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Existence of Nodal Solutions of Some Nonlinear
Sturm-Liouville Problems With a Parameter in the
Boundary Condition
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Abstract. In this paper, we consider nonlinear boundary value problem for ordinary
differential equations of second order with a parameter in the equation and the boundary
condition. We define the interval of this parameter, in which there are two different
solutions of considered problem that have a fixed number of simple nodal zeros. Our
approach is based upon global bifurcation techniques.
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1. Introduction

Let f and g be real-valued continuous functions on R that satisfy the following
conditions: there exist a positive constant M > 0, a sufficiently small positive
number 7y and a sufficiently large positive number s such that

’f(S)

<M for 0< |s| <7 and |s| > »p; (1)
s

there exist constants gy > 0 and g~ > 0 such that

go = lim 95 and ¢go, = lim @ (2)

[s|—=0 S [s|>4+00 S

We consider the nonlinear boundary value problem for the equation
Uy) == (p @)y () + a(@)y(z) = er(z)h (y(z)), = € (0,1), (3)
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subject to the boundary conditions
boy(0) — dop (0)y'(0) = 0, (4)

(a10g0 + b1)y(1) — (c1og0 + d1)p (1)y'(1) = 0. (5)
Here p is a positive continuously differentiable function on [0, 1], ¢ is a continuous
function on [0, 1], p is a real parameter, r(x) is a positive continuous function on
[0,1], the nonlinear term has the form h = f + g, and by, do, b1, di are real
constants such that |by| + |do| > 0 and a1d; — bicy > 0.

The nonlinear Sturm-Liouville problems arise when modeling various prob-
lems in mechanics and physics (see [6, 7, 19, 21] and references therein).

Nonlinear Sturm-Liouville problems with specified nodal properties have been
studied by many authors (see, for example, [8, 9, 11, 12, 13, 14, 15, 16]). In these
papers, using the global bifurcation techniques ( [10, 17, 18, 20]) and analytical
methods, the existence of solutions to the considered problems which have a
fixed number of simple nodal zeros has been shown. The sufficient conditions
established by the authors of these papers that provide the existence of nodal
solutions are valid only in the case where the eigenvalues of the corresponding
linear spectral problem are positive. Moreover, on the nonlinear term g, the
condition sg(s) > 0 for s € R, s # 0 is imposed (with the exception of [8]).

Problem (3)-(5) for f = 0 was considered in the recent paper [5], which deter-
mined the interval of the parameter p, where this problem has nodal solutions.
Note that in [5] the above condition is not imposed on g.

In this paper, we determine the interval of g, where the problem (3)-(5) has
solutions that have a fixed number of simple nodal zeros in (0, 1).

The rest of the article is organized as follows. In Section 2, we study global
bifurcation from zero and at infinity of some auxiliary nonlinear Sturm-Liouville
problem. We show the existence of two families of global components of the set
of nontrivial solutions of this problem, meeting the intervals of the lines R x {0}
and R x {oo} and contained in classes of functions with oscillatory properties of
eigenfunctions of the corresponding linear spectral problem. In Section 3, using
these global bifurcation results, we determine the interval of g, in which the
nonlinear problem (3)-(5) has solutions belonging to these classes. It should be
noted that the eigenvalues of the corresponding linear Sturm-Liouville eigenvalue
problem with a spectral parameter in the boundary condition can be negative
and the function g does not satisfy the condition sg(s) > 0 for s € R, s # 0.

2. Preliminaries and some auxiliary results

Let (b.c.)o be the set of functions that satisfy the boundary condition (4) and
let (b.c.)x, A € R, be the set of functions that satisfy the boundary conditions (4)
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and
(a1 A+ b1)y(1) — (1) +dy)p (1)y' (1) = 0.

By E we denote the Banach space C1[0,1] N (b.c.)p equipped with the norm

ylls = [lyllec + [[¢/lloc, Where [ly[loc = max [y (z)], and by § we denote the
z )
subset of F given as follows:

S={yeE:|y@)|+|y()|>0,zec[0,1]}.

Moreover, v will denote either + or —; — v will denote the opposite sign to v.

In [2, 3], for each £ € N and each v, the authors constructed the sets S}
of functions in E which have the oscillatory properties of eigenfunctions of the
linear Sturm-Liouville problem

U(y)(z) = Ar(z)y(z), z € (0,1),
boy(0) — dop (0)y'(0) =0, (6)
(@A +b1)y(1) — (aX +di)p(1)y'(1) = 0,

the eigenvalues of which are real and simple, and form an infinitely increasing
sequence {A;}72,. Note that the sets S,j, S, and Sp = S,j U S, are pairwise
disjoint open subsets of E. Moreover, if y € 05} (0S}), then y has at least one
double zero in [0, 1] (see [12]).

Remark 1. In what follows, we shall assume that ¢ # 0 and is contained in some
bounded interval of the real axis.

