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Optimal Control Problem for a Linear Pseudoparabolic
Equation with Final Condition, Degeneration and
Gerasimov-Caputo Operator

T.K. Yuldashev∗, A.T. Ramazanova, Zh.Zh. Shermamatov

Abstract. In this paper, a linear mixed optimal control problem for a fractional ana-
logue of a pseudoparabolic differential equation with final point integral condition and
degeneration is considered in rectangular domain for 0 < α ≤ 1. Fractional operator is
of Gerasimov-Caputo type and the differential equation involves two spatial variables.
Control function has a nonlinear form and depends on time variable. The minimization
of quality functional is considered. The Fourier series method is used and the necessary
optimality conditions for nonlinear control are stated using the Kilbas-Saigo function.
The determination of the optimal control function is reduced to the solution of a compli-
cated functional integral equation, involving the product of two integrals. The countable
system of integral equations and functional integral equations are solved by the method of
successive approximations and contraction mapping. Absolute and uniform convergence
of the obtained Fourier series is proved.
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1. Introduction. Problem statement

Solving some problems of mathematical modelling of thermal processes often
leads to the nonlocal inverse problems for parabolic and pseudo-parabolic equa-
tions. Inverse problems are among the most important directions of the theory
of differential equations of mathematical physics. Nonlocal problems with final
value conditions occur in mathematical modeling, when the initial data of the
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process flow domain is inaccessible for direct measurements. As an example, we
can mention some problems of diffusion of particles in a turbulent plasma and
heat transfer processes. In the process of aluminum production, the raw material
passes through fire before the start of the production cycle, and the state of the
raw material by the beginning of the production cycle is unknown.

The theory of optimal control for systems with distributed parameters is
widely used in solving different practical problems. Many interesting methods
for solving optimal control problems have been developed (see, for example, [1-
15]).

When solving many problems in mathematical physics, mechanics and geome-
try, mixed problems for differential and integro-differential equations of parabolic
and pseudo-parabolic types often occur. Therefore, a lot of research has been done
in this field (see, for example [16-39]).

Interesting results in the theory and applications of fractional calculus have
been obtained by many authors (see, for example, [40-45]). Different bound-
ary value and inverse problems for fractional differential and integro-differential
equations have been considered in [46-70].

In this paper, we consider the optimal control problem for a fractional order
pseudoparabolic differential equation with a quadratic optimality criterion. The
necessary optimality conditions are stated by using the maximum principle. The
control function and state function are calculated.

In the domain Ω =
{

(t, x, y) | 0 < t < T, 0 < x, y < l
}

, we consider a partial
differential equation[

CD
α
0t − CD

α
0t

(
∂2

∂ x2
+

∂2

∂ y2

)
− tβ

(
∂2

∂ x2
+

∂2

∂ y2

)]
U(t, x, y) =

= a(t)U(t, x, y) + f(t, x, y, p(t)) (1)

with a final point integral condition

U(T, x, y) = ϕ(x, y) + ω

T∫
0

l∫
0

l∫
0

R(s, η, ξ)U(s, η, ξ)dηdξds, 0 ≤ x, y ≤ l, (2)

where β, T and l are the given positive real numbers, ω is a positive real param-
eter, p(t) ∈ C(ΩT ) is a control function, for 0 < α ≤ 1 the integral

CD
α
0tη(t) = I1−α

0t η′(t) =
1

Γ(1− α)

t∫
0

η′(s)

(t− s)α
ds, CD

1
0tη(t) = η′(t), t ∈ (0, T )
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is a Gerasimov-Caputo type fractional operator, the integral

Iα0tη(t) =
1

Γ(α)

t∫
0

η(s)ds

(t− s)1−α , t ∈ (0, T )

is a Riemann-Liouville integral operator, a(t) ∈ C(ΩT ) is a known function,
ϕ(x, y) is a given function, ΩT ≡ [0, T ], Ωl ≡ [0, l].

The mixed optimal control problem involves a pair of unknown functions:{
U(t, x, y) ∈ C (Ω̄), p(t) ∈ C(ΩT )

}
,

where Ω =
{

(t, x, y) | 0 ≤ t ≤ T, 0 ≤ x, y ≤ l
}
.

To solve the equation (1), we use the following boundary value conditions:

U(t, 0, y) = U(t, l, y) + U(t, x, 0) = U(t, x, l) = 0. (3)

We assume that the given functions satisfy the following boundary conditions:

ϕ(0, y) = ϕ(l, y) = ϕ(x, 0) = ϕ(x, l) = 0,

f(t, 0, y, p) = f(t, l, y, p) = f(t, x, 0, p) = f(t, x, l, p) = 0.

Nontrivial solutions of the problem (1)-(3) are sought as a Fourier series

U(t, x, y) =
∞∑

n,m=1

un,m(t)ϑn,m(x, y) (4)

and we suppose that

f(t, x, y, p(t)) =
∞∑

n,m=1

fn,m(t, p)ϑn,m(x, y), (5)

where 
un,m(t) =

l∫
0

l∫
0

U(t, η, ξ)ϑn,m(η, ξ)dηdξ,

fn,m(t) =
l∫

0

l∫
0

f(t, η, ξ)ϑn,m(η, ξ)dηdξ,

(6)

ϑn,m(x, y) =
2

l
sin

π n

l
x sin

πm

l
y, n,m = 1, 2, . . . .

Problem. Find the control function

p(t) ∈
{
p : | p(t) | ≤M∗, 0 < M∗ = const, t ∈ ΩT

}
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and the corresponding state function U(t, x, y), which deliver a minimum to the
functional

J [p] =

l∫
0

l∫
0

[
U(T, η, ξ)− ψ(η, ξ)

]2
dηdξ + b

T∫
0

p2(t)dt, (7)

where ψ(x, y) is a given continuous function such that

ψ(x, y) =
∞∑

n,m=1

ψn,m ϑn(x, y), ψn,m =

l∫
0

l∫
0

ψ(η, ξ)ϑn,m(η, ξ)dηdξ,

ψ(0, y) = ψ(l, y) = ψ(x, 0) = ψ(x, l) = 0,
∞∑

n,m=1

|ψn,m | <∞, 0 < b = const.

Substituting Fourier series (4) and (5) into partial differential equation (1),
we obtain a countable system of ordinary fractional differential equations of order
α (0 < α < 1) with degeneration

CD
α
0tun,m(t) + µ2

n,nt
βun,m(t) =

1

1 + λ2
n,m

[a(t)un,m(t) + fn,m(t, p)] , (8)

where

µ2
n,m =

λ2
n,m

1 + λ2
n,m

, λ2
n,m =

(π
l

)2
(n2 +m2).

We also suppose that the following Fourier expansion holds:

ϕ(x, y) =

∞∑
n,m=1

ϕn,m ϑn,m(x, y),

where

ϕn,m(t) =

l∫
0

l∫
0

ϕ(η, ξ)ϑn,m(η, ξ)dηdξ. (9)

Using the Fourier coefficients (7) and (9), we rewrite the final value integral
condition (2) as follows:

un,m(T ) = ϕn,m + ω

T∫
0

l∫
0

l∫
0

R(s, η, ξ)un,m(s)dηdξds. (10)
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We use the well known Kilbas-Saigo type function, which is a generalization
of the following two-parameter Mittag-Leffler function:

Eα,β(z) =

∞∑
m=0

zm

Γ(αm+ β)
, z, α, β ∈ C, Re (α) > 0.

