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An Introduction to Newly Defined Quaternions:
Split-like Quaternions
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Abstract. In this paper, we define split-like quaternions such that
p = po + pii + p2j + psk, where i* = j* = —1, k* = 1 and po,p1,p2,p3 € R. It
is the purpose of this paper to describe a new non-commutative and non-associative
quaternion algebra which is isomorphic to the four-dimensional Lorentz space R}. In
addition, we define the inner product, characteristic of split-like quaternions, cross prod-
uct and we discuss their properties. Furthermore, we give the matrix representations of
split-like quaternions. Also, Cauchy-Schwarz inequality and triangle inequality provided
by the inner product are demonstrated. Finally, we present the polar forms of split-like
quaternions by giving the angle between two split-like quaternions and give De Moivre’s
formulas for split-like quaternions.
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1. Introduction

The pseudo-Euclidean space of index v, denoted by R, is the inner product
space R™ equipped with the inner product given by

<X7 Y> =x1Y1+ ...+ Tp—vYn—v — Tn—v+1Yn—v+1 — -- - — Tnln,

where x = (21,...,2,), Yy = (Y1,--.,9yn) € R, [I]. For v = 1, the space R} is
called a Lorentz-Minkowski space. In the literature, there is another definition of
the pseudo-Euclidean space equipped with the inner product [2]

X'y=-—21Y1— ... — TpYp + To41Yp+1 + ... + TpYn-
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To distinguish them, we use the metric representations (4, ..., —) for the inner
product (x,y) and (—,...,+) for the inner product x - y.

William R. Hamilton discovered the real quaternions in 1843, which can be
represented as follows [3]:

H = {p = po + p17 + p2j + p3k : po,p1,p2,p3 € R},
where
==k =ijk=—-1 and ij=—ji=k,jk=—kj=1ki=—ik=]j.

The set of real quaternions is a non-commutative and associative division algebra
which has no zero divisor and is isomorphic to R*.

In 1849, James Cockle introduced the set of split quaternions, which can be
represented as follows [4]:

Hgs = {p = po + p1i + p2j + psk : po,p1,p2,p3 € R},

where

i?=-1,72=k’=ijk=1 and ij=—ji=k,jk=—kj=—i ki=—ik=]j.
The set of split quaternions is a four-dimensional non-commutative associative
algebra and has zero divisors, nilpotent and idempotent elements.

For all p = pg + p17 + p2j + psk € Hg, the conjugate of the split quaternion p
is defined as p = pg — p1t — p2j — p3k and the characteristic function of the split
quaternion is defined as Z, = pp = p(z) +p? —p3— p%. Moreover, p € Hg is called
timelike, spacelike or lightlike, where Z,, > 0 , Z,, < 0 and Z,, = 0, respectively.
Following [5] 6] [7], [§], we can see that the set of split quaternions is isomorphic to

R% with metric (—, —, +,+) and the set of pure split quaternions is isomorphic
to R} with metric (—, +, +).
The inner product space R3 with metric (—, —, +, +) has some disadvantages.

One such disadvantage, or limitation, is that the angle formed by the split quater-
nion with the negative real axis can be determined, while the angle formed with
the positive real axis remains indeterminate and conflicts with the characteriza-
tion in the Lorentz space.

When we consider the inner product space R% with metric (4, +, —, —), the
mentioned disadvantages are avoided, but this time the set of pure split quater-
nions becomes isomorphic to the inner product space R% with metric (+, —, —).

However, since it is very difficult to work in these spaces R3 and R3, the spaces
that are isomorphic to them are also challenging to work with.
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There is a need to define a new space that i) gives opportunity to determine
the angle formed with the positive real axis, mentioned above as a limitation in
the literature, ii) is compatible with the Lorentz space, and iii) is isomorphic to
R} with metric (+,+,+, —) and R} with metric (+,+, —), on which there exist
many studies until today. The elements of this space are described in the second
section and are called split-like quaternions. Moreover, we will define the sum and
the product of two split-like quaternions, the conjugate of split-like quaternion.
We consider some properties about them and matrix representations of split-like
quaternions.

There are some number systems in the literature that at first glance seem
similar to the split-like quaternions. For example, Segre quaternions defined by
the set [9]

{a=w+ait+ei+ek: @©aeeeR?=F=-1;=1,
ij =k =ji, jk=1i=kj, ki =—j =ik},

bicomplex numbers defined by the set [10]
{a=w+aqj : qq€C, i*=j"=-1andij = ji}
and hypercomplex numbers defined by the set [11]

{g=qo+aqi+qj+ak: q@,q,q0,0 R, i*=5=-1,k =1,
ij =k = ji,jk = —i = kj, ki = —j = ik}.

Since the sets of these numbers are communicative and associative, these systems
are different from the set of split-like quaternions.

2. Split-like Quaternions

The set of split-like quaternions is defined as

41 . .
Hg; = {p = po + p1i + p2j + p3k : po,p1,p2,p3 € R},

where i? = j2 = -1, K2 =ijk=1,ij = —ji =k, jk = —kj = —i, ki = —ik = —j.
From this point onward, we will use the notation Hgy, instead of Héi for clarity.
Alternatively, split-like quaternions can be written as p = .S, +V},, where .S, = pg
and V), = p1i+p2j +p3k. S is called scalar part of p and V), is called vector part
of p that is also denoted by p. Additionally, p = ¢ if and only if pg = qo, P1 = ¢1,

P2 = q2, p3 =qz or S, = S, and p = q.
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Definition 1. Let p, g € Hgr,. The sum of two split-like quaternions is
defined by

p+q:=po+qo+ (p1+aq)i+ (p2+a)j+ (ps+a)k
= (Sp+ S¢) + (P +a) = Sptq + Vptq-
It can be shown that (Hgr,+) is an Abelian group with unit element

Opg, = 0+ 0i+ 05 + Ok € Hgr. The multiplication by a real scalar \
of a split-like quaternion p is defined by Ap = Apo + Ap1i + Ap2j + Apsk.