By (2), the function g has the following representations:
9(s) = gos + 50 (s) and g(s) = goos + 2s0(s), (7)

where
79(s) = o(]s]) as |s| = 0 and suo(s) = o([s]) as |s| — oo, (8)

respectively.
By the first relation of (7), we can rewrite problem (3)-(5) in the form

{ {)(z) = egor(@)y(@) + or(2) f(y(z)) + er(@)300(y()), = € (O.1), g
y € (bc)ogo-

Along with problem (9), we will consider the following nonlinear eigenvalue
problem:

{ {W)(@) = Aegor(@)y(x) + or(2)f(y()) + er(@)o0(y(x)), # € (0.1), 4y
y € (b.c)S,
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where (b.c.)$ is the set of functions satisfying the boundary conditions (4) and

(a1hogo + b1)y(1) — (cthego +di)p (1)y'(1) = 0. (11)

By the first relation of (8), problem (10) is a bifurcation from zero problem.
On the other hand, it follows from relations (7) that

70(5) = (oo — 90)5 + #0(s) for s € R. (12)

In view of (12), problem (10) takes the form

Uy)(x) = Ao gor(2)y(z) + 0(9sc — go)7(x)y(x) +
or(@)f(y(z)) + or(z)se(y(z)), x € (0,1), (13)
y € (b.c.)$,

which, by the second relation of (8), is a bifurcation from infinity problem.
We introduce the following notations:

Fr(@y,0,0) = o f(y), g5(2,y,0,0) = ~50(y),
1 (14)
g;o(x7y7v7)‘) = 970 %oo(y)

Then, a bifurcation from zero problem (10) and a bifurcation at infinity problem
(13) can be rewritten in the following forms:

{ 9970]1-"(1) Uy) = Ay + f*(x,y, 9, N) + g5 (z,y, ¥, N), 2 € (0,1), (15)
y € (b.c.)s,
and
QQOi(l‘)e(y) = )\y + (?q% - 1) ) + f*(x7y7yla )‘) +
g (x,y, v, \), € (0,1), (16)
y € (b.c.)s,
respectively.

Note that if 0 < |y| + |s| < 70 and y # 0, then 0 < |y| < 79. Hence in view of
the first relation of (14), by (1) we get
* A M
LB < 2 for any (0, 0,0) € 011X, 5 20, o+l <. (17
Y 90
By the first relation of (2), for any sufficiently small € > 0 there exists a
sufficiently small . > 0 such that

|20 ()]

|y

< ego forany seR, 0< |yl < de. (18)
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Then, by the second relation of (14), for any (x,y,v,\) € [0,1]xR3, 0 < |y|+v| <
dc, y # 0, we get

96(z, g0, )l _ 1 Pal)l _ 1 ()l
lyl + || golyl +1ol g0 Iyl

Y

which shows that
90 (7, y,v,A) = o(|y| + [v]) as |y| + [v| = 0, (19)

uniformly in (z,A) € [0,1] x R.
Let C denote the set of nontrivial solutions of problem (10) (or (15)), and let

M M
Iy = [)\Z—,/\:—i— :
go 90

where A7 is the kth eigenvalue of the linear spectral problem

U(y)(z) = Xegor(z)y(x), x € (0,1),
{ y € (b.c.)8. (20)

In view of (6) it follows from (20) that A} = %, and consequently,
A M X M
I, — [ k B

0go 9o 09 9o

Since conditions (17) and (19) are satisfied, it follows from [3] (see also [1,
Lemmas 2-4 and Theorem 4]) that for problem (15) the following global bifurca-
tion result holds.

Theorem 1. [3, Lemma 3.2 and Theorem 3.1] For each k € N and each v there
exists a subset C} of the set C' such that C} U (I}, x {0}) is closed and connected,
and

(’il) C,? CRx SZ,

(ii1) C} is unbounded in R x E (in this case either C} meets (X, 00) for some
X € R, or the projection of C} onto R x {0} is unbounded).

Let g9 > 0 be the fixed sufficiently small number such that ¢g < 3. By &(s),
0 <&(s) <1, we define the continuous function on R given by

1 if ‘S‘ < Tp — €0,
&(s) =< 0 if 1p < || < 7o, (21)
1 if |s| > 7o + 0.
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Since
f(s) =&(s)f(s) + (1 =&(5))f(s), s € R,
(13) (or (16)) can be rewritten in the form

U(y) = Ay + (“’g%j - 1) y+ @y, y A+

1
ogor(x)
gi(x,y, 9\ N), x € (0,1), (22)

y € (b.c.),
where

@y, 8,0) = W) (2,y,8,0) = 5 EWF(Y), 97 (@,y,5,0) =

(23)
o (L=EWNfW) + g7 (@,y,5,0) = o (1 =€) f(y) + 20 (1)) -
In view of (21) and (23), by (1) we get
f**(x,y,v,)\)‘ < M for any (x,y,v,A) € [0,1] x R, 3 # 0. (24)
Yy go

