Azerbaijan Journal of Mathematics

V. 15, No 2, 2025, July

ISSN  2218-6816
https://doi.org/10.59849/2218-6816.2025.2.178

Spectral Analysis for the Almost Periodic
Sturm—Liouville Operator with Impulse

S.J. Bahlulzade, R.F. Efendiev*

Abstract. This paper focuses on the impulsive Sturm—Liouville operator on the whole
axis with complex almost periodic potentials and the discontinuous coefficient on the
right-hand side. We study the most important characteristics of the fundamental so-
lutions of the Sturm—Liouville equation. Using the impulsive condition, we determine
the transfer matrix. Further, using the impulsive condition and transfer matrix, we
construct Green’s function and obtain the resolvent of the impulsive Sturm—Liouville
operator. Also, we investigate the eigenvalues of the impulsive Sturm-Liouville operator.
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1. Introduction
In this work, we consider the Sturm—Liouville equation on the whole axis:
—y" +q(2)y = p(2)y, € (~00,0)U(0,00) (1)

with the impulsive condition

vl el e

a3 Qg

where a1, ag, ag, ag are complex numbers such that det B # 0,
o
q(x) =Y que™” (3)
n=1
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and the condition

Sl < o0 (4)
n=1

is satisfied.
The set of exponents is a countable set of positive real numbers closed with
respect to the addition

M = {Al, Ao, A3, .. Ay, }, Ap, >0, neN. (5)
The density function p (x) has the form

z <0

o ={ 5 J5) sr0srt ©)

In mathematical physics and quantum mechanics, boundary—value problems
with discontinuities inside an interval are of great interest. Additional conditions,
such as impulsive conditions, are imposed at the points of discontinuity to ad-
dress these inner discontinuities. The theory of impulsive differential equations
was studied in detail in applied mathematics by Bainov and Simeonov in 1995
[1]. Many authors have also studied the spectral theory of impulsive differential
equations. Recently, the physical meaning and potential applications of spectral
singularities of impulsive differential equations have been introduced and stud-
ied by Mostafazadeh [2], who provided the physical meanings of eigenvalues and
spectral singularities of the Schrodinger equation at a single point.

In this work, we are concerned with the impulsive Sturm-Liouville operator
on the whole axis. We investigate the fundamental solutions to this problem,
analyze the spectrum, and solve the inverse problem.

A similar problem where discontinuity conditions (2) are absent, i.e., a3 =
ay =1, e = ag = 0, was completely solved for A,, = n in [3], and considered
for almost periodic coefficients in [4]. Also, some aspects of direct and inverse
problems for differential operators with real-valued functions ¢ (z) satisfying the

oo
condition [ (1+ |z|)|¢(z)]dz < oo, with p (x) = 1, were considered in [5].
—0o0
A similar impulse problem for differential operators with real-valued potential

o
function ¢ (z) with [ z|¢ (z)|dz < 0o on the half-axis was considered in [6].
0
Finally, we note that an operator generated by a finite sum in (3) p(z) =1
was studied by P. Sarnak [7].

Inverse problems of differential equations with various effects are the subject
of numerous works [8]-[29].
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Further, we will write n > m or n < m if o, > ay, Or oy <y, respectively.

The symbol >  will be used for summing over all n such that a,, > a,;,. We
nn>m
also will use n ® m =~ if oy, + , = . For any Ao the limit

. 0, \¢ M
“m F @A) (A= 20) = {fn (#), ho=apneN

exists and is uniform with respect to x.

In the sequel, the symbol Zlim means the limit in a non-tangent direction
as A approaches \g in a manner such that § < arg (A — \g) < m — dfor any fixed
0> 0.

2. Particular solutions to the equation Ly = \?y

In this section, we study the solutions of the main equation (1) that will be
needed later. We can prove the existence of these solutions if condition (4) is
fulfilled for the potential. This will be a unique restriction on the potential, and
later on, we will consider it to be fulfilled.