Corollary 1. Hgy, is a four-dimensional real vector space. It can be written as
Hgr = Spang{1,i,7, k} and the system {1,1,7,k} is the basis of Hgp .
Definition 2. Let p, g € Hg;. The product of two split-like quaternions
1s defined by

P X ¢ = pogo — P1q1 — P2q2 + p3g3 + (Poq1 + P1go — P2q3 + P3G2)i
+ (Pog2 + p1g3 + p2qo — P3q1)J + (Pog3 + P1g2 — P2q1 + P3qo)k
= Squ - <p, q>R§ + Spq + qu & /\Ri‘ q,

where (P, Q)rs = p1q1 + P2q2 — P3qs and

i j -k
PArsQ=|P1 P2 P3| = (p2g3 — p3q2)t + (p3q1 — P1g3)J + (P2q1 — P1G2)k-
q1 q2 qs

Proposition 1. The product operation for split-like quaternions has the following
properties:

1. pxq#qxp,

2. There exists a unique 1y, =14 0i + 07 + 0k € Hgy, such that
p X 1HSL = 1H5L Xp=p,

3. px(g+r)=@xq+(@xr)and (p+q)xr=(pxr)+(gxr),
4. px(gxr)#(pxq) xr,
5. The product of three split-like quaternions can be written as
(px q) x 7= 5p5¢Sr = Sp(q, T)gs — S¢(P: T)rs — Sr(P, Qpz + (P Ags Q4 T)gs
+ (Squr + 5rSpa + SrSgp — (P, A)psT — Sq(P Ags 1)

—Sp(a Az r) = Sr(P Arz @) + (P Ags Q) Ags r) :
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Corollary 2. The set of split-like quaternions Hgr = Sp{l,i,7,k} is a non-
assoctative unital algebra with split-like quaternion product. In addition,
(Hsg, 4+, x) is not a ring.

Note 1. The product p X q can be denoted by pq for the sake of brevity.
Theorem 2. The set of split-like quaternions Hgy, has

1. zero divisors,

2. mnilpotent elements,

3. idempotent elements.

Proof.
1. Let 0 # p = po+p1i+p2j+psk,q = qo+ @i+ g2j +gsk € Hgy, and pg = 0.
According to the equality of two split-like quaternions, the system of equations

Pogo — P1q1 — p2q2 + p3q3 =0
Poq1 + P1go — p2q3 + p3g2 =0
Poq2 + p1g3 + p2qo — p3q1 =0
Pog3 + p1g2 — p2q1 + p3go =0

(1)

is obtained. If pg + pg = p? +p3or p% +p?+pl = pg are provided, the system
of equations has a non-zero solution. Consequently, there exists non-zero
split-like quaternion ¢ when pg = 0.

2. Let p be non-zero and p? = 0. Then it can be written

p* = py — pi — P35 + P + 2pop1i + 2pop2j + 2popsk = 0.

Thus, there exists a nilpotent element p in the set of split-like quaternions Hgy,
such that pg = 0 and p2 = p3 + p?.
3. Let p? = p. Then it can be written

p® = p§ — pt — P35+ p3 + 2pop1i + 2popaj + 2popsk = po + p1i + paj + psk = p.

Thus, there exists an idempotent element p in the set of split-like quaternions
Hgy, such that pg = % and pg —p3—p?= i- <

Example 1. The split-like quaternions ¢ =i+ k andp=1+1+ j+ k are zero-
divisors since pq = 0. The split-like quaternion r = j + k is a nilpotent element
since 2 = 0. The split-like quaternion s = % + %Z + %j + @k is an tdempotent

element since s* = s.
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Definition 3. Let p = pg + p1i + p2j + psk € Hgy. Then the conjugate of p is
defined by p := Sp —p = po — p1i — p2j — p3k.

Theorem 3. Let p = py+ p = po + p1i + p2j + psk,

g=qo+d=qo+ q1t + q2j + g3k € Hgr and A € R. Then conjugate of split-like
quaternions has the following properties:

1. p=p, 5. pq = qp.
2. A\p = Ap,
o 6. pp = py + pi + P3 — p3-
3. p+q=p+gq
4. P4=7 P, 7. (qp)P # q(pP)

Proof. Below, we provide the proof of statement (5). The other statements
of the theorem can be proved in a similar way.

5. Let p = po + p1t + p2j + psk,q = qo + q1i + q2j + g3k € Hgr. Then,
P4 = —p1q1 — P2q2 + p3q3 + (P32 — p243)i + (193 — p3q1)J + (P1g2 — P21k

and

ap = —p1q1 — P2q2 +p3q3 — (@3p2 — @2p3)i — (q1p3 — q3p1)J — (q1p2 — g2p1) k.
Thus, the equality is proved. <«

Example 2. Letp=1+i+j+k and g =i—j+ k be split-like quaternions. We
get (qp)p = —2i — 25 — 2k and q(pp) = 2i — 2j + 2k. As a result, (qp)p # q(pD).

2.1. Matrix Representations of Split-like Quaternions
Theorem 4. Let p = pg + p1t + p2j + psk € Hgr. Then

Rp : HSL — HSL Lp : HSL — HSL

and
q— Ry(q) = qp q— Lyp(q) = pgq

are linear transformations.