Kilbas-Saigo function is defined for real α,m, l ∈ R and complex l ∈ C as follows:

Eα,m,l(z) =

∞∑
k=0

ckz
k, c0 < 1, ck =

k−1∏
j=1

Γ(α[jm+ l] + 1)

Γ(α[jm+ l + 1] + 1)
, k = 1, 2, . . . .

This function belongs to the class of entire functions in the complex plane.
We consider a countable system of ordinary differential equations of fractional

order with degeneration

CD
α
0tun,m(t) = −µ2

n,m t
βun,m(t) + gn,m(t), un,m(0) = ςn,m, (11)

where β, ςn,m ∈ R, 0 < µ2
n,m < 1,

gn,m(t) =
1

1 + λ2
n,m

[
a(t)un,m(t) + fn,m(t, p)

]
.

Let γ ∈ [0, 1). Then we consider the class of following functions:

Cγ(ΩT ) =
{
gn,m(t) : tγgn,m(t) ∈ C(ΩT )

}
,

Cαγ (ΩT ) =
{
gn,m(t) ∈ C(ΩT ) : CD

α
0t gn,m(t) ∈ Cγ(ΩT )

}
.

Lemma 1. Let γ ∈ [0, α], β ≥ 0. Then for all gn,m(t) ∈ Cγ(ΩT ) there exists a
unique solution un,m(t) ∈ Cαγ (ΩT ) of the Cauchy problem (11). This solution has
the following form:

un,m(t) = ςn,mEα,1+ β
α
, β
α

(
−µ2

n,m t
α+β

)
+

t∫
0

K(t, τ)gn,m(τ)dτ, (12)

where

K(t, τ) =
n∑
i=1

Ki(t, τ), (13)

K0(t, τ) =
1

Γ(α)
(t− τ)α−1, Ki(t, τ) =

µ2
n,m

Γ(α)

t∫
τ

sβ(t− s)α−1Ki−1(s, τ)ds, (14)
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i = 1, 2, . . . , and E
α,1+ β

α
, β
α

(
µ2
n,mt

α+β
)

is a Kilbas-Saigo function.

Moreover, for the kernel (13) in the case of γ ∈ [0, α], β ≥ 0, the following
estimate holds:

|K(t, τ) | ≤ (t− τ)α−1Eα,α

(
µ2
n,mt

β(t− τ)α
)
≤ (t− τ)α−1M3, (15)

where M3 = const.

Indeed, from (13) and (14) we obtain the validity of the following estimates:

|K(t, τ)| ≤ |K0(t, τ)|+ |K1(t, τ)|+ |K2(t, τ)|+ ...+ |Kk(t, τ)|+ ... , (16)

|K0(t, τ) | ≤ 1

Γ(α)
(t− τ)α−1, (17)

|K1(t, τ) | ≤
µ2
n,m

Γ(α)

t∫
τ

sβ(t− s)α−1 |K0(s, τ) | ds ≤

≤
µ2
n,m

Γ2(α)

t∫
τ

sβ(t− s)α−1(s− τ)α−1ds ≤
µ2
n,mt

β

Γ2(α)

t∫
τ

(t− s)α−1(s− τ)α−1ds. (18)

If we use the following known formula

t∫
τ

(t− s)ρ−1(s− τ)σ−1ds =
Γ(ρ)Γ(σ)

Γ(ρ+ σ)
(t− τ)ρ+σ−1 (19)

and put ρ = σ = α, then from the estimate (18) we derive

|K1(t, τ) | ≤
µ2
n,mt

β

Γ2(α)

Γ2(α)

Γ(2α)
(t− τ)2α−1 =

µ2
n,m

Γ(2α)
tβ(t− τ)2α−1. (20)

Similarly, we estimate the next kernel K2(t, τ):

|K2(t, τ) | ≤ µ2
n

Γ(α)

t∫
τ

sβ(t− s)α−1 |K1(s, τ) | ds ≤

≤
µ2
n,m

Γ2(α)

µ2
n,m

Γ(2α)

t∫
τ

s2β(t−s)α−1(s−τ)2α−1ds ≤
µ4
n,mt

2β

Γ(α) Γ(2α)

t∫
τ

(t−s)α−1(s−τ)2α−1ds.
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Hence, taking the estimate (20) into account, by the aid of formula (19), for
ρ = α, σ = 2α we derive

|K2(t, τ) | ≤
µ4
n,m

Γ(3α)
t2β(t− τ)3α−1. (21)

By the induction method we obtain

|Kk(t, τ) | ≤
µ2k
n,m

Γ((k + 1)α)
tkβ(t− τ)(k+1)α−1. (22)

Taking the estimates (17)-(22) into account, for (16) we have

|K(t, τ) | ≤ 1

Γ(α)
(t− τ)α−1 +

µ2
n,m

Γ(2α)
tβ(t− τ)2α−1 +

µ4
n,m

Γ(3α)
t2β(t− τ)3α−1+

+...+
µ2k
n,m

Γ((kα+ α)
tkβ(t− τ)(k+1)α−1 + ... =

= (t− τ)α−1

[
1

Γ(α)
+

µ2
n,m

Γ(2α)
tβ(t− τ)α +

µ4
n,m

Γ(3α)
t2β(t− τ)2α+

+...+
µ2k
n,m

Γ((kα+ α)
tkβ(t− τ)kα + ...

]
≤ (t− τ)α−1Eα,α

(
µ2
n,mt

β(t− τ)α
)
. (23)

Further, we use the known fact that for | arg z| ≤ σ0 and |z| ≥ 0 the following
estimate is true

|Eα,µ(z)| ≤ σ1(1 + |z|)
1−ε
α eRe z

1
α +

σ2

1 + |z|
, (24)

where σ1 and σ2 are constants, not depending on z; α < 2, z ∈ C, ε is a real
constant and σ0 is a fixed number from the interval

(
πα
2 ,min{π, πα}

)
. If we put

z = µ2
n,mt

β(t− τ)α, ε = α, then from (24) we have∣∣∣Eα,α (µ2
n,mt

β(t− τ)α
) ∣∣∣ ≤ σ1

[
1 + µ2

n,mt
β(t− τ)α

] 1−α
α
e(µ

2
n,mt

β(t−τ)α)
1
α

+

+
σ2

1 + µ2
n,mt

β(t− τ)α
≤ σ3. (25)

By virtue of (25), from (23) we obtain the estimate (15).
The general solution of the countable system of ordinary differential equations

(12) can be written as

un,m(t) = Cn,mEα,1+ β
α
, β
α

(
−µ2

n,m t
α+β

)
+
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+
1

1 + λ2
n,m

t∫
0

K(t, s)
[
a(s)un,m(s) + fn,m(s, p)

]
ds, (26)

where Cn,m is an arbitrary constant, the kernel K(t, s) is defined by the formulas
(13), (14) and the estimate (15) holds.

