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Some Results About the Analytic Representation
of Functions of the Space S0

E. Iseni*, Sh. Rexhepi, H. Halimi

Abstract. In this paper we consider the convolution of functions which are the elements
of the space S0(R) and we generalize the results in Rn. We deal with the functions from
the spaces S0(R) and L1, their convolution is an element of S0(R). Also, we give analytic
representation for the functions of the space S0(R) and conclude that the convolution of
the sequence of functions from S0(R) with another function belongs to the same space.
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1. Introduction

In the introduction part we will use general notations found in [2,4,5,6]. By
S(R) we denote the space of all rapidly decreasing functions φ ∈ C∞(R) for which

ρ1k,n(φ) = sup
x∈R

∣∣∣xkφ(n)(x)
∣∣∣ <∞, ∀k, n ∈ N0.

The dual space of S(R) is the space of tempered distributions, denoted by S′(R).
L. Schwartz has considered the Fourier transform F of distributions in S′(R).

The space S′(R) has the important property that the Fourier transform of distri-
bution in S′(R) is also a distribution in S′(R).

If φ ∈ S, then the Fourier transform is

F (φ, z) =

∫
R
φ(t)eitzdt,

and it is an element of S.
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Also, for ψ ∈ S, the inverse Fourier transform is

F−1 (ψ, z) =
1

2π

∫ ∞

−∞
ψ(t)e−itzdt,

and it is an element of the space S.
For T ∈ S′, the Fourier transform and the inverse Fourier transform are

defined by ⟨F (T ), φ⟩ = ⟨Tt, F (φ, t)⟩ and
〈
F−1(T ), φ

〉
=

〈
TtF

−1 (φ, t)
〉
, φ ∈ S,

respectively [3,7,8].
The function φ ∈ L2(R) is called a progressive (regressive) function if and

only if supp
∧
φ ⊆ (0,∞] (supp

∧
φ ⊆ [−∞, 0)), where

∧
φ (z) = F (φ,−2πz).

Lemma 1. [6,7] Let φ ∈ L2(R) be a progressive function. Then the following
conditions are equivalent:

1. sup
x∈R

(1+ |x|2 )p/2 |φ(x)|+ sup
w≥0

(1+w)2p+1

wp |φ̂(w)| <∞, ∀p > 0;

2. sup
x∈R

(1+ |x|2 )p/2 |φ(x)|+ sup
w≥0

(1 + w2)p/2 |φ̂(w)| <∞, ∀p > 0.

Definition 1. i) Let φ ∈ L2(R) be a progressive function. Then φ ∈ S+(R)
if and only if condition 1) or condition 2) from Lemma 1 is true.

ii) φ ∈ S−(R) ⇔ φ(−x) ∈ S+(R).

iii) S0(R) = S+(R)⊗ S−(R).

The space S0(R) may be defined as the space of all functions of S(R) with all
their moments zero, i.e. φ ∈ S0(R) if and only if

∫
R x

mφ(x)dx = 0, ∀m ∈ N0, or

φ̂(n) (0) = 0, ∀n ∈ N0.
It is true that S0(R) ⊂ S(R) is dense and S′

0(R) ≃ S′(R)/P (R), where P (R)
is the space of polynomials, is the space of Lizorkin distributions.

For α ∈ Z+∪{0}, the functions xα+ =

{
xα, x > 0
0, x ≤ 0

and xα− =

{
(−x)α, x < 0
0, x ≥ 0

define Lizorkin distributions xα+ : φ→
∫∞
0 xαφ(x)dx and xα− : φ→

∫ 0
−∞(−x)αφ(x)dx,

φ(x) ∈ S(R), i.e.
〈
xα+, φ

〉
=

∫∞
0 xαφ(x)dxand

〈
xα−, φ

〉
=

∫ 0
−∞(−x)αφ(x)dx,

φ(x) ∈ S(R).

Theorem 1. [1, 7, 8] Let f ∈ S, n ∈ N, α ∈ R/{0}. Then

1) F (f (n), ω) = (−iω)nF (f(ω));

2) F (f(t− a), ω) = eawiF (f(ω));
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3) F (f(at), ω) = 1
|a|F (f(

ω
a )).

Theorem 2. [1] Let T ∈ S′. Then

1) F (T (n)) = (−it)nF (T );

2) F (T ) = S, S(n) = F ((iω)nT ).

Definition 2. Let f, g ∈ S0. We define (f ∗ g)(x) =
∫
Rn f(t)g(x− t)dt.

Lemma 2. [1, 4] Let f ∈ L1. Then F (f, w) =
∫
Rn f(t)e

i<t,w>dt exists, is con-
tinuous and is uniformly bounded on Rn.

Theorem 3. [1, 3](Parseval’s formula). Let f, g ∈ L2. Then∫
R F (f, t)g(t)dt =

∫
R f(w)F (g, w)dw,∫

R F
−1(f, t)g(t)dt =

∫
R f(w)F

−1(g, w)dw.

