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Approximation of the Hilbert Transform in Hölder
Spaces

R.A. Aliev*, L.Sh. Alizade

Abstract. The Hilbert transform plays an important role in the theory and practice
of signal processing operations in continuous system theory because of its relevance to
such problems as envelope detection and demodulation, as well as its use in relating the
real and imaginary components, and the magnitude and phase components of spectra.
The Hilbert transform is a multiplier operator and is widely used in the theory of Fourier
transforms. It is also the main part of the theory of singular integral equations on the real
line. Therefore, approximations of Hilbert transform are of great interest. Many papers
have dealt with the numerical approximation of singular integrals in case of bounded
intervals. On the other hand, the literature concerning the numerical integration on
unbounded intervals is much sparser than the one on bounded intervals. There is very
little literature concerning the case of Hilbert transform. This article is dedicated to
the approximation of Hilbert transform in Hölder spaces by the operators introduced by
V.R.Kress and E.Mortensen to approximate the Hilbert transform of analytic functions
in a strip.
Key Words and Phrases: Hilbert transform, singular integral, approximation, Hölder
spaces.
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1. Introduction

Let the function u be defined on the real axis and α ∈ (0, 1]. If there exists a
number M > 0 such that for any x, y ∈ R

|u(x)− u(y)| ≤ M · |x− y|α (1)

and for any x, y ∈ R\{0}

|u(x)− u(y)| ≤ M ·
∣∣∣∣1x − 1

y

∣∣∣∣α , (2)
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then the function u is said to be Hölder continuous with exponent α on the real
axis (see [10, 18]). The class of Hölder continuous functions with exponent α on
the real axis with norm

∥u∥α = ∥u∥∞ + sup
x,y∈R,x ̸=y

|u(x)− u(y)|
|x− y|α

+ sup
x,y∈R\{0},x ̸=y

|u(x)− u(y)|
|1/x− 1/y|α

forms a Banach space and is denoted by Hα(R), where ∥u∥∞ = maxx∈R |u(x)|.
It follows from (1) and (2) that for any u ∈ Hα(R) there exist u(∞) =

limx→±∞ u(x) and for any x ̸= 0

|u(x)− u(∞)| ≤ ∥u∥α
|x|α

.

Denote
H0

α(R) = {u ∈ Hα(R) : u(∞) = 0} ⊂ Hα(R).

The Hilbert transform of the function u ∈ H0
α(R), α ∈ (0, 1] is defined as the

Cauchy principle value integral

(Hu)(t) =
1

π

∫
R

u(τ)

t− τ
dτ ≡ 1

π
lim

ε→0+

∫
R\(t−ε,t+ε)

u(τ)

t− τ
dτ, t ∈ R.

It is well known (see [12, 21]) that the Hilbert transform of the function u ∈
H0

α(R), α ∈ (0, 1] exists for any t ∈ R . In case α ∈ (0, 1), the Hilbert transform
is a bounded map in the space H0

α(R).
The Hilbert transform plays an important role in the theory and practice of

signal processing operations in continuous system theory because of its relevance
to such problems as envelope detection and demodulation, as well as its use
in relating the real and imaginary components, and the magnitude and phase
components of spectra. The Hilbert transform is a multiplier operator and is
widely used in the theory of Fourier transforms. It is also the main part of
the theory of singular integral equations on the real line (see [24]). Therefore,
approximations of Hilbert transform are of great interest.

Many papers have dealt with the numerical approximation of Hilbert trans-
form in case of bounded intervals and the reader can refer to [1, 3, 4, 5, 7, 9,
13, 14, 17, 18, 20, 24, 25, 26, 27, 31] and the references therein. On the other
hand, the literature concerning the numerical integration on unbounded intervals
is much sparser than the one on bounded intervals. There is very little literature
concerning the case of Hilbert transform on the real axis and the reader may refer
to [2, 6, 8, 10, 11, 15, 16, 19, 22, 23, 28, 29, 30].

In particular, in [15] the authors assume that the function u is analytic in the

strip {z ∈ C : |ℑz| < d} and show that the series 2
π

∑
k∈Z,k ̸=even

u(t+kδ)
−k uniformly
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converges to (Hu)(t) as δ → 0. In [6], the above series is replaced by the following
one:

(Hδu)(t) =
1

π

∑
k∈Z

u(t+ (k + 1/2)δ)

−k − 1/2
, δ > 0.