To find the unknown coefficients Cn,m in (26), we use the condition (10). So,
substituting the equation (26) into (10), we derive

Cn,m = ϕn,mQ
−1
T +

ωQ−1
T

1 + λ2
n,m

×

×
T∫

0

{ l∫
0

l∫
0

R(s, η, ξ)

s∫
0

K(s, θ)fn,m (θ, p(θ)) dθdηdξ−K(T, s)fn,m (s, p(s))

}
ds+

+
ωQ−1

T

1 + λ2
n,m

T∫
0

{ l∫
0

l∫
0

R(s, η, ξ)

s∫
0

K(s, θ)a(θ)un,m(θ)dθdηdξ−

−K(T, s)a(s)un,m(s)

}
ds, (27)

where
QT = E

α,1+ β
α
, β
α

(
−µ2

n,mT
α+β

)
−

−ω
T∫

0

l∫
0

l∫
0

R(s, η, ξ)E
α,1+ β

α
, β
α

(
−µ2

n,ms
α+β

)
dηdξds 6= 0. (28)

We consider the regular values of parameter ω, for which the condition (28)
is fulfilled. We denote the set of these values of parameter ω by Λ.

Further, substituting (27) into equation (26), for ω ∈ Λ we derive a countable
system of linear integral equations (CSLIE)

un,m(t) = ϕn,mQ
−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mt
α+β

)
+

+
1

1 + λ2
n,m

t∫
0

K(t, s)fn,m(s, p)ds−
ωQ−1

T

1 + λ2
n,m

T∫
0

K(T, s)fn,m(s, p)ds+

+
ωQ−1

T

1 + λ2
n,m

l∫
0

l∫
0

T∫
0

R(s, η, ξ)

s∫
0

K(s, θ)fn,m(θ, p)dθdsdηdξ+
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+
1

1 + λ2
n,m

t∫
0

K(t, s)a(s)un,m(s)ds−
ωQ−1

T

1 + λ2
n,m

T∫
0

K(T, s)a(s)un,m(s)ds+

+
ωQ−1

T

1 + λ2
n,m

l∫
0

l∫
0

T∫
0

R(s, η, ξ)

s∫
0

K(s, θ)a(θ)un,m(θ)dθdsdηdξ.

We take into account that

l∫
0

l∫
0

T∫
0

R(s, η, ξ)

s∫
0

K(s, θ)fn,m(θ, p)dθdsdηdξ =

=

l∫
0

l∫
0

T∫
0

fn,m(θ, p)

T∫
θ

R(s, η, ξ)K(s, θ)dsdθdηdξ =

=

T∫
0

fn,m(s, p)

T∫
s

l∫
0

l∫
0

R(θ, η, ξ)K(θ, s)dθdsdηdξ.

Then, introducing new notation, for ω ∈ Λ we have

un,m(t) = J1(t;un,m, p) ≡ ϕn,mQ−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mt
α+β

)
+

+
1

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p)ds+
1

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds, (29)

where

K̄(t, s) =


−ωQ−1

T

[
K(T, s)−

T∫
s

l∫
0

l∫
0

R(θ, η, ξ)K(θ, s)dθdηdξ

]
, t < s ≤ T,

K(t, s)− ωQ−1
T

[
K(T, s)−

T∫
s

l∫
0

l∫
0

R(θ, η, ξ)K(θ, s)dθdηdξ

]
, 0 ≤ s < t.

Substituting the equation (29) into Fourier series (4), for ω ∈ Λ we obtain

U(t, x, y) =

∞∑
n,m=1

ϑn,m(x, y)ϕn,mQ
−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mt
α+β

)
+
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+
∞∑

n,m=1

ϑn,m(x, y)

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p)ds+

+
∞∑

n,m=1

ϑn,m(x, y)

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds. (30)

2. Control function

Let p∗(t) be an optimal control function:

∆ J
[
p∗(t)

]
= J

[
p∗(t) + ∆ p∗(t)

]
− J

[
p∗(t)

]
≥ 0,

where p∗(t) + ∆ p∗(t) ∈ H̄(ΩT ).
With functional (7) and Fourier series (30) in mind, we consider the Pontrya-

gin function

V (t, x, y)


∞∑

n,m=1

ϑn,m(x, y)ϕn,mQ
−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mt
α+β

)
+

+

∞∑
n,m=1

ϑn,m(x, y)

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p∗(s))ds+

+

∞∑
n,m=1

ϑn,m(x, y)

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds

 = b [p∗(t)]2, (31)

where V (t, x, y) is defined by solving the following mixed problem:[
CD

α
0t +C D

α
0t

(
∂2

∂ x2
+

∂2

∂ y2

)
+ tβ

(
∂2

∂ x2
+

∂2

∂ y2

)]
V (t, x, y) = 0, (32)

V (T, x, y) = −2 [U(T, x, y)− ψ(x, y)] , (33)

V (t, 0, y) = V (t, l, y) = V (t, x, 0) = V (t, x, l) = 0, (34)

which is conjugated to problem (1)-(3).
Let us rewrite the equation (31) in convenient form:

V (t, x, y)

Φ(t, x, y, u) +

T∫
0

R1(t, s, x, y) ∗ f (s, p∗(s)) ds

 = b [p∗(t)]2, (35)
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where

Φ(t, x, y, u) = Q−1
T

∞∑
n,m=1

ϑn,m(x, y)ϕn,mEα,1+ β
α
, β
α

(
−µ2

n,mt
α+β

)
+

+

∞∑
n,m=1

ϑn,m(x, y)

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds,

T∫
0

R1(t, s, x, y) ∗ f (s, p∗(s)) ds =
∞∑

n,m=1

ϑn,m(x, y)

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p∗)ds.

According to the maximum principle, we calculate derivatives in (35) with
respect to the control function and we obtain the following necessary condition
for optimality

V (t, x, y)

T∫
0

R1(t, s, x, y) ∗ fp (s, p∗(s)) ds = 2b p∗(t). (36)

Calculating derivatives in (36) with respect to the control function p∗(t), for
ω ∈ Λ we obtain another necessary condition for optimality

V (t, x, y)

T∫
0

R1(t, s, x, y) ∗ fpp (s, p∗(s)) ds− 2b < 0.

We solve the conjugate differential equation (32) in the same way as we solved
the equation (1). According to the condition (34), we find the nonzero solution
of the equation (32) from the CS of fractional differential equations

CD
α
0tqn,m(t) = µ2

n,mt
βqn,m(t), (37)

where

qn,m =

l∫
0

l∫
0

V (η, ξ)ϑn,m(η, ξ)dηdξ.

To solve the CS of differential equations (37), we use the condition (33) in the
following form

qn,m(T ) = −2

l∫
0

l∫
0

[
U(T, η, ξ)− ψ(η, ξ)

]
ϑn,m(η, ξ)dηdξ = 2ψn,m − 2un,m(T ),
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or, using the equation (29), we obtain

qn,m(T ) = 2ψn,m − 2ϕn,mQ
−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mT
α+β

)
−

− 2

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p(s))ds−

− 2

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds. (38)

The general solution of the CS of homogeneous equations (32) has a form

qn,m(t) = Bn,mEα,1+ β
α
, β
α

(
µ2
n,mt

α+β
)
, (39)

where Bn,m is an arbitrary constant. To find this constant, by virtue of the
condition (33), from (38) and (39) we have

Bn,m = E−1

α,1+ β
α
, β
α

(
µ2
n,mT

α+β
)[

2ψn,m − 2ϕn,mQ
−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mT
α+β

)
−

− 2

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p(s))ds− 2

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds

]
. (40)

Substituting (40) into the solution (39), we obtain the CS

qn,m(t) = χn,m(t)

[
2ψn,m − 2ϕn,mQ

−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mT
α+β

)
−

− 2

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p(s))ds− 2

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds

]
, (41)

where

χn,m(t) = E
α,1+ β

α
, β
α

(
µ2
n,mt

α+β
)
E−1

α,1+ β
α
, β
α

(
µ2
n,mT

α+β
)
.