2. Main results

Theorem 4. Let f, g ∈ S0. Then f ∗ g ∈ S0.

Proof. While f ∈ S0,
∫
R x

mf(x)dx = 0 ∀m ∈ N0 and as g ∈ S0,
∫
R x

mg(x)dx =
0, ∀m ∈ N0. We have

∫
R(f ∗ g)(x)xm dx =

∫
R
∫
R f(t)g(x− t)dt xmdx.

By Fubini’s theorem we get

∫
R
(f ∗ g)(x)xm dx =

∫
R

∫
R
f(t)g(x− t)dt xmdx =

∫
R
f(t)dt

∫
R
xmg(x− t)dx.

While ∫
R
xmg(x− t)dx =

∫
R
(x+ t)mg(x)dx

=

∫
R
(

(
m
0

)
xm +

(
m
1

)
xm−1t+ ...

(
m
m

)
x0tm)g(x)dx.

We get
∫
R x

mg(x− t)dx = 0 + 0...+ 0 = 0. ◀

Theorem 5. Let f ∈ L1, g ∈ S0 and h = f ∗ g. Then h ∈ S0 and the Cauchy

representation
∧
h(z) = 1

2πi

∫
R

h(t)
t−z dt, z = x+ iy, Imz ̸= 0, is valid.



100 E. Iseni, Sh. Rexhepi, H. Halimi

Proof. For φ ∈ D

lim
y→0+

∫
R(

∧
h(x+ iy)−

∧
h(x− iy))φ(x)dx = lim

y→0+

∫
R

1
2πi(

∫
R(

h(t)
t−z − h(t)

t−−
z
)dt)φ(x)dx =

= lim
y→0+

∫
R

1
2πi(

∫
R
∫
R(

f(u)g(t−u)du
t−z − h(u)g(t−u)du

t−−
z

)dt)φ(x)dx.

Using Holder inequality and Fubini’s theorem we get

lim
y→0+

∫
R(

∧
h(x+ iy)−

∧
h(x− iy))φ(x)dx =

= lim
y→0+

1
2πi

∫
R(

φ(x)
t−z − φ(x)

t−−
z
)dx

∫
R f(u)du

∫
R g(t− u)dt

= lim
y→0+

y
π

∫
R

φ(x)

|t−z|2dx
∫
R f(u)du

∫
R g(t− u).

While y
π

∫
R

φ(x)dx

|t−z|2 =
∧
φ(t + iy), we have

∫
R f(u)du

∫
R g(t − u)

∧
φ(t + iy)dt →∫

R f(u)du
∫
R g(t− u)φ(t)dt as y → 0+.

Finally,

lim
y→0+

∫
R[

∧
h(x+ iy)−

∧
h(x− iy]φ(x)dx =

=
∫
R f(u)g(t− u)du

∫
R φ(t)dt =

∫
R(f ∗ g)(t)φ(t)dt =< f ∗ g, φ > .

◀

Theorem 6. Suppose that the sequence {fn} converges to f ∈ S0 and g ∈ S0.
Then the sequence {ln} = {fn ∗ g} converges to l = f ∗ g ∈ S0.

Proof. We have∣∣∣∣∫
R
xmln(x)dx−

∫
R
xml(x)dx

∣∣∣∣ = ∣∣∣∣∫
R
xm(fn ∗ g)(x)dx−

∫
R
xm(f ∗ g)(x)dx

∣∣∣∣
=

∣∣∣∣∫
R

∫
R
[fn(t)g(x− t)dt− f(t)g(x− t)dt]xmdx

∣∣∣∣
=

∣∣∣∣∫
R

∫
R
[fn(t)− f(t)]g(x− t)xmdtdx

∣∣∣∣ .
Using Fubini’s theorem, in the last integral we may change the order of integra-
tion. Then∣∣∣∣∫

R
xmln(x)dx−

∫
R
xml(x)dx

∣∣∣∣ ≤ ∫
R
|fn(t)− f(t)| dt

∫
R
g(x− t)xmdx =
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=

∫
R
|fn(t)− f(t)| dt · 0 = 0.

So, fn ∗ g converges to f ∗ g ∈ S0. ◀

Theorem 7. Suppose that f ∈ S0 and consider the sequence {gn}, gn ∈ S0.
Then the sequence {ln} , ln = f ∗ gn converges to l = f ∗ g in S0.