Theorem 1. The problem (1)-(2) with the potential q (x) of the form (3) and
p(x) defined by (6) has fundamental solutions of the form

[ (2, 0) = eFide <1+ZZA T ZA‘”) for <0,

n=1a=n

satisfying the asymptotic condition

lim  f5(z,A\) e =1 for +ImA >0,

Imx——o0

and

f2 (z, )\)—ei’ﬁ)‘x (1+ZZA iQﬂA ’Aax> for x>0,

n=1a=n

satisfying the asymptotic condition

lim (2,0 eTP =1 for +TIm\ > 0.

Im xz—+o00

Here the numbers V,,, are defined by the relations

Aa (Aa - An) Vna + Z VnﬁQ7 =0
Bey=n
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qo + Z Vn,@Q’y =0,
BOy=n

ZA 1ZA ) Vil
Ay

converges. We can easily see that at the points A = $A2—" (:Fﬁ), n € N there

and the series

can be simple poles of the function f (x, ).
Remark 1. If A\ # — ” and Im A < 0, then f7 (z,)\) € Ly (—00,0).

Remark 2. If A # —2—5 and Im X > 0, then fy (z,)\) € Ly (0,00) . Taking into
account that the potential q (x) can be extended to the upper semi—plane as an
analytic function, we find

W[fl—i_ (z,A), fi (337)\)] = -2\ for A;é&j:%)
W [ff (2,0), fa (2, N)] = =2\ for A #0, j:AB.

Therefore, the functions f; (z,A), fi (@, ) (f3 (x,A), fy (2, X)) are linearly in-
dependent solutions of the equation (1) for X # 0, :i:AQ—" +

w [fff (), f7 (mgﬁ)] 0,

@0 = 5517 (0753 ). )

If we compare these relations, we will see that

An .
25 Since

we obtain

St =v=*,

By simple calculations, we can obtain the following relation from (7) for the
derivatives of the considered functions:

4/ + o/ Ay,
72 @) = sir (w53 ).

Using linearly independent solutions of (1) in the intervals (—oo, 0) and (0, 00),
we can express the general solution of (1) as follows:

{y_( A) = Af1( A)+B-fy (z,7), x<0,
Yy (2, A) = A fy (2, M) + By fy (2,)), >0,
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where AL and By are constant coefficients depending on A.
Using impulsive condition (2), we easily get the following system of linear
equations:

AL £5(0,0) + Bofy (0,0) = a1 (A_fi7(0,0) + B_fy (0,0)) +
+ao (A—fl—H(O? )‘) + B—fl_,(ov A))

A+f2+’(0, )\) + B+f2"(0, )\) = a3 (A_ffr(O, )\) + B_ff(o, )\)) +
+ay (Afff-/((), A+ B*fl_,(ov A)) :

(8)

By solving (8) and after making simplifications, we get

[ (02 (ar f5 ' (0.))—asf5 (0, A))+f1+’(0 A)(azfy (00 —aafy (00))]A-

fON) f5(0,0)—f57(0, M fy (0.4) (9)
FLON) (a1 fy (0N —asfy (00)+£;(0, A)fcmg (0,0 —aafy (0,0))]B—

O 00— F (0.0 £5 (0,0) ’

Ay =

N

B. — [0 (ar £57(0.N) —as f5(0,0)+ 11 (0,0) (aa fs (0,0) —aa f57(0,0))] A
o » B OV g'(oﬁ)f? - (10)
[£f1 (0.0 (a1 f5 (0N —asfs (0.0)+f1"(0.0) (azfs (0,0 —aafs (0.)))]B-

15 (0, A) 5 (0,0)—f5(0,0) £57(0,0)

If we rewrite (9)—(10) in matrix form, then we get

EARE Ryt | e | et e

From the impulsive condition (2), we have a transfer matrix M satisfying

_l’_

A [A
_BJ =M _B—} ’
where _
My Mo 1
M = = N""BD 11
Moy Mo | (11)
with N
D— 1/(07)\) ' ( , )}
i oN o]
and
Ni1 Nia
N =
[Nm N22]
with
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Nia = <1+ZZA 2A>

n=1a=n
AuVio
Nﬂ_M(HZZA +2/\> <Zzin+2x>’
AoVia
v (10303 ) o (S g ),
n=1la=n

We can easily find that det N = —2i\, and det N~ = #ﬁk . Then we obtain

My (V) = = { =157 0.0 [an i (0.0) + azf7" (0.0)] +

i
+HOY s f (0.0) +auf7’ (0,0)] .