Hence, from (41) we obtain a desired function

V (t, x, y) =

∞∑
n,m=1

ϑn,m(x, y)χn,m(t)

[
2ψn,m− 2ϕn,mQ

−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mT
α+β

)
−
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− 2

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p(s))ds− 2

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds

]
. (42)

We rewrite (42) in a more compact form

V (t, x, y) = Ψ(t, x, y, u) +

T∫
0

R2(t, s, x, y) ∗ f (s, p(s)) ds, (43)

where

Ψ(t, x, y, u) =

∞∑
n,m=1

ϑn,m(x, y)χn,m(t)

[
2ψn,m−2ϕn,mQ

−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mT
α+β

)
−

− 2

1 + λ2
n,m

T∫
0

K̄(t, s)a(s)un,m(s)ds

]
,

T∫
0

R2(t, s, x, y) ∗ f (s, p(s)) ds =

=
∞∑

n,m=1

ϑn,m(x, y)χn,m(t)

 −2

1 + λ2
n,m

T∫
0

K̄(t, s)fn,m(s, p(s))ds

 .
From the solution (43) of conjugate problem (32)-(34) and the optimality con-
dition (36), we obtain the integral equation, which involves the product of two
integrals,

p(t) = J2(t;un,m, p) ≡
1

2b

T∫
0

R1(t, s, x, y) ∗ fp (s, p(s)) ds×

×

Ψ(t, x, y, u) +

T∫
0

R2(t, s, x, y) ∗ f (s, p(s)) ds

 . (44)

There are two unknown functions in the integral equation (44): control func-
tion p(t) and Fourier coefficients of main unknown function un,m(t). The equation
(29) also includes two unknown functions: Fourier coefficients of main unknown
function un,m(t) and control function p(t). So, we solve these two equations to-
gether as a system of two functional integral equations.
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Let ϕ(x, y) ∈ C2
(
Ω2
l

)
. Then, we integrate by parts

ϕn,m =

l∫
0

l∫
0

ϕ(η, ξ)ϑn,m(η, ξ)dηdξ

two times and obtain the following result

|ϕn,m | ≤
(
l

π

)4

∣∣∣ϕ(IV )
n,m

∣∣∣
n2m2

, (45)

where

ϕ(IV )
n,m =

l∫
0

l∫
0

∂4ϕ(η, ξ)

∂η2∂ξ2
ϑn,m(η, ξ)dηdξ.

We have also the Bessel’s inequalities

∥∥∥ϕ(IV )
∥∥∥
`2

=

√√√√ ∞∑
n,m=1

∣∣∣ϕ(IV )
n,m

∣∣∣2 ≤ (2

l

)2 ∥∥∥∥ ∂4ϕ(x, y)

∂x2∂y2

∥∥∥∥
L2(Ω2

l )

. (46)

Theorem 1. Let the following conditions be satisfied:

1)
T∫
0

l∫
0

l∫
0

|R(s, η, ξ) | dηdξds <∞; ϕ(x, y) ∈ C2
(
Ω2
l

)
;

2) 0 < max
{

max
t
‖ f (t, x, y, p(t)) ‖L2(Ω2

l )
, max

t
‖ fp (t, x, y, p(t)) ‖L2(Ω2

l )

}
≤M1,

0 < M1 = const;
3) | f (t, x, y, p1(t))− f (t, x, y, p2(t)) | ≤M2(x, y) | p1(t)− p2(t) | ,
0 < ‖M2(x, y) ‖L2(Ω2

l )
;

4) | fp (t, x, y, p1(t))− fp (t, x, y, p2(t)) | ≤M3(x, y) | p1(t)− p2(t) | ,
0 < ‖M3(x, y) ‖L2(Ω2

l )
;

5) ρ = ρ1 + ρ2 < 1, where ρ1, ρ2 are defined by the formulas (52) and (54),
respectively.

Then the system of equations (29) and (42) has a unique pair of solutions for
ω ∈ Λ .

Proof. The function p(t) will be sought in the space of continuous functions
C(ΩT ) and the function un,m(t) will be sought in the Banach space B2(ΩT ) with
a norm

‖ ~u(t) ‖B2(ΩT ) ≤

√√√√ ∞∑
n,m=1

[
max

0≤t≤T
|un,m(t) |

]2

.
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For this system, we build iterative process:{
uk+1
n,m(t) = J1(t;ukn,m, p

k), u0
n,m(t) = ϕn,mQ

−1
T E

α,1+ β
α
, β
α

(
−µ2

n,mt
α+β

)
,

pk+1(t) = J2(t;ukn,m, p
k), p0(t) = 0.

(47)

Let us estimate the zero approximation u0
n,m(t). We use the known estimate

1

1 + Γ(1− α)x
≤ Eα,m,m−1(−x) ≤ 1

1 + Γ(1+α(m−1))
Γ(1+αm) x

,

which is true for every α ∈ [0, 1], m > 0 and x ≥ 0. We put x = −µ2
n t

α+β, m =
1 + β

α , Γ(1 + α(m− 1)) = Γ(1 + β), Γ(1 + αm) = Γ(1 + α+ β), then we obtain

E
α,1+ β

α
, β
α

(
−µ2

n,m t
α+β

)
≤ 1

1 + Γ(1+β)
Γ(1+α+β)µ

2
n,m t

α+β
≤ 1.

So, for QT we have

|QT | ≤ 1 + ω

T∫
0

l∫
0

l∫
0

|R(s, η, ξ) | dyds =
1

δ0
<∞, δ0 = const.

Therefore, for the first approximation in (47) we have

∥∥ ~u0(t)
∥∥
B2(ΩT )

≤
∞∑

n,m=1

max
0≤t≤T

∣∣u0
n,m(t)

∣∣ ≤
≤

∞∑
n,m=1

max
0≤t≤T

|ϕn,m |
∣∣Q−1

T

∣∣E
α,1+ β

α
, β
α

(
−µ2

n,m t
α+β

)
≤ δ0

(
l

π

)4 ∞∑
n,m

∣∣∣ϕ(IV )
n,m

∣∣∣
n2m2

≤

≤ δ0

(
l

π

)4
√√√√ ∞∑

n,m=1

1

n4m4

√√√√ ∞∑
n,m=1

∣∣∣ϕ(IV )
n,m

∣∣∣2 ≤
≤ δ0

(
l

π

)4(2

l

)2
√√√√ ∞∑

n,m=1

1

n4m4

∥∥∥∥ ∂4ϕ(x, y)

∂x2∂y2

∥∥∥∥
L2(Ω2

l )

= r0 <∞. (48)

Then, by virtue of estimates (15), (45), (46), (48), applying Cauchy-Schwarz and
Bessel inequalities, for the first difference in (47) we obtain

∥∥ ~u1(t)− ~u0(t)
∥∥
B2(ΩT )

≤
√
l

2

∞∑
n,m=1

1

λ2
n,m

max
0≤t≤T

T∫
0

∣∣ K̄(t, s)
∣∣ ∣∣ fn,m(s, p0(s))