Moreover, it follows from the second part of (8) that for any sufficiently small
€ > 0 there is a sufficiently large A¢ > 750 + €9 > 0 such that

‘%OO(S) <ego for s eR, [s] > A.. (25)

Since »so(s) is a continuous function on R, it follows that there exists a
positive constant x. such that

|#5(5)] < ke for any s € R, |s| < A.. (26)
Let A} be a sufficiently large positive number such that
A > A, and ke < egpAL. (27)
For any (y,v) € R? such that |y| + |[v] > A, by (25)-(27), we have

95 (2, g, 0, M| 1 o) 1 [0 (y)]
lyl + [v] g0 lyl+1v] g0 |yl

<€ forany y € R, |y| > A,

and

X A 1 1
|goo(x7yavv )| — 7|%00(y)’ < 7’4376* <€ fOI‘ any y ER, ‘y| S As-
lyl + [v] go lyl + vl go A
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Thus, the last two relations show that
9o (@, y, v, A) = o(ly| + [v]) as [y[ + [v] = oo,

uniformly for (z,\) € [0,1] x R.
Next, in view of f € C'(R), by the relation

0 if |8| < Tp — €0,
(1=&()f(s) = f(s) if 10 < s] < 7o,

0 if |s| > 70 + €0,
there exists a positive constant «; such that
(1= £(5)f(s)] < #r for any s € R, 70— 20 < |s| < 7o + 0.

Let
g;o(xa Y, v, A) = (1 - f(y)f(y)

By A7, we denote the sufficiently large positive number such that

A7 > Ac and K1 < egolf .

249

(28)

(30)

(31)

Let (y,v) € R? satisfy the inequality |y| + [v] > AZ ;. Then by (29)-(31) we

get
y A
w:0<e for any y € R, |y| < 190 —e¢ and |y| > Too + €0,
ly| + v
and
* A 1 |(1— 1
95 (@, 0, M 1 [ =)Wl 1 ML ¢ forany y € R,
ly[ + [v] g0 |yl + vl 9o A4

70 — €0 < |y| < 7o + €0,

which implies that
Joo(@, 4,0, A) = o(ly| + |v]) as [y| + |v| = oo,

uniformly for (x,A) € [0,1] x R.
Thus, by (23), it follows from (28) and (32) that

9oo (2, 4,0, A) = o(lyl + |v]) as [y| + [v] = o0,

uniformly for (z,\) € [0,1] x R.

(32)

(33)
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Let v M
Jp = [/\Z* - — A+ ] )
90 9o
where A\7* is the kth eigenvalue of the linear Sturm-Liouville problem
1 — oo
y € (b.C.)K’

obtained from (22) by setting f** =0 and ¢** = 0. From (6) and (34) it follows
that A\ = 0go (x\’,;* + %" — 1), and consequently,

090 9o g’ 090 9o 90

Remark 2. We add the points {(\,00) : A € R} to the space R x E and define a
correspondent topology on the resulting set. In this case, the ”points at infinity”

(\,0), A € Jy, are the elements of C, where C' is the closure of the set C.

In view of relations (24) and (33), by following the corresponding arguments
in Theorem 3.1 of [2], Theorems 3.1 and 3.3 of [20], we can justify the following
global bifurcation result for problem (22).

Theorem 2. For each k € N and each v, there exists a subset Dy of the set C
such that D} U (I, x {oo}) is closed and connected, and

(i2) D} C R x S{;

(iiz) either D} meets (X,0) for some A € R, or the projection of D} onto
R x {0} is unbounded.

Remark 3. It follows from [20, Theorem 3.3] that if C}/ meets (A, 00), for some
A € R, then X € J, and if D}/ meets (A, 0), for some A € R, then A € Ij.

We will need the following theorem, which plays an essential role in the proof
of our main result.

Theorem 3. For each k € N and each v, the sets C} and D, coincide.

Proof. By Theorem 1, Theorem 2 and Remark 3, it suffices to show that the
projections of the sets C} and D} onto R x {0} are bounded.

We show that the projection of the sets C} onto R x {0} is bounded. This
statement for the set D} can be proved in a similar way.