Mis ) = 55 {£37 08 [ (0.0 + aaf” 0] -
— £ (0.3) |asfi (0,0) + aufi (0, 0)] }.
My (3 = 55 { =73 00 [an i (0.0 + a0, +

+I O s fi" (0.0) +aufi’ (0,0)] }

My (\) = { £5 (0,0 [041 £ (0,0) + aafi (0, /\)}

25)\
= f3 O, [asfF (0,0 +aaft (0,0)] }.
Now let us consider two solutions to the problem (1)-(6):

@y = [ AR @N+BI @), —so<w <0,
T AL (@ N+ Bl fy (2,)),  0<az <o,

and

[ AZfF (@ N+ BZf] (2,)), —oco<ax<O0,
G(= )\)_{Ajrf;‘*'(x,)\)—i—B;f;_(x,)\), 0<x<oo.

From the asymptotic relations

lim  ff (2, \)eTPA =1 for +Im\>0,

Imx—o0
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lim (2,0 e =1 for +£ImA >0,

Imz——oc0

we find
AT =1, Bf=0,A"=0, B-=1.

Next, using the equation (11), we obtain the following matrix equations:
1] [My M) [AT
0  [Man My [BY)’

i) e el [5]
BT My Ma| |BZ|

By solving these matrix equations, we obtain

Maa () Mo (N) _
AT = BT =— AT =M BT = M )
— detM T det M 5T 12(N), By 22 (A)

Then for the solutions F'(x,\) and G (z, ) we have the following relations:

P = | B @) - T @), —e<z <o,
f;r(x’/\) , 0< o< o0,
and
G(z,\) = i (@), —oo < x <0,
| Miz (A) fy (@A) + M2 () fy (2,2),  0<z<co.

Lemma 1. The Wronskian of the solutions F (x,\) and G (z,\) is determined
as follows:

Mss ()

dot M on —oo<z<0,

WIF (z,)),G (z,)\)] =

W F (z,\),G (z,\)] = =2iA\Ma () on 0<z < oo.

3. Spectrum of the operator L

To study the spectrum of equations (1)-(4), we have to construct its resolvent.
Let us consider the nonhomogeneous differential equation

—y" +q@)y=Np(x)y— f(z), € (-00,0)U(0,00) (12)

together with the conditions (2)—(6).
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We can represent the general solution of a homogeneous differential equation
corresponding to equation (12) in the form

U (2. \) = Cifi (x,A) + Diff (x, ) for —oco <z <0,
@A = 0 Cofy (0,0 + Dofy (2,0)  for 0<a< oo,

where C1, Dy, Cy and Dy are arbitrary constants.

By applying the standard method of variation of parameters, we will search
the general solution of the non-homogeneous linear differential equation ((12) in
the form

U (z,\) = Cy (z,A) fi7 (2, ) + Dy (2, \) fi (z,A) for —oo <z <0,
VT O () £y (2, A) + Do (2, N) fy (2, A) for 0< < o0,
(13)
where the functions C; (z, ), D1 (z,\) and Cs (z, \), D2 (z, \) satisfy the linear

system of equations

{ Ot (@, N) f (2, 0) + D (2, 0) fi (2,0) =0 19
Ci (@) £ (@A) + Dy (2, 0) fi7 (@,) = f ()

and

{ Cy (2, A) f5 (2, 0) + Dj (2, A) fy (z,4) =0 (15)

Cy (2, ) f37 (2, ) + Dy (2, A) £ (2, 0) = f (@),
respectively. Since the Wronskians of the solutions are
w1 ()‘) = [fl+ ($7 )‘) 7f1_ (‘T’ )‘)] = =2,
and
w2 (A) = [f2+ ($7>‘) 7f£ (IE’A)] = _2i6)"

each of the linear systems of equations (14) and (15) has a unique solution. These
solutions can be expressed as