∣∣ ds+
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+

√
l

2

∞∑
n,m=1

1

λ2
n,m

max
0≤t≤T

∫ T

0

∣∣ K̄(t, s)
∣∣ | a(s) |

∣∣u0
n,m(s)

∣∣ ds ≤
≤
√
l

2

(
l

π

)4

max
0≤t≤T

T∫
0

∣∣ K̄(t, s)
∣∣ ∞∑
n,m=1

1

n2m2

∣∣ fn,m(s, p0(s))
∣∣ ds+

+a0

√
l

2

(
l

π

)4

max
0≤t≤T

T∫
0

∣∣ K̄(t, s)
∣∣ ∞∑
n,m=1

1

n2m2

∣∣u0
n,m(s)

∣∣ ds ≤
≤ δ1

√
l

2

(
l

π

)4
√√√√ ∞∑

n,m=1

1

n4m4

{∥∥∥ ~f(t, 0)
∥∥∥
B2(ΩT )

+ a0

∥∥ ~u0(t)
∥∥
B2(ΩT )

}
≤

≤ δ1(M1 + a0r0)

√
l

2

(
l

π

)4
√

2

l

√√√√ ∞∑
n,m=1

1

n4m4
= r1,1 <∞, (49)

where

a0 = max
0≤t≤T

| a(t) | , δ1 = max
0≤t≤T

T∫
0

∣∣ K̄(t, s)
∣∣ ds.

Similar to the estimate (49), we have∥∥ p1(t)− p0(t)
∥∥
C
≤

≤ M4

2lb
max

0≤t≤T


(
l

π

)4

max
0≤t≤T

T∫
0

∣∣ K̄(t, s)
∣∣ ∞∑
n,m=1

1

n2m2

∣∣∣ (fn,m(s, p0(s))
)′
p

∣∣∣ ds×
×

[ ∞∑
n,m=1

|ψn,m |+ δ0

(
l

π

)4 ∞∑
n,m=1

∣∣∣ϕ(IV )
n,m

∣∣∣
n2m2

+

+a0

(
l

π

)4

max
0≤t≤T

T∫
0

∣∣ K̄(t, s)
∣∣ ∞∑
n,m=1

1

n2m2

∣∣u0
n,m(s)

∣∣ ds+
+

(
l

π

)4

max
0≤t≤T

T∫
0

∣∣ K̄(t, s)
∣∣ ∞∑
n,m=1

1

n2m2

∣∣ fn,m(s, p0(s))
∣∣ ds
 ≤
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≤ M4

2lb
δ1

(
l

π

)4
√√√√ ∞∑

n,m=1

1

n4m4

∥∥∥ ~fp(t, 0)
∥∥∥
B2(ΩT )

×

×

[ ∞∑
n,m=1

|ψn,m |+ δ0

(
l

π

)4
√√√√ ∞∑

n,m=1

1

n4m4

√√√√ ∞∑
n,m=1

∣∣∣ϕ(IV )
n,m

∣∣∣2+

+a0δ1

(
l

π

)4
√√√√ ∞∑

n,m=1

1

n4m4

∥∥ ~u0(t)
∥∥
B2(ΩT )

+

+δ1

(
l

π

)4
√√√√ ∞∑

n,m=1

1

n4m4

∥∥∥ ~f(t, 0)
∥∥∥
B2(ΩT )

 ≤ M4

2lb
δ1M1`

2
1

2

l

∞∑
n,m=1

1

n4m4
×

×
[ ∞∑
n,m=1

|ψn,m|+ δ0

(
2

l

)2 ∥∥∥∥∂4ϕ(x, y)

∂x2∂y2

∥∥∥∥
L2(Ω2

l )

+

+a0r0δ1 + δ1
2

l
M1

]
= r1,2 <∞, (50)

where

M4 = max
0≤t≤T

|χn,m(t) | , `1 = max

{
1;

(
l

π

)4
}
.

Due to the estimate (49), for arbitrary difference we obtain the following
estimate ∥∥∥ ~uk+1(t)− ~uk(t)

∥∥∥
B2(ΩT )

≤

≤ δ1

(
l

π

)4 ∣∣∣pk(s)− pk−1(s)
∣∣∣ ∞∑
n,m=1

1

n2m2

∣∣∣∣∣∣
l∫

0

l∫
0

M2(η, ξ)ϑn,m(η, ξ)dηdξ

∣∣∣∣∣∣+
+a0δ1

(
l

π

)4 ∞∑
n,m=1

1

n2m2

∣∣∣ukn,m(s)− uk−1
n,m(s)

∣∣∣ ≤
≤ ρ1

[∥∥∥pk(t)− pk−1(t)
∥∥∥
C

+
∥∥∥~uk(t)− ~uk−1(t)

∥∥∥
B2(ΩT )

]
, (51)

where

ρ1 = δ1`2

(
l

π

)4
√√√√ ∞∑

n,m=1

1

n4m4
, `2 = max

{
a0;

2

l
‖M2(x, y)‖L2(Ω2

l )

}
. (52)
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Similar to (51), we have

∥∥∥ pk+1(t)− pk(t)
∥∥∥
C
≤ 1

2b
max

0≤t≤T

∣∣∣∣∣∣
T∫

0

R1(t, s, x, y) ∗ fp
(
s, pk(s)

)
ds×

×

Ψ(t, x, y, uk) +

T∫
0

R2(t, s, x, y) ∗ f
(
s, pk(s)

)
ds

−
− 1

2b

T∫
0

R1(t, s, x, y) ∗ fp
(
s, pk−1(s)

)
ds×

×

Ψ(t, x, y, uk−1) +

T∫
0

R2(t, s, x, y) ∗ f
(
s, pk−1(s)

)
ds

 ∣∣∣∣∣∣ ≤
≤ 1

2b
max

0≤t≤T


T∫

0

∣∣∣R1(t, s, x, y) ∗
[
fp

(
s, pk(s)

)
− fp

(
s, pk−1(s)

)] ∣∣∣ ds×
×

∣∣∣Ψ(t, x, y, uk)
∣∣∣+

T∫
0

∣∣∣R2(t, s, x, y) ∗ f
(
s, pk(s)

) ∣∣∣ ds
+

+
1

2b
max

0≤t≤T


T∫

0

∣∣∣R1(t, s, x, y) ∗ fp
(
s, pk−1(s)

) ∣∣∣ ds×
×

[ ∣∣∣Ψ(t, x, y, uk)−Ψ(t, x, y, uk−1)
∣∣∣+

+

T∫
0

∣∣∣R2(t, s, x, y) ∗
[
f
(
s, pk(s)

)
− f

(
s, pk−1(s)

)] ∣∣∣ ds]}.
We continue this estimating process to obtain∥∥∥ pk+1(t)− pk(t)

∥∥∥
C
≤

≤ 2

l2b

(
l

π

)8

max
0≤t≤T

∞∑
n,m=1

1

n2m2

T∫
0

∣∣ K̄(t, s)
∣∣ ∣∣∣ pk(s)− pk−1(s)