Corollary 3. The set of right real matriz representations of split-like quaternions
1s defined by

Po —pP1 —DP2 P3

b1 pPo —P3 P2 . .
SI(R) :=<¢ R, = s p=mpo+pri+ +psk € H
1(R) P P 3 [ P =DpoTpPit+p2) T P3 SL

p3s P2 —P1 Do
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Similarly, the set of left real matriz representations of split-like quaternions is
defined by

Po —P1 —P2 P3

ShRY:={ L = |Pr Po P3 TP20 i i 4 pak € H
4(R) P pe —p3 Do n P =Dpo T Ppi1t+p2j T P3 SL
p3 —p2 P1 Po

Theorem 5. Let p,q € Hgr, and A € R. Then the following properties are
satisfied:

1. R+ Ry = Rpyy (Lp + Ly = Lp+q),
R, R, =+ R, and RyR, #* Ry (Lqu * Lyq and LyL, #* qu),
)‘Rp = R)\p ()‘Lp = L/\p);

Ri=1, (L1=1,),

AR S R S

ap=Ryq (pg=Lpq)
Corollary 4. Let p € Hgy. Then det R, = det L,,.

2.2. Inner Products

Theorem 6. Let p = po + p1i + p2j + p3k, ¢ = qo + qui + q2j + g3k € Hgsr.
The function h defined by h(p,q) = 3[pq + qb] = podo + P1¢1 + P2g2 — P3q3 is a
real-valued indefinite inner product. Furthermore, h(p,q) = Spg.

Note 7. The inner product h can be written as h(p,q) = (p,q>R41; and
h(p,q) = (p,q)rs — p3qs, where p and q are split-like quaternions and
p= (po,p1,p2); 4= (q0,q1,q2) € R®.

Each bilinear transformation corresponds to a matrix. Hence, the following
theorem can be given:

Theorem 8. The matriz corresponding to the bilinear transformation
h: Hgr x Hg;, — R is

100 0
010 0
Mdar=10 01 o
000 —1

Therefore, h(p,q) = p’ Ids1 q such that p, ¢ € Hgr,.
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Remark 1. The matriz I1ds 1 shows that the bilinear transformation h is sym-
metric and non-degenerate.

Definition 4. Let p = po+p1i+p2j+psk € Hgr. The characteristic function
of p is defined by I, := pp = p% —|—p% —|—p§ —pg.

Definition 5. Let p € Hgy. Then p is called a spacelike split-like quaternion
if I, > 0 orp = 0, a timelike split-like quaternion if I, < 0 and a lightlike
split-like quaternion if I, = 0.

Example 3. Letp=1—14,qg=1+k, r = j+ 2k be split-like quaternions. Then,
p is spacelike since I, = 2 > 0, q is lightlike since I, = 0 and r is timelike since
I, =-3<0.

Definition 6. For an all non-zero and non-lightlike split-like quaternion p, in-
dicator of p is defined by €, = 1, where I, > 0, and €, = —1, where I, < 0.

Definition 7. Let p = pg + p1i + paj + psk € Hgr be a non-spacelike split-
like quaternion. If ps > 0 (ps < 0), p is called a future-directed or positive
(past-directed or megative) split-like quaternion. In other words, p is called
future-directed (positive) if h(p, k) < 0 and past-directed (negative) if h(p, k) > 0.

Note 9. Let 0 # A € R and p € Hgr. Then Iy, = (Ap)(Ap) = Npp = N2I,
is satisfied. Therefore, p and Ap have the same characteristic. If p is positive
(negative) and A € R is positive, then Ap is also a positive (negative) split-like
quaternion.

Theorem 10. Let p, q € Hgr be two positive (negative) non-zero and non-
spacelike split-like quaternions. Then,

h(p,q) = (P, @)rs <0

with equality if and only if p and q are linearly dependent lightlike split-like quater-
Nnions.

Proof. Let p =p + psk, ¢ = q+ qsk € Hgr.
1. If p, ¢ are positive, then p3 > ||p|lgs, ¢3 > ||Gl|gs-
2. If p, q are negative, then —ps > ||D||gs, —¢3 > ||q||gs-

By using Cauchy-Schwarz inequality in Fuclidean space, we get

P3a3 = [|Pllgs lqllgs = (P, @)wes-
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Then, 0 > (B, §)rs — p3¢3 = h(p,q) = (P, @)rs-

If p, ¢ € Hgy are linearly dependent lightlike split-like quaternions, then we
can write ¢ = Ap and obtain h(p, q) = (p, )\p)R% =AM, =0for AeR.

Let p, ¢ € Hgy be two positive (negative) lightlike split-like quaternions.
If h(p,q) = 0, then, in view of the fact that ||p|lgs = p3 (|[p|lgs = —p3) and
4llgs = a3 (lqllgs = —g3), we obtain

h(p,q) = (P, @)rs — p3as = 0 = (D, Ors = p3a3 = [|Pllgs [|qllps -
In accordance with Euclidean Cauchy-Schwarz property, p and ¢ are linearly
dependent, i.e., p = Ag for A € R. Then, ||p||gs = £p3 = A [|G||lgs = £Ag3 and we
obtain p = \q. «
Theorem 11. Let p = pg + p1t + p2j + p3k be a split-like quaternion.
1. If p is spacelike, then p can be spacelike or timelike or lightlike.
2. If p is timelike, then p can only be timelike.

3. If p is lightlike, then p can be timelike, where pg # 0, or lightlike, where
Po = 0.

Proof.
2. Let p be timelike, so it can be written
I, =pp=(po+p)(po—p) =15 — P =p5 + Ip < 0.
Then, we get I < —pg. Thus, p can only be timelike.

