € X, n€Y,ac Aandbe B
and the inner product
() 1 (X Ralg V) X (X @atg V) = A®alg B. defined by

(&1 @m,&% @n2) = (&1, &) ® (M, n2)

We also know that for z = > & ®@n; in X ®qy Y we have (z,2) 4e8 =
22 (& &5)a ® (miymi)p > 0 and (2, 2) agp = 0 iff 2 =0.

The external tensor product of X and ) is the Hilbert module X ® ) over A® B
obtained by the completion of the pre-Hilbert A ® B-module X ®,, V.

If Pe M(X) and @ € M()), then there is a unique adjointable module
morphism PR Q : A® B — X ® Y such that (P ® Q)(a®b) = P(a) ® Q(b) and
(PRQ) (a®b) = P*(a) ®Q*(b) for all a € A and for all b € B (see, for example,
[10]). Let I and J be countable index sets.
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Theorem 6. Let X and Y be two Hilbert pro-C*-modules over pro-C*-algebras
A and B, respectively. Let {T;}ic;r C Hom™(X) and {L;}je; C Homp(Y) be two
x-operator frames for X and Y with x-frame operators St and St and x-operator
frame bounds (A, B) and (C, D), respectively. Then {T; @ L;}ierjes is an x-
operator frame for Hilbert A @ B-module X ® Y with *-frame operator St @ Sy,
and lower and upper x-operator frame bounds A @ C and B ® D, respectively.

Proof. By the definition of x-operator frames {7;};cr and {L;};cs, we have

AG ) aA™ <D (Ti€, Ti&)a < B(&,§)aB*, VE € X,

iel
and
C(n,n)C* <> (Ljn, Lyn)s < D(n,n)gD*,¥n € V.
jeJ
Therefore,
(A€, £)aA") ® (C{n,m)BCT)
<Y (T, Ti€)a® > (Lyn, Lin)s
icl jeJ
< (B{§:6)aB") @ (D{n,n)pD*),V§ € X,Vn € V.
Then

(A®C)((&,€)a® (n,n)s)(A" @ C7)

< Y (T T a@ (Lin, Lin)s
iel,jed

< (B®D)((£,6)a® (n,n)p)(B" @ D), V6 € X,V e Y.

Consequently, we have

(AR C)E@N,E®@n)AeB(A® C)

< N (T ® Lin. T ® Lin) ass
el jed

< (B® D){¢ ® 1,6 ®n) ass(B ® D)*,VE € X,V € V.
Then for all § ® n € X ® Y we have

(A®C)E@n £ @nazs(A®C)

< Y AT L)E@n), (Ti L)€ ©n) ass
iel,jed

< (B@D)E@n,E@n)aes(B® D)*.
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The last inequality is satisfied for every finite sum of elements in X ®4;4 J and
then it’s satisfied for all z € X ® V. It shows that {T;®L;}icr jes is an x-operator
frame for Hilbert A ® B-module X ® ) with lower and upper *-operator frame
bounds A ® C' and B ® D, respectively.

By the definition of %-frame operators St and Sy, we have:

Sré=> TyTi, Ve € X,

i€l
and
Srn = ZL;Ljn,Vn e
jeJ
Therefore,

(ST ®@SL)(E®@n) = Sré @ SLn

=Y TiTi¢w Y LiLn

iel jeJ

= Y TTEe LiLn
iel,jed

= Y (7 o L)) (T ® Lyn)
iel,jed

= ) (TeL)TieL)Een)
iel,jed

= Y (LoL) ) (LieL)Eomn).
iel,jed

Now by the uniqueness of *-frame operator, the last expression is equal to S7gr(€®
n). Consequently we have (S7 ® S.)(§ ® n) = Srer({ ® 7). The last equality is
satisfied for every finite sum of elements in X ®,;, Y and then it’s satisfied for all
z € X ®)Y. It shows that (ST ® S1)(2) = Srer(2). So Srer, = ST ® SL. <
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