∣∣∣×
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×

∣∣∣∣∣∣
l∫

0

l∫
0

M3(η, ξ)ϑn,m(η, ξ)dηdξ

∣∣∣∣∣∣ ds
[
a0

T∫
0

∣∣K̄(t, s)
∣∣ ∞∑
n,m=1

1

n2m2

∣∣∣ukn,m(s)
∣∣∣ ds+

+

T∫
0

∣∣ K̄(t, s)
∣∣ ∞∑
n,m=1

1

n2m2

∣∣∣ fn,m(s, pk(s))
∣∣∣ ds
+

+
2

l2b

(
l

π

)8

max
0≤t≤T


∞∑

n,m=1

1

n2m2

T∫
0

∣∣ K̄(t, s)
∣∣ ∣∣∣ (fn,m(s, p0(s))

)′
p

∣∣∣ ds
×

× max
0≤t≤T

a0

T∫
0

∣∣ K̄(t, s)
∣∣ ∞∑
n,m=1

1

n2m2

∣∣∣ukn,m(s)− uk−1
n,m(s)

∣∣∣ ds+
+

T∫
0

∣∣K̄(t, s)
∣∣ ∣∣∣pk(s)− pk−1(s)

∣∣∣ ∞∑
n,m=1

1

n2m2

∣∣∣∣∣∣
l∫

0

l∫
0

M2(η, ξ)ϑn,m(η, ξ)dηdξ

∣∣∣∣∣∣ ds
 .

At the end of this process, we arrive at the following estimate:∥∥∥ pk+1(t)− pk(t)
∥∥∥
C
≤

≤ δ2
1

2

l2b

(
l

π

)8 ∞∑
n,m=1

1

n4m4
‖M2(x, y) ‖L2(Ω2

l )

∥∥∥ pk(t)− pk−1(t)
∥∥∥
C
×

×
(
a0

∥∥∥ ~uk(t) ∥∥∥
B2(ΩT )

+
2

l
max
t

∥∥∥ f (t, x, y, pk(t))∥∥∥
L2(Ω2

l )

)
+

+δ2
1

4

l3b

(
l

π

)8 ∞∑
n,m=1

1

n4m4
max
t

∥∥∥ fp (t, x, y, pk(t))∥∥∥
L2(Ω2

l )
×

×
(
a0

∥∥∥~uk(t)− ~uk−1(t)
∥∥∥
B2(ΩT )

+
2

l
‖M2(x, y)‖L2(Ω2

l )

∥∥∥pk(t)− pk−1(t)
∥∥∥
C

)
≤

≤ δ2
1

2

l2b

l8

π8

∞∑
n,m=1

1

n4m4
‖M2(x, y)‖L2(Ω2

l )

(
a0r2,k +

2

l
M1

)∥∥∥pk(t)− pk−1(t)
∥∥∥
C

+

+δ2
1`2M1

4

l3b

l8

π8

∞∑
n,m=1

1

n4m4

(∥∥∥~uk(t)− ~uk−1(t)
∥∥∥
B2(ΩT )

+
∥∥∥pk(t)− pk−1(t)

∥∥∥
C

)
≤

≤ ρ2

[∥∥∥ ~uk(t)− ~uk−1(t)
∥∥∥
B2(ΩT )

+
∥∥∥ pk(t)− pk−1(t)

∥∥∥
C

]
, (53)



276 T.K. Yuldashev, A.T. Ramazanova, Zh.Zh. Shermamatov

where

ρ2 = δ2
1

l6

π8

2

b

∞∑
n,m=1

1

n4m4

[
‖M2(x, y) ‖L2(Ω2

l )

(
a0r2,k +

2

l
M1

)
+ `2M1

2

l

]
, (54)

r2,k = const.

From the estimates (51) and (53) we obtain∥∥∥ ~uk+1(t)− ~uk(t)
∥∥∥
B2(ΩT )

+
∥∥∥ pk+1(t)− pk(t)

∥∥∥
C
≤

≤ ρ ·
[∥∥∥ ~uk(t)− ~uk−1(t)

∥∥∥
B2(ΩT )

+
∥∥∥ pk(t)− pk−1(t)

∥∥∥
C

]
, (55)

where ρ = ρ1 + ρ2.

Since ρ < 1, the estimates (48)-(51), (53) and (55) imply the existence and
uniqueness of the pair of solutions of the system (29), (42): p(t) ∈ C(ΩT ), ~u(t) ∈
B2(ΩT ). Theorem 1 is proved. J

We consider the Fourier series (30) as a formal solution of the problem (1)-(3).

Theorem 2. Let the conditions of Theorem 1 be satisfied. If p(t) ∈ C(ΩT ), ~u(t) ∈
B2(ΩT ) is a unique pair of solutions of the system of equations (29) and (42),
then the series (30), for ω ∈ Λ, is a unique solution to the mixed problem (1)-(3).

The proof of convergence of the series (30) is the same as the way of obtaining
the estimates (48)-(51).

Conclusion

In the domain Ω =
{

(t, x, y) | 0 < t < T, 0 < x, y < l
}

, the unique solvability
of mixed optimal control problem (1)-(3) with minimization of quality functional
for a partial differential equation is considered in the case of α-order Gerasimov-
Caputo type fractional operator, 0 < α ≤ 1. The solution of the optimal control
problem is studied in the class of regular functions. The considered equation
depends on three independent arguments. First argument is a time argument,
and with respect to this argument the equation is a fractional Gerasimov-Caputo
type ordinary differential equation. Final point integral condition is used. Second
and third arguments are spatial and the equations with respect to these arguments
are second order differential equations. The Fourier series method is used and a
countable system of differential equations is obtained.



Optimal Control Problem for a Linear Pseudoparabolic Equation 277

Funding

The research is funded by the Ministry of Higher Education, Science and
Innovative development of the Republic of Uzbekistan (Grant F-FA-2021-424).

References

[1] V.M. Abdullayev, Numerical solution to optimal control problems with mul-
tipoint and integral conditions, Proceedings of the Institute of Mathematics
and Mechanics of Azerb. Academy of Sciences, 44(2), 2018, 171–186.

[2] K.R. Aida-zade, V.A. Hashimov, A.H. Bagirov, On a problem of synthesis
of control of power of the moving sources on heating of a rod, Proceedings of
the Institute of Mathematics and Mechanics of Azerb. Academy of Sciences,
47(1), 2021, 183–196.

[3] B.Y. Ashirbaev, T.K. Yuldashev, Derivation of a controllability criteria for
a linear singularly perturbed discrete ssystem with small step, Lobachevskii
Journal of Mathematics, 45(3), 2024, 938–948.

[4] A.G. Butkovsky, L.M. Pustylnikov, Theory of mobile control of systems with
distributed parameters, Nauka, Moscow, 1980 (in Russian).

[5] V.S. Deineka, Optimal control of the dynamic state of a thin compound plate,
Cybernetics and Systems Analysis, 42(4), 2006, 151–157.

[6] H.F. Guliev, Kh.I. Seyfullaeva, Optimal control problem with coefficients
for the equation of vibrations of a thin plate with discontinuous solution,
Proceedings of the Institute of Mathematics and Mechanics of Azerb.
Academy of Sciences, 48(2), 2022, 238–248. https://doi.org/10.30546/2409-
4994.48.2.2022.238

[7] A.K. Kerimbekov, E.F. Abdyldaeva, On the solvability of the tracking prob-
lem in nonlinear vector optimization of oscillatory processes, Trudy Instituta
Matematiki i Mekhaniki Ural’skogo Otdeleniya RAN, 30(2), 2024, 103–115
(in Russian).