The other statements of the theorem can be proved similarly. «

2.3. The Characteristic of p + ¢

We will discuss the characteristic of p + ¢ with respect to h(p,q) and the
characteristics of ¢ and p, where ¢ and p are two split-like quaternions. Let
p, q € Hgr. The characteristic of p + ¢ can be written as

Ipyq = Ip + Ig + 2h(p, q).

We have to restrict characteristics of p and ¢ or h(p,q) to interpret the charac-
teristic of p + ¢. We will examine it in two parts.
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Theorem 12. Let p, ¢ € Hgy. The characteristic of p + ¢ can be examined as
follows:

1. Assume that p and q have the same characteristics.

1. Let p and q be spacelike.

(a) p+ q is spacelike if and only if h(p,q) > 0 or h(p,q) < 0 and
h(p.@)| < 3(Ip + 1)

(b) p+q is timelike if and only if h(p,q) < 0 and |h(p,q)

(¢) p+q is lightlike if and only if h(p,q) < 0 and |h(p, q)

1. Let p and q be timelike.

| > 5(Ip+1).
| = %(IzﬂLIq)'
(a) p+ q is spacelike if and only if h(p,q) > 3|1, + Iy > 0.
(b) p+q is timelike if and only if h(p,q) < 3|1, + I,|.
(¢) p+ q is lightlike if and only if h(p,q) = %|Ip + 1, > 0.
1t. Let p and q be lightlike.
(a) p+ q is spacelike if and only if h(p,q) > 0.
(b) p+ q is timelike if and only if h(p,q) < 0.
(c) p+ q is lightlike if and only if h(p,q) = 0.

2. Assume that p and q have different characteristics.

1. Let p be spacelike and q be timelike.
(a) p+ q is spacelike if and only if
* h(p,q) <0 and [h(p,q)| < 3|Ip + 1]
* h(p,q) > 3|1, + I;| >0, where I, < |I,|
* h(p,q) > 0, where I, = ||
* h(p,q) =0, where I, > |1,|
(b) p+ q is timelike if and only if
* h(p,q) < 3|1, + I, where I,, < |I]
* h(p,q) <0, where I, > |1,|
* h(p,q) =0, where I, < |1]
(c) p+ q is lightlike if and only if
* h(p,q) <0 and |h(p,q)| = 5|1, + I|, where I, > |1,
* h(p,q) = 3|I, + I, > 0, where I, < |I,]
* h(p,q) =0, where I, = ||
1. Let p be spacelike and q be lightlike.
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(a) p+ q is spacelike if and only if h(p,q) > 0 or, h(p,q) <0 and
h(p,q)] < §1p-
(b) p+ q is timelike if and only if h(p,q) < 0 and |h(p,q)| >
(¢) p—+ q is lightlike if and only if h(p,q) <0 and |h(p,q)|
11. Let p be timelike and q be lightlike.

(a) p+ q is spacelike if and only if h(p,q) > 5|I,| > 0.

(b) p+ q is timelike if and only if h(p,q) < 3|L,|.

(¢) p+ q is lightlike if and only if h(p,q) = 3|I,| > 0.

N[ = B[

I,.
I,

Corollary 5. If p and q have the same characteristics and both of them are
positive (negative), then the following statements are satisfied:

1. Let p and q be spacelike. Then the statements in Theorem @/]-i are valid.

2. Let p and q be timelike. p + q is timelike if and only if h(p,q) < 0. Also,
P+ q can not be spacelike and lightlike.

Corollary 6. If p and q have different characteristics and both of them are
positive (negative), then the following statements are satisfied:

1. Let p be spacelike and q be timelike. Then the statements in Theorem @/Q—i
are valid.

2. Let p be spacelike and q be lightlike. Then the statements in Theorem @/Q—ii
are valid.

3. Let p be timelike and q be lightlike. p+q is timelike if and only if h(p,q) < 0.
Also, p+ q can not be spacelike and lightlike.

Example 4. Let p =141 —2k and g = —1 — i+ j + 4k be the given two timelike
split-like quaternions. Then, p + q = j + 2k is timelike, since I, = —3 < 0.
Moreover, it can be seen that 0 < h(p,q) < i|I, + I| = L2, since I, = -2,
I, =13 and h(p,q) =6. Letr =1+i+j+k and s =i+ j—/2k. Herer is
spacelike and s is lightlike. Then, r+s = 14 2i+2j + (1 —\/2)k is also spacelike
and h(p,q) =2+ 2 > 0.

Remark 2. We can not interpret the characteristic of pq because of the fact that
multiplication of two split-like quaternions is not associative:

Ipq = (pq)(pq) = (pq)(@Pp) # p(qq)p-

Hereby, a connection could not be established between the characteristics of p and
q and the characteristic of pq.
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Theorem 13. Let p, q € Hgy, be positive (negative) non-zero and non-spacelike
split-like quaternions. Then,

1. p+q is a positive (negative) non-zero and non-spacelike split-like quaternion,

2. p+ q is a lightlike split-like quaternion if and only if p and q are linearly
dependent lightlike split-like quaternions.

Proof. In accordance with Theorem [I0] for p = po + p1i + p2j + psk and
q = qo + qit + g2 + g3k non-spacelike split-like quaternions, we have
h(p7p) = Ip < 0 and h(q, q) = Iq < 0.