Suppose the opposite, i.e. let the projection of the set C} onto R x {0} be
unbounded. Then there exists a sequence {(An,§,)}5%; C C¥ such that

Ap — —00 Or A\ = +00 as n — o0. (35)
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Since f € C(R), it follows that there is a positive constant M; such that
f(s)
s

< M for any s € R, 79 < |s| < Too- (36)

Let M = max {M, M;}. Then from (1) and (36) we obtain
f(s)
s

< M for any s € R, s # 0. (37)

Let €p > 0 be a sufficiently small fixed number. Then by (18) we have

=

< €pgo for any s € R, 0 < |s| < d¢,. (38)
Moreover, by relation (12), it follows from (25) that
(s
) < o+ g =l for any s € R, o > By (39)

From condition s(s) € C(R) it follows that there exists a positive constant
Ko such that
’%0(8)

S

< ko forany s € R, d., < |s] < Ag. (40)

Thus, it follows from (38)-(40) that

<k forany seR, s#0, (41)

‘ 0(s)

where & = max {€ygo + |goo - 9ol, Ko}
We define the functions ¢(z) and ¢(x), = € [0,1], as follows:

- _ f@) _ o) -
¢($) — goy(x) lf y(‘r) 7& 0, and @(l’) _ goy(z) lf y(l‘) 7& 0, (42)
0 if y(z) =0, 0 if y(x) = 0.

Using (37) and (41), from (42) we obtain

M ~
= and |p(z)| < —

G %

.z €[0,1]. (43)

By (42) it follows from (10) that A, for each n € N is the kth eigenvalue of
the linear Sturm-Liouville problem

aaor LW)(@) + (6(2) + @(2)y(e) = My(), (44)
y € (b.c.)$.
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Then it follows from [4, formula (14)] that

M+ R
9o

) 4 R
PSS PV i v - neN,

Ne M+FR Ak+M+k
090 g 090 90

which contradicts the relation (35). The proof of this theorem is complete. <

3. The existence of nodal solutions of nonlinear problem (3)-(5)

This section is dedicated to establishing the conditions under which the prob-
lem (3)-(5) has solutions contained in classes S} for some k € N.

By Theorem 3 it follows from Theorems 1 and 2 that for each k£ € N and
each v the following statements hold: C} C (R x S¢); Cf meets I}, x {0} and
Ji x {oo}; the set CY U (I, x {0}) U (J x {o0}) is connected in R x E. Then, as
can be seen from (10), the problem (3)-(5) (or (9)) has a solution y € S} in the
case where C} crosses the hyperplane {1} x E.

If Ij lies in the left side of 1 and Jj lies in the right side of 1 on the real axis
R, or Ji lies in the left side of 1 and I lies in the right side of 1, then by the
above arguments the set C} crosses the hyperplane {1} x E. Therefore, for each
fixed k € N and each v the problem (3)-(5) has a solution y; € S{ if the following
condition holds:

A M A M
RALRNE P DAL et (45)
090 90 040 g0 g0
or )\ )\
M M
SALEN. R P s (46)
0 9o 90 90 0 90 90

It follows from (45) that
Ak
0<M+goo<?<g0—M. (47)

If A\ > 0, then p > 0. Hence by (47) we get

Ak Ak
<op< ——. 48
go — M ¢ Joo + M ( )
If A\ <0, then p < 0, and consequently, it follows from (47) that
A A

— < o< —.
goo+M ¢ gO_M
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From (46) we obtain
Ak
0<g0+M<;<goo—M. (50)

If A\ > 0, then p > 0. In this case, by (50), we have
Ak Ak

— 2 <oo< 51
goo — M go + M (51
If A\ <0, then p < 0. Hence it follows from (50) that
Ak Ak
<o< "k 52
g0 + M Joo — M ( )

Thus we can formulate the main result of this paper.

Theorem 4. Let the conditions go > M and goo > M be satisfied and for some
k € N the following condition hold:
Ak Ak
<o<—"_ 0o
go — M ¢ Joo + M

A >0 and T

Ak Ak
A >0 d ——— < o< ,
g o Joo — M ¢ go+ M ¢
Ak Ak

<p< ———,
o+M ST g M

A <0 and

or
k Ak
goo+M gO_M'

Then problem (3)-(5) has the solutions y;" and y, such that y;” € S; and y;, €
S}, , respectively.

A, <0 and <p<

Remark 4. If A\, = 0 for some k € N, then the statement of Theorem 4 holds
and is trivial. Indeed, in this case the problem (3)-(5) for ¢ = 0 has two solutions
y: € Slj and y, € S, , which correspond to the eigenvalue A\ = 0 of problem

(6).
By following the arguments in the proof of Theorem 4, we can show that the

following results are also valid.

Theorem 5. Let the conditions gg > M and goo < M be satisfied and for some
k € N the following condition hold:
Ak
— or
goo + M

A >0 and <o<

k
go — M
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Ak Ak
—= _<o< .
goo + M go — M
Then the statement of Theorem 4 holds.

A <0 and

Theorem 6. Let the conditions go < M and goo > M be satisfied and for some
k € N the following condition hold:

Ak Ak

A >0 and ——— < o< ——, or
goo_M 90+M

Ak o< Ak
o< ————.
gO+M goo_M

Then the statement of Theorem 4 holds.

A <0 and
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