[8] E.N. Mahmudov, Infimal convolution and duality in convex optimal control
problems with second order evolution differential inclusions, Evolution Equa-
tions and Control Theory, 10(1), 2021, 37–59.

[9] E.N. Mahmudov, M.J. Mardanov, Optimization of the Nicoletti boundary
value problem for second order differential inclusions, Proceedings of the



278 T.K. Yuldashev, A.T. Ramazanova, Zh.Zh. Shermamatov

Institute of Mathematics and Mechanics of Azerb. Academy of Sciences,
49(1), 2023, 3–15. https://doi.org/10.30546/2409-4994.2023.49.1.3

[10] E.N. Mahmudov, M.J. Mardanov, Infimal convolution and duality in convex
mathematical programming, Proceedings of the Institute of Mathematics and
Mechanics of Azerb. Academy of Sciences, 48(1), 2022, 50–62.

[11] M.J. Mardanov, T.K. Melikov, A method for studying the optimality of con-
trols in discrete systems, Proceedings of the Institute of Mathematics and
Mechanics of Azerb. Academy of Sciences, 40(2), 2014, 5–13.

[12] A. Ramazanova, Necessary conditions for the existence of a saddle point
in one optimal control problem for systems of hyperbolic equations, Euro-
pean Journal of Pure and Applied Mathematics, 14(4), 2021, 1402–1414.
https://doi.org/10.29020/nybg.ejpam.v14i4.4135

[13] T.K. Yuldashev, Nonlinear optimal control of thermal processes in a non-
linear inverse problem, Lobachevskii Journal of Mathematics, 41(1), 2020,
124–136.

[14] T.K. Yuldashev, B.Y. Ashirbaev, Optimal feedback control problem for a
singularly perturbed discrete system, Lobachevskii Journal of Mathematics,
44(2), 2023, 661–668. https://doi.org/10.1134/S1995080223020373

[15] T.K. Yuldashev, N.N. Qodirov, M.P. Eshov, G.K. Abdurakhmanova,
Optimal control problems for the Whitham type nonlinear differential
equations with impulse effects, Proceedings of the IUTAM Symposium
on Optimal Guidance and Control for Autonomous Systems 2023, IU-
TAM Bookseries, 40, 2024, 205–217, Springer Nature, Switzerland, 2024.
https://doi.org/10.1007/978-3-031-39303-7

[16] A.N. Abdullozhonova, T.K. Yuldashev, A.K. Fayziyev, Mixed problem for an
impulsive parabolic integro-differential equation with involution and nonlin-
ear conditions, Lobachevskii Journal of Mathematics, 45(3), 2024, 899–911.
https://doi.org/10.1134/S199508022460078X

[17] V.M. Aleksandrov, E.V. Kovalenko, Problems of continuum mechanics with
mixed boundary conditions, Nauka, Moscow, 1986 (in Russian).

[18] G. Aman, Nonlocal quasilinear parabolic equations, Uspekhi Mat. Nauk,
60(6), ID 366, 2005, 21–32.



Optimal Control Problem for a Linear Pseudoparabolic Equation 279

[19] G.I. Barenblatt, Yu.P. Zheltov, I.N. Kochina, On finiteness conditions in the
mechanics of continuous media. Static problems of the theory of elasticity,
Prikl. Mat. i Mekh., 24(5), 1960, 316–322 (in Russian).

[20] G.I. Barenblatt, Yu.P. Zheltov, Fundamental equations of filtration of ho-
mogeneous liquids in fissured rocks, Soviet Physics. Doklady, 132(5), 1960,
522–525.

[21] G.I. Barenblatt, V.M. Yentov, V.M. Ryzhik, Movement of liquids and gases
in natural reservoirs, Nedra, Moscow, 1984 (in Russian).

[22] K. Baykuziev, Basic mixed problems for some degenerate partial differential
equations, Fan, Tashkent, 1984 (in Russian).

[23] A.N. Bogolyubov, M.D. Malykh, On one class of nonlocal nonlinear equa-
tions of parabolic type, Zhurn. Vychisl. Matem. i Mat. Fiziki, 51(6), 2011,
1056–1063 (in Russian).

[24] Yu.A. Dubinsky, Quasilinear elliptic and Parabolic equations of some order,
Uspekhi Mat. Nauk, 23(1), 1968, 45–90.

[25] V.A. Ilyin, On the solvability of mixed problems for hyperbolic and parabolic
equations, Uspekhi Mat. Nauk, 15(2), 1960, 97–154 (in Russian).

[26] I.E. Egorov, E.S. Efimova, A modified Galerkin method for semilinear
parabolic equation with changing time direction, Journal of Math. Sciences,
228(4), 2018, 372–379.

[27] M.O. Korpusov, Destruction in parabolic and pseudoparabolic equations with
double nonlinearities, URSS, Moscow, 2012 (in Russian).

[28] O.A. Ladyzhenskaya, V.A. Solonnikov, N.N. Uraltseva, Linear and quasilin-
ear equations of parabolic type, Nauka, Moscow, 1967 (in Russian).

[29] A.D. Polyanin, V.F. Zaitsev, A.I. Zhurov, Methods for solving nonlinear
equations of mathematical physics and mechanics, Fizmatlit, Moscow, 2005.

[30] M.A. Sagadeeva, F.L. Hasan, Bounded solutions of Barenblatt–Zheltov–
Kochina model in Quasi–Sobolev spaces, Bulletin of the South Ural State
University. Ser. Math. Modelling, Programming and Computer Software,
8(4), 2015, 138–144.

[31] Zh.O. Takhirov, R.N. Turaev, On one nonlocal problem for a nonlinear
parabolic equation, Vladikavkaz. Mat. Zhurnal, 16(1), 2014, 42–49 (in Rus-
sian).



280 T.K. Yuldashev, A.T. Ramazanova, Zh.Zh. Shermamatov

[32] A.I. Vagabov, Generalized Fourier method for solving mixed problems for
nonlinear equations, Differential Equations, 32(1), 1996, 94–105.

[33] T.K. Yuldashev, Mixed value problem for a nonlinear differential equation of
fourth order with small parameter on the parabolic operator, Computational
Mathematics and mathematical Physics, 51(9), 2011, 1596–1604.

[34] T.K. Yuldashev, Mixed value problem for nonlinear integro-differential equa-
tion with parabolic operator of higher power, Computational Mathematics
and mathematical Physics, 52(1), 2012, 105–116.

[35] T.K. Yuldashev, Mixed problem for pseudoparabolic integro-differential equa-
tion with degenerate kernel, Differential Equations, 53(1), 2017, 99–108.

[36] T.K. Yuldashev, Mixed problem for a nonlinear parabolic equation with in-
volution, Lobachevskii Journal of Mathematics, 44(12), 2023, 5519–5527.
https://doi.org/10.1134/S1995080223120405

[37] T.K. Yuldashev, A.K. Fayziyev, Mixed problem for a linear differ-
ential equation of parabolic type with nonlinear impulsive conditions,
Nanosystems: Physics. Chemistry. Mathematics, 15(2), 2024, 160–169.
https://doi.org/10.17586/2220-8054-2024-15-2-160-169

[38] T.K. Yuldashev, A.K. Fayziyev, F.D. Rakhmonov, Mixed problem for a non-
linear impulsive differential equation of parabolic type, Chelyab. Phys.-Math.
Journal, 9(1), 2024, 111–123.