In [2], it was proved that the operators Hδ are bounded maps in the space Lp(R),
1 < p < ∞, satisfy the equality

H2
δ = −I

in Lp(R), and for any δ > 0 the sequence of operators {Hδ/n}n∈N strongly con-
verges to the operator H in Lp(R). This article is dedicated to the approximation
of the Hilbert transform of functions from the space H0

α(R) by the operators Hδ,
δ > 0. It is proved that if the function u belongs to the space H0

α(R), α ∈ (0, 1),
then a family of functions {Hδu(t)} uniformly converges to the function (Hu)(t)
as δ → 0.

2. Main result

The main result of the paper is the following theorem.

Theorem 1. If the function u belongs to the space H0
α(R), α ∈ (0, 1], then

a family of functions {Hδu(t)} uniformly converges to the function (Hu)(t) as
δ → 0 and the following inequality holds:

∥Hu−Hδu∥∞ ≤ ∥u∥α
[
6

α
+ ln(e+ 1/δ)

]
δα, δ > 0. (3)

Proof. It is obvious that the uniform convergence of the family of functions
{Hδu(t) to the function (Hu)(t) as δ → 0 follows from the inequality (3). There-
fore, it suffices to prove the inequality (3).

We write the difference (Hu)(t)− (Hδu)(t), t ∈ R in the form

π[(Hu)(t)− (Hδu)(t)] =

∫
R

u(τ)

t− τ
dτ −

∞∑
k=−∞

u(t+ (k + 1/2)δ)

−k − 1/2

=

∫ t+3δ

t−3δ

u(τ)

t− τ
dτ +

2∑
k=−3

u(t+ (k + 1/2)δ)

k + 1/2

+

[∫
R\(t−3δ,t+3δ)

u(τ)

t− τ
dτ +

∞∑
k=3

u(t+ (k + 1/2)δ)

k + 1/2
+

−4∑
k=−∞

u(t+ (k + 1/2)δ)

k + 1/2

]
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= J1(t) + J2(t) + J3(t).

Let’s estimate Jk(t), k = 1, 2, 3. For any t ∈ R

|J1(t)| =
∣∣∣∣∫ t+3δ

t−3δ

u(τ)

t− τ
dτ

∣∣∣∣ = ∣∣∣∣∫ 3δ

0

u(t+ τ)− u(t− τ)

τ
dτ

∣∣∣∣
≤
∫ 3δ

0

|u(t+ τ)− u(t− τ)|
τ

dτ ≤
∫ 3δ

0

∥u∥α · (2τ)α

τ
dτ ≤ 6∥u∥α

α
· δα, (4)

|J2(t)| ≤
|u(t+ δ/2)− u(t− δ/2)|

1/2
+

|u(t+ 3δ/2)− u(t− 3δ/2)|
3/2

+
|u(t+ 5δ/2)− u(t− 5δ/2)|

5/2

≤ (2δα + 2(3δ)α/3 + 2(5δ)α/5) · ∥u∥α ≤ 6∥u∥α · δα. (5)

Let’s write J3(t) in the form

J3(t) = −
∫ ∞

3δ

u(t+ τ)− u(t− τ)

τ
dτ +

∞∑
k=3

u(t+ (k + 1/2)δ)− u(t− (k + 1/2)δ)

k + 1/2

=

∞∑
k=3

(
u(t+ (k + 1/2)δ)− u(t− (k + 1/2)δ)

k + 1/2
−
∫ (k+1)δ

kδ

u(t+ τ)− u(t− τ)

τ
dτ

)

=
∞∑
k=3

[u(t+ (k + 1/2)δ)− u(t− (k + 1/2)δ)] ·

(
1

k + 1/2
−
∫ (k+1)δ

kδ

dτ

τ

)

+

∞∑
k=3

∫ (k+1)δ

kδ

[
u(t+ (k + 1/2)δ)− u(t− (k + 1/2)δ)

τ
− u(t+ τ)− u(t− τ)

τ

]
dτ

= J
(1)
3 (t) + J

(2)
3 (t). (6)

It follows from inequality∣∣∣∣∣ 1

k + 1/2
−
∫ (k+1)δ

kδ

dτ

τ

∣∣∣∣∣ = ln(1 + 1/k)− 1

k + 1/2
≤ 1

12k3
, k ∈ N

that

|J (1)
3 (t)| ≤

∞∑
k=3

∥u∥α · ((2k + 1)δ)α · 1

12k3
≤ ∥u∥α · δ

α

12
·

∞∑
k=3

2k + 1

k3
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≤ ∥u∥α · δ
α

12
·
∫ ∞

2

2x+ 1

x3
dx ≤ ∥u∥α

6
δα. (7)

For J
(2)
3 (t) we have

|J (2)
3 (t)|

≤
∞∑
k=3

∫ (k+1)δ

kδ

|u(t+ (k + 1/2)δ)− u(t+ τ)|+ |u(t− (k + 1/2)δ)− u(t− τ)|
τ

dτ

≤
∞∑
k=3

1

kδ

∫ (k+1)δ

kδ
|u(t+ (k + 1/2)δ)− u(t+ τ)|dτ

+

∞∑
k=3

1

kδ

∫ (k+1)δ

kδ
|u(t− (k + 1/2)δ)− u(t− τ)|dτ

= J
(2,1)
3 (t) + J

(2,2)
3 (t). (8)

Consider the case t ≥ 0 (the case t < 0 is treated similarly).