1. If p,q are positive (negative), i.e., p3 > 0, g3 > 0 (p3 < 0, g3 < 0) then
p3s+q3 > 0 (ps+ g3 < 0) and p + ¢ is a positive (negative) split-like
quaternion. Since Ipiq = h(p +¢,p +q) = I, + I, + 2h(p,q), by using
Theorem we obtain I,;, < 0 and p + ¢ is a non-spacelike split-like
quaternion.

2. (=) : If p+ q lightlike, then I,;, = 0. For p, ¢ € Hgr non-spacelike
split-like quaternions, I, < 0 and I, < 0. In accordance with Theorem
h(p,q) < 0. For I, = I, + I, + 2h(p,q) = 0 there exists only one solution
I, =0, I, = 0 and h(p,q) = 0. Moreover, p and ¢ are linearly dependent
lightlike split-like quaternions in accordance with Theorem
(<) : If p and q are linearly dependence lightlike split-like quaternions, then
g = A\p, where A € R. Therefore, I, 4 = Ip+)\2Ip+2/\Ip = 0 and then p+q
is a lightlike split-like quaternion. <«

2.4. Inverse and Division

Definition 8. Let p be a non-zero and non-lightlike split-like quaternion. Then,
there exists only one non-zero p~' € Hgr, such that pp~' = p~lp =1 and it is
called the inverse of p. In addition, the inverse of p is found as p~! = }ip-
Theorem 14. Let p be a non-zero and non-lightlike split-like quaternion.
If p3 + p3 # p? + p3, then the inverse of p is the first column vector of matrices
Rgl and L;l.

Proof. By using the property 5 in Theorem [5 we can write

Po —p1 —DP2 P3 qo 1
prpo —p3 p2 | (@] _ |0
P2 P3P0 —DPi| |92 0
p3 P2 —P1 Po q3 0

Rp
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for p~'p =1, and
Po —pP1 —P2 P3 qo0
P1 Do P33 —D2 q1
b2 —P3 Do 4! qz
p3s —p2 D1 Pbo q3

Ly

o O o

for pp~! = 1. Then, we obtain det R, = det L, = I, (p% —p? — p3 +p§). Since
I, # 0 and p3+p3 # p? + p3, there are inverse matrices of R, and L,. Moreover,
we obtain the first columns of the inverse matrices of R, and L,, as

po (P — p? — p3 +1p3) Po

1 (g —ri-pm+p3)| _ 1 |-m

L (B3 —p—p3+p3) |-p2(PE—ri—P3+p3)| I |1
—ps (p§ — p} — p3 + p3) —p3

Then, the desired result is obtained. «

Example 5. Let p = 14+ i+ 5+ 2k and g = 1+ i+ j + k be two split-like

quaternions. The inverse of p is p~! = —1 4+ i+ j + 2k and the inverse of q is

Theorem 15. Let p = po+pi1i+p2j+psk and ¢ = qo+q1i+q25+q3k be non-zero
and non-lightlike split-like quaternions such that pq is non-zero and non-lightlike.

Then, generally, (pq)~" #p~tq™! or (pg)™' #q 'p'.

Example 6. Let p =1+ —k and ¢ = 2 — i+ j, then pg = 3 — k. Hence
we get (pg)~! = %, p g7t = w and ¢ p~! = %k. Therefore,

(pq) P #q 'p "t or (pg)t £ p gt

Definition 9. Let p,q € Hgy, be non-zero and non-lightlike split-like quaternions.
The left division and right division of two split-like quaternions is defined as,
respectively, ¢~ 'p and pqg~".

Theorem 16. Let p, q, 7 and s be non-zero and non-lightlike split-like quater-
nions such that gs is non-zero and non-lightlike and A € R. Then, the following
properties are satisfied:

1. (p+r)gt=pgt+rgt,
2. (Ap)g~t = Apg 1),
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3. (pr)g ' # (pg ),
4. (pa™1) (rs™') # prigs)”",
5. (pa™t) (gr™") #prt
Proof.
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5. Let p, q, r # Oy, and A € R. If ¢ and r are non-lightlike, then

(pa™) (@ ") #p (@ tg)rt=pr ",

The other statements can be proved in a similar way. «

2.5. Cross Product

Let p = p1i + p2j + psk, 4 = qit + q2j + g3k € Hgy, be given. The cross
product of two pure split-like quaternions is defined by

i i —k
PAQ=|p1 p2 D3|- (2)
91 492 g3

The cross product in equation ([2)) is equivalent to AR3- For p,q,r € Hgz, and
A, 1 € R, the following properties are satisfied:

L. pAq=—(qAp),
2. pAp=0,
3. (Ap+pa) At =A(PpAr)+p(qAr).
The triple product of pure split-like quaternions p, q and r is defined by
h(pAq,1) = (pAq,r)ps = det(p,q,T).

Theorem 17. Let p and q be pure split-like quaternions. Then, h(p,pAq) =0
and h(q,p A q) = 0 hold.

The cross product of three split-like quaternions is defined by

1 ¢ 5 -k

PAGAT = Do P1 P2 P3
o g @ q|

To ™ T2 T3

where p = po+p1i+p2j+psk,q = q+qii+qej+qsk, r = ro+rii+raj+rsk € Hgp.
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Theorem 18. Let p,q and r be split-like quaternions. Then, h(p,p AqAr) =0,
h(g,pANgAr)=0 and h(r,p ANgAr)=0 hold.

Proof. The cross product of p = pg + p1i+ p2j + psk, ¢ = qo + q1t + q25 + g3k,
r=ryg+ 7117+ 1roj +r3k € Hgy, is

PAGAT = p1gar3 — P1G3r2 — p2qir3 + Pp2g3r1 + P3qir2 — p3qgari
+ (—Pogars + Pogsr2 + P2qor3 — p2q3ro — P3qoT2 + P3qaTo) i
+ (Poq17m3 — Pog3T1 — P1qoT3 + P1q3ro + P3qor1 — P3q17T0) J
+ (poqim2 — pogar1 — P1gor2 + P1garo + p2gor1 — p2quro) k.