[39] T.K. Yuldashev, K.Kh. Shabadikov, Mixed problem for a higher-order non-
linear pseudoparabolic equation, Journal of Math. Sciences, 254(6), 2021,
776–787.

[40] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and application of frac-
tional differential equations, North–Holland Math. Studies, Elsevier, Ams-
terdam, 2006.

[41] J. Klafter, S.C. Lim, R. Metzler, Fractional dynamics: Recent advances,
World Scientific, Singapore, 2011.

[42] F. Mainardi, Fractional calculus and waves in linear viscoelasticity, Imperial
College, London, 2010.

[43] R. Metzler, J. Klafter, The random walk’s guide to anomalous diffusion: a
fractional dynamics approach, Phys. Rep., 339(1), 2000, 1–77.



Optimal Control Problem for a Linear Pseudoparabolic Equation 281

[44] K.S. Miller, B. Ross, An introduction to the fractional calculus and fractional
differential equations, Wiley, New York, 1993.

[45] I. Podlubny, Fractional differential equations, Academic, San Diego, 1999.

[46] R.P. Agarwal, S. Hristova, D.O’. Regan, Exact solutions of linear Riemann–
Liouville fractional differential equations with impulses, Rocky Mountain J.
Math., 50(3), 2020, 779–791.

[47] F. Almusalhi, S. Kerbal, N. Al-Salti, Inverse problems of a fractional dif-
ferential equation with Bessel operator, Mathematical Modelling of Natural
Phenomena, 12(3), 2017, 105–113.

[48] M. Azouzi, L. Guedda, Existence result for nonlocal boundary value prob-
lem of fractional order at resonance with p-Laplacian operator, Azerbaijan
Journal of Mathematics, 13(1), 2023, 14–33.

[49] J.S. Duan, Z. Wang, S.Z. Fu, Fractional diffusion equation in half-space
with Robin boundary condition, Central European Journal of Physics, 11(6),
2013, 799–805.

[50] D.K. Durdiev, H.H. Turdiev, Inverse coefficient problem for a time-fractional
wave equation with initial-boundary and integral type overdetermination con-
ditions, Mathematical Methods in the Applied Sciences, 47(6), 2023, 5329–
5340.

[51] S.D. Eidelman, A.N. Kochubei, Cauchy problem for fractional diffusion equa-
tions, Journal of Differential Equations, 199, 2004, 211–255.

[52] K. Fujishiro, Y. Kian, Determination of time dependent factors of coefficients
in fractional diffusion equations, Math. Control Relat. Fields (MCRF), 6(2),
2015, 1–20.

[53] A. Hazanee, D. Lesnic, M.I. Ismailov, N.B. Kerimov, Inverse time-dependent
source problems for the heat equation with nonlocal boundary conditions, Ap-
plied Mathematics and Computation, 346, 2019, 800–815.

[54] R. Hilfer, Y. Luchko, Z. Tomovski, Operational method for the solution
of fractional differential equations with generalized Riemann–Liouville frac-
tional derivatives, Fractional Calculus and Applied Analysis, 12(3), 2009,
299–318.

[55] M. Ivanchov, V. Vlasov, Inverse problem for a two dimensional strongly
degenerate heat equation, Electron. Journal of Differential Equations, 77,
2018, 1–17.



282 T.K. Yuldashev, A.T. Ramazanova, Zh.Zh. Shermamatov

[56] K. Karuppiah, J.K. Kim, K. Balachandran, Parameter identification of an
integro-differential equation, Nonlinear Functional Analysis and Applica-
tions, 20(2), 2015, 169–185.

[57] Y. Kian, M. Yamamoto, Global uniqueness in an inverse problem for time
fractional diffusion equations, Journal of Differential Equations, 264(2),
2018, 1146–1170.

[58] D. Lesnic, Inverse problems with applications in science and engineering,
Leeds University, United Kingdom, 2022.

[59] F. Mainardi, Fractional relaxation-oscillation and fractional diffusion-wave
phenomena, Chaos, Solitons and Fractals, 7(9), 1996, 1461–1477.

[60] F. Mainardi, The fundamental solutions for the fractional diffusion-wave
equation, Applied Mathematics Letters, 9(6), 1996, 23–28.

[61] A.A. Matchanova, B.J. Kadirkulov, T.K. Yuldashev, Mixed problem for
a linear Barenblatt–Zheltov–Kochina equation with fractional Hilfer op-
erator, Lobachevskii Journal of Mathematics, 45(7), 2024, 3333–3350.
https://doi.org/10.1134/S1995080224604041

[62] R.Metzler, J. Klafter, Boundary value problems for fractional diffusion equa-
tions, Physics. A, 278, 2000, 107–125.

[63] N.K. Ochilova, T.K. Yuldashev, On a nonlocal boundary value problem
for a degenerate parabolichyperbolic equation with fractional derivative,
Lobachevskii Journal of Mathematics, 43(1), 2022, 229–236.

[64] K. Sakamoto, M. Yamamoto, Inverse source problem with a final overdeter-
mination for a fractional diffusion equation, Math. Control Relat. Fields, 1,
2011, 509–518.

[65] W.R. Schneider, W. Wyss, Fractional diffusion and wave equations, Journal
of Math. Physics, 30, 1989, 134–144.

[66] S. Umarov, E. Saydamatov, A fractional analog of the Duhamel principle,
Fractional Calculus and Applied Analysis, 9(1), 2006, 57–69.

[67] T.K. Yuldashev, B.J. Kadirkulov, Inverse problem for a par-
tial differential equation with Gerasimov–Caputo type operator
and degeneration, Fractal Fractions, 5(2), ID 58, 2021, 1–13.
https://doi.org/10.3390/fractalfract5020058



Optimal Control Problem for a Linear Pseudoparabolic Equation 283

[68] T.K. Yuldashev, B.J. Kadirkulov, R.A. Bandaliyev, On a mixed
problem for Hilfer type fractional differential equation with degener-
ation, Lobachevskii Journal of Mathematics, 43(1), 2022, 263–274.
https://doi.org/10.1134/S1995080222040229

[69] T.K. Yuldashev, B.J. Kadirkulov, Kh.R. Mamedov, On a mixed prob-
lem for Hilfer type differential equation of higher order, Bulletin
of the Karaganda University. Mathematics series, 2, 2022, 186–201.
https://doi.org/10.31489/2022M2/186-201

[70] Y. Zhang, X. Xu, Inverse source problem for a fractional diffusion equation,
Inverse Problems, 27(3), ID 035010, 2011.

Tursun K. Yuldashev
Tashkent State Transport University, Department of Higher Mathematics, Alley
Temiryulchilar, 1, Tashkent, Uzbekistan
Alfraganus University, Yukori Karakamysh street 2A, 100190 Tashkent, Uzbekistan
E-mail: tursun.k.yuldashev@gmail.com

Aysel Ramazanova
Universitat Duisburg-Essen, Street Thea-Leymann, 9, D-45127 Essen, Germany
E-mail: ramazanovaaysel897@gmail.com

Zholdoshbek Zh. Shermamatov
Osh State University, Lenin street, 332, Osh, Kyrgyzstan
E-mail: jshermamatov@oshsu.kg