If δ ≥ 1/2, then

J
(2,1)
3 (t) ≤

∞∑
k=3

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t+ (k + 1/2)δ
− 1

t+ τ

∣∣∣∣α · ∥u∥αdτ

=

∞∑
k=3

1

kδ

∫ (k+1)δ

kδ

|τ − (k + 1/2)δ|α

(t+ (k + 1/2)δ)α(t+ τ)α
· ∥u∥αdτ

≤
∞∑
k=3

1

kδ
· (δ/2)

α

(kδ)2α
· δ · ∥u∥α ≤ (δ/2)α · ∥u∥α ·

∞∑
k=3

1

k1+2αδ2α

≤ (δ/2)α · ∥u∥α ·
∞∑
k=3

22α

k1+2α
≤ (2δ)α · ∥u∥α ·

∫ ∞

2

dx

x1+2α
dx ≤ ∥u∥α

2α
· δα, (9)

and if δ < 1/2, then

J
(2,1)
3 (t) ≤

[1/δ]+1∑
k=3

1

kδ

∫ (k+1)δ

kδ
|(k + 1/2)δ − τ |α · ∥u∥αdτ

+
∞∑

k=[1/δ]+2

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t+ (k + 1/2)δ
− 1

t+ τ

∣∣∣∣α · ∥u∥αdτ
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≤
[1/δ]+1∑
k=3

1

kδ

(
δ

2

)α

· ∥u∥α · δ +
∞∑

k=[1/δ]+2

1

kδ
· (δ/2)

α

(kδ)2α
· δ · ∥u∥α

≤ ∥u∥α · δα ln 1

δ
+ ∥u∥α · δα

∫ ∞

1/δ

dx

x · (δx)2α
≤ ∥u∥α · δα

[
ln

1

δ
+

1

2α

]
, (10)

where [1/δ] is an integer part of the number 1/δ. It follows from (9) and (10)
that for any δ > 0

J
(2,1)
3 (t) ≤ ∥u∥α · δα

[
ln(e+ 1/δ) +

1

2α

]
. (11)

Let’s estimate J
(2,2)
3 (t).

Case 1. t < 20δ, δ > 1/2. In this case,

J
(2,2)
3 (t) ≤

[2t/δ]+3∑
k=3

1

kδ

∫ (k+1)δ

kδ
|(k + 1/2)δ − τ |α · ∥u∥αdτ

+
∞∑

k=[2t/δ]+4

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t− (k + 1/2)δ
− 1

t− τ

∣∣∣∣α · ∥u∥αdτ

≤
[2t/δ]+3∑
k=3

1

kδ

(
δ

2

)α

· ∥u∥α · δ +
∞∑

k=[2t/δ]+4

1

kδ
· (δ/2)α

(kδ − t)2α
· δ · ∥u∥α

≤ ∥u∥α ·δα
 43∑
k=3

1

k
+

∞∑
k=[2t/δ]+4

1

k(kδ − t)2α

 ≤ ∥u∥α ·δα
[
3 +

∫ ∞

2+2t/δ

dx

x(xδ − t)2α

]

= ∥u∥α · δα
[
3 +

∫ ∞

2δ+t

dy

(y + t)y2α

]
≤ ∥u∥α · δα

[
3 +

∫ ∞

1

dy

y1+2α

]
= ∥u∥α · δα

[
3 +

1

2α

]
. (12)

Case 2. t < 20δ, δ ≤ 1/2. In this case,

J
(2,2)
3 (t) ≤

[20/δ]+1∑
k=3

1

kδ

∫ (k+1)δ

kδ
|(k + 1/2)δ − τ |α · ∥u∥αdτ

+
∞∑

k=[20/δ]+2

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t− (k + 1/2)δ
− 1

t− τ

∣∣∣∣α · ∥u∥αdτ



94 R.A. Aliev, L.Sh. Alizade

≤
[20/δ]+1∑

k=3

1

kδ

(
δ

2

)α

· ∥u∥α · δ +
∞∑

k=[20/δ]+2

1

kδ
· (δ/2)α

(kδ − t)2α
· δ · ∥u∥α

≤ ∥u∥α · δα
[20/δ]+1∑

k=3

1

k
+ ∥u∥α

∞∑
k=[20/δ]+2

(δ/2)α

k(kδ/2)2α

≤ ∥u∥α · δα ln 20

δ
+ ∥u∥α · (2δ)α ·

∫ ∞

20/δ

dx

x · (δx)2α

≤ ∥u∥α · δα ln 20

δ
+

∥u∥α
2α

· δα. (13)