Then, we get

h(p,p N q A1) = po (P1gar3 — P1G3T2 — P2q173 + P2g3T1 + P3qiT2 — P3Gar1)

+ p1 (—Pogars + Pogar2 + p2qors — P2q3To — P3qoT2 + P3q2T0)

+ p2 (poq173 — Pogsr1 — p1qors + P1gsro + Paqor1 — P3qiTo)
— p3 (Poq1m2 — Pogar1 — P1gor2 + P1g2ro + P2gor1 — P2qi7T0)
= PoP1G273 — PoP1g3T2 — PoP2q173 + Pop2g3T1 + Pop3qiTe — PoP3qaT1
— P1P0g273 + P1pogare + P1p2qgoTs — P1P2g3To — P1P3goT2 + P1P3garo
+ P2poq1T3 — P2Pog3T1 — P2p19oT3 + P2p1g3To + P2p3qoTt — P2p3qiTo
— P3Poq17T2 + P3Pog2T1 + P3P1goT2 — P3P1G2T0 — P3P2qoT1 + P3P2q1T0
=0.

The other equalities can be proved in a similar way. <«

2.6. Norm, Cauchy-Schwarz Inequality and Triangle Inequality
Definition 10. Let p = pg + p1i + poj + psk € Hgr. The norm of p is defined

by [Ipll = V/Ih(p, p)|.

The norm of p can be also written as

Ipll = v/1ppl = /11| = VIpo? + 12 + pa? — ps?].

Theorem 19. Let p, ¢ € Hgyr,. Then the following statements are true:

1. |lpgll # llpll lgll - (generally),
2. |lpall = llgpll,

3. Ipll = lI=pll = llpll
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Proof. Below, we provide the proof of statement (2). The other statements
of the theorem can be proved easily.

2. Let p, ¢ € Hgr. Since

HPQHZ = ’(poCJO — p1a1 — P2g2 + 3¢3)” + (poq1 + prao — P2g3 + P3q2)”
+(pogz + P1a3 + p2go — P3@1)* — (Pogs + P1a2 — P2 +p3QO)2‘
= ol +ai + 65 — a3) +pi(as + 4 — @5+ 43) +P3(a3 — 4 + & + @3)
+03(—a6 + G + & + 43) — 4pap3qaqs + 4p1q1 (p2g2 — psas)|

and
lapl® = |(qopo — q1p1 — q2p2 + q3p3)? + (qop1 + q1po — @2p3 + 4zp2)*
+(gop2 + q1p3 + @2po — a3p1)? — (qops + qip2 — qep1 + Q3p0)2‘

=@ +ai+a—a@)+pi(@+d — a6 +a3)+p3(ag—ai+ a6 +a3)
+p3(—q5 + ai + & + ¢3) — 4p2p3a2qs + 4p1¢1 (P2a2 — P3as)|

we obtain ||pg|| = [|gp|. <

Note 20. Let p = (po,p1,p2) € R? and p = p + psk € Hgr. Then HpH2 can be
written as ||pll* = | 513 — p3

Theorem 21. Let p = (po,p1,p2) € R® and p = p + psk € Hgy. Then
1. ||pllgs > |ps| if and only if p is spacelike,
2. |IPllgs < |ps| if and only if p is timelike,
3. IPllgs = |ps| if and only if p is lightlike.

Corollary 7. The split-like quaternions space Hgy, is isomorphic to the Lorentz-
Minkowski space R‘ll. The pure split-like quaternions space is isomorphic to R:{’.

Corollary 8. Let p € Hgyr. Then, generally, det R, = det L, # ||p||*.

Theorem 22 (Cauchy-Schwarz Inequality). Let p, ¢ € Hgy, be non-lightlike split-
like quaternions. Then following statements are true:

1. |h(p,@)| = lIpll llgll if p and q are timelike. Moreover, equality holds if and
only if p and q are linear dependent split-like quaternions.
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2. The subspacem Sp{p, q} is spacelike if and only if |h(p,q)| < ||p|| |||, where
p and q are spacelike. Furthermore, equality holds if and only if p, q are
linearly dependent split-like quaternions and the subspace Sp{p,q} is space-
like.

3. The subspacdl Sp{p, q} is timelike if and only if |h(p,q)| > ||pl| llqll, where
p and q are spacelike.

Proof.

1. From Corollary 1.2.15 and 1.2.16 in [I], we can decompose Hgy, as
Hgr, = Sp{q} + g . § € ¢ is spacelike split-like quaternion and p = A\g + ¢
is timelike split-like quaternion, where A € R. Then,

h(p,p) = h(A\g + 4, Mg + ) = Nh(q,q) + Mg, q)

or
Also, using the fact that h(q,¢) = 0 and equation (3) in

h(g,p)* = h(g,\q + §)* = N*h(q,9)* + h(g, §)* + 2)\h(q, ¢)h(q, §),

we get
Then, I, = h(p,p) < 0,1; = h(q,q) < 0 and I; = h(¢,q) > 0. The
inequality h(p,p) — h(q,q) < h(p,p) leads to

h(p,q)* > h(p,p)h(q,q) = ||p||*|lq|l* > 0.

Therefore, it follows that |h(p, q)| > ||p|| ||¢|, as desired.