1

Ci' (z,\) = —mff (z,A) f(x), (16)
DY/ (2, ) = wllmff (.0 f () (17)
for x € (—00,0) and
/ _ 1 —
Cs' (@.3) = = sy @0 ] (@), (18)
Dy (2,0) = ——— i (5, )) f () (19)

wa (N) 72
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for x € (0,00), respectively. From equations (16)—(19), we obtain the following

relations:
Cy(z,\) = /f1 (t, \) f (t)dt + Cq, x € (—00,0),
Dy (z,\) _/f1 (t,\) f (t)dt+ Dy, x € (—00,0),
Cy(z,\) = /f2 (t, \)f (t)dt + Cy, x € (0,00),
Dy (x,\) = —/f2 (t,\)f (t)dt + Do, z € (0,00),

where C1, Dy, C5 and D5 are arbltrary constants. Substituting the above equa-
tions in (13), the general solution of a non-homogeneous linear differential equa-
tion (12) is obtained as

U (2,3 = ~EE [ A (6N (@ de+ O (,0) -

oy O (20)
—%Iﬁ (t,\)f (t)dt + D1 fy (z,A)
for —oo < x < 0 and
U+(:c,>\)— G ZfQ £ dt + Cofyf (2, 2) -
21

t,\)f(t)dt + Dafy (z,N)

for 0 < =z < o0.

Since U_ (z,\) € La (—00,0) and Uy (x,\) € Ly (0,00), we have C1 = 0 and
Dy = 0.

Now by using the impulsive condition (2), let’s find Cy and Ds:

— ,A o0
I N 0 d+ O (0.3) =

N 0
— [f;uf?;? [ f7 (4 £ (@) dt+ D f (0.0)| +

as [— (0 ’ f T (&N f (&) dt+ Dyf{'(0,0)
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Jﬂ%WﬁﬁAﬁ®ﬁ+@HmAp

+(0 0
= a3 —fl f FT @A) f () dt+ Dify (0,A)] +

0N O ,,
+au | =T5ar S T @A) F O de+ D (0,0)

By solving the system of equations above, we obtain the following result:

0 00
Moy (N 7 (020 £ (0t = o [ £ (0,2) £ ()
Mass (X) ’

D =

M) [ (N e = g [ I 60 70

C pu—
2 Mo (M)

Finally, by substituting the coefficients C; and D; (i = 1,2) in (20) and (21), we
obtain the following formula for the resolvent U (z, A):

f+x7/\)fx N f( )dt—fl (z,\) f fl (t, \) f(t)dt+
M21 f1 (2, N) [0 TN f(t )dt—
fl(a:Awa fF N f(t)dt, @ € (—00,0),

U(z,\) = MQ’; N
—fQQS) fo f2 (L, A) f(t )dt—f2 Y f FH N f(t)dt
%Z(A A Joo f N f(E )dt—

A
-5 Z@f‘ LN, @€ (0,50).
Furthermore, by using the representations

B f+ (x,\) for x € (—o0,0),
(@) = { f;+ (z,\)  forz € (0,00),

_ | fi (&, X)) forxe (—00,0),
! (LE’A)_{ f;_ (x,\)  for x € (0,00),
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this formula can be rewritten in the form

Uz, \) = z%wm f F- (t) dt — sy ff+ (t, \)f () dt+

BT (x,A)if FENF@d xe(-00,0),

+ [e.e]
Miz(A
(22)
Thus, the resolvent of the boundary value impulsive problem is obtained.
Let us denote
Wf ( A TN, t<az, x#0,t#£0,

G(x,t,)\):{ A) (N, x<t, xz#0,t#0.

QBAM22(>\)

Then (22) can be rewritten in the following form:

U(z,\) = fot)\)f(t)dH—

%j;@)ff (,A) f frENfdt,  xe(-00,0),
+
%3383 ffz A f@)dt,  x€(0,00).

Theorem 2. The eigenvalues of the problem (1)—(6) are the zeros of the function
My (N).

Proof. Let us show that the eigenvalues of the impulsive operator L are the
zeros of Mag (). Suppose My (A) = 0. In this case, W [F (2, A\o) , G (2, A\o)] = 0,
which means, F' (z, \g) and G (z, \g) are linearly dependent. Consequently, when
k # 0, we have

F (z,)\) = kG (x, ) . (23)

If we take into account that the solutions F' (z, A) correspond to the solutions
of equation (1), and solutions G (z, \) correspond to those of (1)—(6), from (23)
it follows that the solution F (x, \g) corresponds to the solutions of the problem
(1)—(6). It means that F'(x,\) is an eigenfunction.