Case 3. t ≥ 20δ, δ ≥ 1/4. In this case,

J
(2,2)
3 (t) ≤

[t/2δ]−2∑
k=3

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t− (k + 1/2)δ
− 1

t− τ

∣∣∣∣α · ∥u∥αdτ

+

[2t/δ]∑
k=[t/2δ]−1

1

kδ

∫ (k+1)δ

kδ
|(k + 1/2)δ − τ |α · ∥u∥αdτ

+
∞∑

k=[2t/δ]+1

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t− (k + 1/2)δ
− 1

t− τ

∣∣∣∣α · ∥u∥αdτ

≤
[t/2δ]−2∑
k=3

1

kδ
· (δ/2)α

(t− (k + 1)δ)2α
· δ · ∥u∥α +

[2t/δ]∑
k=[t/2δ]−1

1

kδ

(
δ

2

)α

δ · ∥u∥α

+
∞∑

[2t/δ]+1

1

kδ
· (δ/2)α

(kδ − t)2α
· δ · ∥u∥α

≤ δα · ∥u∥α

[∫ t/2δ−2

2

dx

x(t− δ(x+ 2))2α
+

∫ 2t/δ

t/2δ−2

dx

x
+

∫ ∞

2t/δ

dx

x(δx− t)2α

]

≤ δα · ∥u∥α

[(
2

t

)2α ∫ t/2δ−2

2

dx

x
+ ln 5 +

∫ ∞

2t

dy

y(y − t)2α

]

≤ δα · ∥u∥α

[(
2

t

)2α

ln
t

4δ
+ ln 5 +

∫ ∞

t

dy

y1+2α

]

≤ δα · ∥u∥α
[

2

e · α
+ ln 5 +

1

2α

]
. (14)
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Case 4. t ∈ [20δ, 5], δ < 1/4. In this case,

J
(2,2)
3 (t) ≤

[10/δ]+1∑
k=3

1

kδ

∫ (k+1)δ

kδ
|(k + 1/2)δ − τ |α · ∥u∥αdτ

+

∞∑
k=[10/δ]+2

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t− (k + 1/2)δ
− 1

t− τ

∣∣∣∣α · ∥u∥αdτ

≤
[10/δ]+1∑

k=3

1

kδ

(
δ

2

)α

δ · ∥u∥α +
∞∑

k=[10/δ]+2

1

kδ
· (δ/2)α

(kδ − t)2α
· δ · ∥u∥α

≤ δα · ∥u∥α

[10/δ]+1∑
k=3

1

k
+

∫ ∞

10/δ

dx

x(δx− t)2α


≤ δα · ∥u∥α

[
ln

10

δ
+

∫ ∞

10t/δ

dx

x(δx− 5)2α

]

≤ δα · ∥u∥α
[
ln

10

δ
+

1

2α

]
. (15)

Case 5. t > 5, δ < 1/4. In this case, similar to Case 3, we have

J
(2,2)
3 (t) ≤

[t/2δ]−2∑
k=3

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t− (k + 1/2)δ
− 1

t− τ

∣∣∣∣α · ∥u∥αdτ

+

[2t/δ]∑
k=[t/2δ]−1

1

kδ

∫ (k+1)δ

kδ
|(k + 1/2)δ − τ |α · ∥u∥αdτ

+
∞∑

k=[2t/δ]+1

1

kδ

∫ (k+1)δ

kδ

∣∣∣∣ 1

t− (k + 1/2)δ
− 1

t− τ

∣∣∣∣α · ∥u∥αdτ

≤ δα · ∥u∥α

[(
2

t

)2α

ln
t

4δ
+ ln 5 +

1

2α

]

≤ δα · ∥u∥α
[

2

e · α
+ ln

1

4δ
+ ln 5 +

1

2α

]
. (16)

It follows from (12), (13), (14), (15) and (16) that for any δ > 0

J
(2,2)
3 (t) ≤ ∥u∥α · δα

[
ln(e+ 1/δ) +

7

2α

]
. (17)
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Now (3) follows from (4), (5), (6), (7), (8), (11) and (17). This completes the
proof of the theorem. ◀
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