If p and q are parallel timelike, i.e., p = Aq, then ¢ = 0. Upon substituting
¢ = 0 into (4)), we obtain

h(p,q)* = h(p,p)h(q,q) = |lp|*|lql>.

Thus, the equation |h(p,q)| = ||p|| |lg|| is satisfied.

TLet V' # {0} be a subspace of Hgz. Then the subspace V is spacelike if (-,-)y is positive
definite, timelike if (-,-)v is negative definite, or indefinite and non-degenerate and lightlike if
(-, -)v is degenerate [12].
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2. (=) : Assume that |h(p,q)| < |Ip|| llg||. For 0 # X\, u € R, we have

Dptug = (Ap + pq)(Ap + pq)
= (ApAp) + (Aprq) + (pgAp) + (nqmq)
= |Apl1* + ||gll® + 2h(Ap, ng).

=l ]l < h(p,q) < ||p| ||q|| gives us

h(Ap + 1g, Ap + 1q) = Dpipg > 12017 + [lal® — 2| 2p| ||l
= ([[Apll — llugl))? > 0.

Therefore, (,)|y is positive definite and V' C Hgy, which is the subspace
Sp{p, ¢} is spacelike.

(<) : If V. C Hgz which is the subspace Sp{p, ¢} is spacelike, then (, )|y
is positive definite and Euclidean Cauchy-Schwarz inequality is satisfied.
Thus, |h(p,q)| = ||p| ||¢||] if and only if p and ¢ are linearly dependent.

3. For 0 # A, 1 € R, we have the quadratic equation

Daptug = NIpIPP + 12 [lall® + 22 (p, )
in the variable A. So, Iyy4 .4 < 0 if and only if
A = b —dac = 4p>h(p, q)* — 4llp|*p?|l* > 0,

that is, [A(p, @)| > lIpll llgll- As Dxpyug = h(Ap + pg, Ap + pg) <0, ()|v is
negative definite and V' C Hgy which is the subspace Sp{p, ¢} is timelike.
|

Theorem 23 (Triangle Inequality). Let p, ¢ € Hgyp. Then the following state-
ments are true:

1. |lp+qll > |lpll + |lgll, where p and q are positive (negative) timelike.
2. If p, q and the subspace Sp{p,q} are spacelike, then ||p + q|| < ||p|| + ||¢l|-

8. |lp+qll < llpll + llgll, where |h(p,q)| < |[plllla|l if p is spacelike and q is
timelike.

Proof.
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1. If p and q are timelike, then ||p||> = —h(p,p) and ||q||*> = —h(q,q). From
Theorem [13] p + ¢ is timelike and then h(p + q,p 4+ ¢) < 0. We have

Ip+4ql* = —h(p+a.p+q) = —h(p,p) — 2h(p,q) — h(q,q)
= |IplI*> + llgl* — 2h(p. q)

and we know ||p + ¢||? > 0. From Theorem [22| and Theorem we get
—h(p,q) > ||p|| l¢||]. Then it can be seen that

I+ all® = Ipll* + llall® + 2llpl lall = (el + llgl)*.

Thus, the inequality |[p + ¢ > [|p[| + [|q|| is satisfied.
2. If the subspace Sp{p, q} is spacelike, then p + ¢ is spacelike. Hence
lp + gl = h(p + ¢.p+ ) = h(p,p) + 2h(p,q) + h(q,q)
= lIpll + lall* + 20 (p, ).
According to Theorem we obtain

llp + all* < lIpl* + llal* + 2llpll llall = (lpll + llql)?
that leads to [[p + ¢ < Ipl[ + [l¢]|, as desired.

3. If p is spacelike and ¢ is timelike, then we get
lp +ql” = [A(p + a.p + q)|
= |h(p,p) + 2h(p,q) + h(q, )|
= |llpll* = llall* + 2h(p, q)|
<ol + 1 = llal®| + [2h(p, )|
= llpll* + lall* + 2|2 (p, 9)].

Consequently, [[p +q|| < [[p]l + ll4ll, where [h(p, ) < [lpll [l4]|. «
Note 24. Assume that p and q are spacelike and the subspace Sp{p, q} is timelike.
Then p + q is timelike. We can write

lp+4qll* = —h(p+q.p+q) = —h(p,p) — 2h(p, q) — h(q.q)
= —|lplI* = llq|* — 2h(p, q)

by using the fact that h is bilinear. From Theorem[23, we have

lp+all* > =Ipll* = llgll* + 2llpll 2l = —(llpll — llal)*.
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Theorem 25. Let p, q, p — q € Hgr be spacelike and the subspaces Sp{p,p — q}
and Sp{q,p — q} be spacelike. Then

[zl = llgll] < llp = all-

Proof. The theorem can be proved similarly to the proof of the corresponding
theorem in Euclidean space. <«

2.7. Angles Between Split-like Quaternions and Polar Forms

Theorem 26. Let p, g € Hgy,.

1. There ezists only one n(p,q) € [0,00) such that h(p,q) =
—ll2llllg|l coshn(p, q), where p and q are positive (negative) timelike.

2. There exists only one n(p,q) € [0, 7] such that h(p,q) = ||p|||lq|| cosn(p, q),
where p and q are spacelike and the subspace Sp{p,q} is spacelike.

3. There exists only one n(p,q) € (0,00) such that |h(p,q)| =
Ipllllql| coshn(p, q), where p and q are spacelike and the subspace Sp{p,q}
s timelike.