Let’s now consider the case where \g represents an eigenvalue and 7 (z, Ag) is
a corresponding eigenfunction, provided that Mag (Ag) # 0.

Under these conditions, the functions F (z, \o) and G (x, \g) are assumed to
be linearly independent and



Spectral Analysis for the Almost Periodic Sturm-Liouville operator 189

n (2, o) = { o [gecr i (00 — Rt /T (@] + e fi (2,0), —00 <3 <0,
’ C?)fQJr (CL’,)\) +c4 [M12f2+ ('Ia )‘) + M22f5 (IE,)\)] ) 0<x < o0,
where one of the constants ci, co, c3 and ¢4 is different from zero.
Taking into account that n (z, \g) satisfies the impulse condition

and an asymptotic condition

lim 7 (z, o) e 0% =1,

Imx—o0

we can find that ¢; = ¢4 = 0. Then, we have

_ CQflJr (:I:’)\O)a —00 <'1"<0a
n(x’)\o)_{c;:,f;(a;,)\o), 0<z< 0.

Now to find the constants ¢y and c3, we use again the impulse condition in
the following form:
; a3 oy ff

csfy — e (anfi +aaf”) =0,
csfy’ — e (asfi +aaf”) = 0.
Since the main determinant Mas (A) # 0, the system has only trivial solutions

co = c3 = 0. So all constants cj, co, c3 and ¢4 are equal to zero. This contradicts
the fact that n (z, \g) is an eigenfunction. <«

or

Theorem 3. The spectrum of the operator consists of a continuous spectrum

filling the positive half-azxis [0,00) on which there may exist spectral singularities
‘ 2

at the points (/\2—") .

Proof. We denote the spectrum, point spectrum, residual spectrum, and
continuous spectrum of L as o (L), 0, (L), 0, (L) and o, (L), respectively.

In the case where ImA = 0 and X\ # %, n € N, the fundamental set of
solutions for equation (1) consists of the functions f, (z, ) and f; (x, ).

. 0o 00 '
n(z,\) = KlelﬁRe/\x (1 + Z Z An‘izgﬁ)\elAax> +
n=1a=n
. 0o o '
+K26715Re/\fl3 (1 + Z Z Anvnglw\elAaa:)

n=1a=n
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So, n(x,\) ¢ La[0,00), since the principal parts of the solutions are almost
periodic, which indicates that the operator does not have any purely real eigen-
values.

To demonstrate that the residual spectrum of the operator L is empty, we
will investigate the function g (x, \) € Lo [0, 00) which is a solution to the adjoint
equation L* () = 0. Then it satisfies

—g" (2, 2) +q(2) g (x, ) = Mg (2, \). (24)

Given that the equation (24) aligns with the form of equation (1), it follows that
either o, (L*) =0 or o, (L) = 0.

This indicates that the spectrum of the operator o (L) = 0. (L), and L™! is
defined within a dense subset of Ly [0, 00) for A € C.

Using a conventional approach, we can demonstrate that the kernel G (z,t, \)
of the operator L~! is bounded for A ¢ {Im X\ = 0}.

Conversely, the values A = A—Q", n € N, can only represent simple poles for
L1

Since the operator L doesn’t have any eigenvalues, it follows that there are no
singularities at these specific points. Hence, the set where Im A = 0 encompasses
a continuous spectrum of the operator L.

We conclude that the continuous spectrum spans the half-axis, and Maa (A) #
0 when Im A = 0.

Thus, as * — oo for G (x, \), we arrive at the following asymptotic expres-
sions:

G (z,\) = M2 (N\) f;r (x, A) + Moz (N) fy (z,)), z— oo.

In this equation, by isolating Mz (A) on both sides, we arrive at the following

problem:
Mis ()
Ut (z,)) =

The function U™ (x, \) is designated as an eigenfunction related to the problem
at hand. «

fo (@A) + fy (z,A), ImA = 0.
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