Proof. Let ln = f ∗ gn and l = f ∗ g. Then∣∣∣∫R xm ln(x)dx−
∫
R x

m l(x)dx
∣∣∣ = ∣∣∫

R
∫
R x

m [f(t)gn(x− t)dt− f(t)g(x− t)]dtdx
∣∣

≤
∫
R
∣∣∫

R x
m[f(t)gn(x− t)− f(t)g(x− t)]dt

∣∣ dx.
Applying Fubini’s theorem in the last integral, we have∣∣∣∣∫

R
xm ln(x)dx−

∫
R
xm l(x)dx

∣∣∣∣ ≤ ∫
R
|f(t)| dt

∫
R
xm |gn(x− t)− g(x− t)| dx =

=

∫
R
|f(t)| dt

∫
R
(x+ t)m |gn(x)− g(x)| dx ≤

∫
R
|f(t)| dt

∫
R
(x+ t)m |gn(x)| dx

+

∫
R
|f(t)| dt

∫
R
(x+ t)m |g(x)| dx =

∫
R
|f(t)| (0 + 0) = 0.

So, ln = f ∗ gn converges to l = f ∗ g in S0. ◀

Theorem 8. Let {fn} be a sequence of functions in S0 that converges to f in S0
as n→ ∞ and let

∧
f(z) =

1

2πi

∫
f(t)

t− z
dt, z = x+ iy, Imz ̸= 0.

Then
∧
f(z) is an analytic representation of f(t).

Proof. Let z = x + iy be a complex number such that Imz ̸= 0. For any
φ ∈ D and n ∈ N

∧∫
R

∧
[f(x+ iy)−

∧
f(x− iy)]φ(x)dx =

∫
R

1

2πi
(

∫
R
[

∧
f(t)

t− z
−

∧
f(t)

t− −
z
]dt)φ(x)dx.

On the other hand

1
2πi(t−z) = F−1(H(w)eiwz, t) , y > 0,

1

2πi(t−−
z )

= F−1(H(−w)eiwz, t) , y < 0.
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From the Parseval’s formula, we get∫
R

1
2πi(

∫
R[

f(t)
t−z − f(t)

t−−
z
]dt)φ(x)dx =

=
∫
R(
∫
R f(t)F

−1(H(w)eiwz, t)dt+
∫
R f(t)F

−1(H(−w)eiw
−
z , t)dt)φ(x)dx =

=
∫
R(
∫
RH(w)eiwzF−1(f, w)dw +

∫
RH(−w)eiw

−
zF−1(f, w)dw)φ(x)dx =

=
∫
R(
∫
RH(w)eiwxe−wyF−1(f, w)dw +

∫
RH(−w)eiwxewyF−1(f, w)dw)φ(x)dx =

=
∫
R(
∫
R e

iwxF−1(f, w)(H(w)e−wy +H(−w)ewy)dw)φ(x).

Using Fubini’s theorem, we have

∧∫
R

∧
[f(x+ iy)−

∧
f(x− iy)]φ(x)dx =

=
∫
R
∫
R φ(x)e

iwx dxF−1(f, w)(H(w)e−wy +H(−w)ewy)dw =
=

∫
R F (φ,w)F

−1(f, w)(H(w)e−wy +H(−w)ewy)dw.

By the Lebesgue dominated convergence theorem and Parseval’s formula
(while f ∈ S0 ⊂ S ⊂ L2) we obtain

lim
y→0+

∧∫
R

∧
[f(x+ iy)−

∧
f(x− iy)]φ(x)dx =

∫
R F (φ,w)F

−1(f, w)dw =

=
∫
R f(t)F

−1(F (φ, t))dt =
∫
R f(t)φ(t)dt.

◀

Note 1. Let < t,w > denote t1w1 + t2w2 + ...+ tnwn, w = (w1, w2, ..., wn).

Theorem 9. Let f, g ∈ S0. Then f ∗ g ∈ L1.

Proof. While S0 ⊂ S ⊂ L1, we have
∫
Rn |f(x)| dx = C1,

∫
Rn |g(x− t)| dx =

C2, ∫
Rn

|f(t)|
∫
Rn

g(x− t)dxdt = C1

∫
Rn

|f(t)| dt = C1C2.

So, ∃
∫
Rn

∫
Rn |f(t)g(x− t)| dx dt, which implies f ∗ g ∈ L1. ◀

Theorem 10. Let f, g ∈ S0. Then F (f ∗ g, w) = F (f, w)F (g, w).

Proof. Since f, g ∈ S0, we have f, g ∈ L1. Then

F (f ∗ g, w) =
∫
Rn

(f ∗ g)(t)ei<t,w>dt =

∫
Rn

∫
Rn

f(m)g(t−m)dmei<t,w>dt.
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Since |f(m)g(m− t)| is integrable in Rn , by Fubini’s theorem we have∫
Rn

∫
Rn f(m)g(t−m)dmei<t,w>dt =

∫
Rn f(m)

∫
Rn g(t−m)ei<t,w>dmdt =

=
∫
Rn f(m)

∫
Rn g(t)e

i<t+m,w>dmdt =
∫
Rn f(m)dm

∫
Rn g(t)e

i<t+m,w>dt =
=

∫
Rn f(m)ei<m,w>dm

∫
Rn g(t)e

i<t,w>dt.

Consequently, F (f ∗ g, w) = F (f, w)F (g, w).
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