4. There exists only one n(p,q) € R such that |h(p,q)| = ||q||||p|lsinhn(p, q),
where p is spacelike and q is timelike.

Proof. Let p, ¢ € Hgr,. We will use Theorem

1. Assume that p and ¢ are positive (negative) timelike. Then
Ipllall —

By using the fact that the function cosh is bijective, we get the consequence:
there exists only one 7(p, q) € [0,00) such that

—hpg) _ coshn(p,q) > 1.
Ipll Nl
Thus, h(p,q) = —||p|l l|lq]| coshn(p, q)-

2. Assume that p and ¢ are spacelike and the subspace Sp{p, ¢} is spacelike.

Then
|h(p,q)|
Il llell

<1
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By using the fact that the function cos is bijective, we get this consequence:
there exists one 7(p, ¢) € [0, 7] such that

|h(p, )|
= |cosn(p,q)| < 1.
11l [lall

Therefore, h(p,q) = [Ip| ll¢|l cosn(p, ).

3. Assume that p and g are spacelike and the subspace Sp{p, ¢} is timelike.

Then h
w9l _
o[l llqll
There exists one n(p, q) € (0, 00) such that ‘Ir;(\\]?fl(il)ll‘ = coshn(p,q) > 1. Hence,

|h(p, q)| = llpll lIq]l coshn(p, q).

4. Assume that p is spacelike and ¢ is timelike. Then

h(p, .
ol <1 while [h(p, )| < Ilpllllal,
|

h(p, .
Ml > 1 while [h(p,q)| > [Ip] Il

h 3 . .
‘Hp(m)ul = sinhn(p, ), since

There exists one 7(p,q) € (—o0,00) such that
the function sinh is bijective. Therefore,

|h(p, @)| = |lpll llq]| sinh n(p, q).

Theorem 27 (Polar Form for Timelike Split-like Quaternions). Every timelike
split-like quaternion p = py + p1i + p2j + psk can be written in the form

p = ||p|| (sinh @ + ¥ cosh b)),

where timelike unit vector v = II%H and sinh § = ﬁ%‘)”, coshf = “;%H'

Theorem 28 (De Moivre’s Formula for Timelike Unit Split-like Quaternions).
Let p be a timelike unit split-like quaternion. Then, we have

" {sinh(nH) + ¥cosh(nh), n is odd
p =

cosh(nf) + U'sinh(nf), n is even

for every n € Z*.
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Proof. The theorem can be proved by using mathematical induction and
trigonometric equations. <«

Theorem 29 (Polar Form for Spacelike Split-like Quaternions).
Let p=po+ p € Hgp be a spacelike split-like quaternion.

1. If p is spacelike, then p can be written in the form

p = ||p|| (cos @ + Wsinb),

where spacelike unit vector W = ﬁ and cos ) = ﬁ, sinf = Tl

llp
2. If p is timelike, then p can be written in the form
p = |p (cosh§ + @sinh ),
where timelike unit vector i = ”—g” and cosh§ = ‘%)”, sinh § = %,

3. If p is unit and p is lightlike, then p can be written in the form

p==x1+Dp.

Theorem 30 (De Moivre’s Formula for Spacelike Unit Split-like Quaternions).
Let p =po + p € Hgp be a spacelike unit split-like quaternion.

1. If p is spacelike, then we have

p" = cos(nb) + Wsin(nb),

2. If p is timelike, then we have

p" = cosh(n#) + usinh(nd),
3. If p is lightlike and pog = 1, then we have
p" =1+np,
4. If p is lightlike and pg = —1, then we have

o= {1 —np, n 1§ even,

—1+np, n isodd

for every positive integer n.
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Proof. By using mathematical induction and trigonometric equations, we can
prove the statements (1),(2) and (4) of the theorem. Below, we provide the proof
of statement (3).

3. Assume that p = 1+ p such that p? = 0. By using mathematical induction,

* for n = 1 the result is trivial,
* suppose that p"~ ! =1+ (n — 1)p for n — 1,
* multiplying the equation by p, we get p = pp"~!. Then we have

pPr=pp" l=1+p)(1+(n—-1p)=1+np+(n—1)p°>=1+np.

Note 31. Let p = po + p1t + p2j + p3k be a lightlike split-like quaternion with
timelike vector part. Then,
Po
p = |pol <+6>,
[pol

where € = ﬁ is a timelike unit vector.

Remark 3. Let p be a lightlike split-like quaternion with a timelike vector part.
Then, p can be written as

- {po(l +¢€), po>0,

Theorem 32 (De Moivre’s Formula for Lightlike Split-like Quaternions). Let p
be a lightlike split-like quaternion with a timelike vector part and n € Z+. Then,

we have

)n—l

p" = (2po)" " p.

Proof. Let pg > 0. Then, we can write p = pg(1 + €) such that €2 = 1. By
using the mathematical induction,

* for n = 1 the result is trivial,

% suppose that p"~! = (2pg)" ?p for n — 1,
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n—1

* by multiplying the equation by p, we get p™ = pp
hypothesis, we have
P =pp" " = [po(1+ )] [(2p0)"?p] = [po(1 + €)] [(2p0)" *po(1 + €)]
= (2p0)"?p3 (2 + 2¢) = (2p0)" " [po (1 + ¢)]
= (2po)"'p.

. By the induction

For py < 0, the theorem can be proved in the same way. <«

3. Conclusion

In this paper, we defined split-like quaternions and demonstrated that the set
of split-like quaternions Hgy, is a non-commutative and non-associative algebra.
Moreover, it has been shown that this space is an R-vector space. We intro-
duced the inner product and vector product for split-like quaternions, providing
their properties. Different types of matrices corresponding to split-like quater-
nions were given with their algebraic properties. The characteristics of split-like
quaternions were defined, and the characteristics of the sum of two split-like
quaternions were examined. The definitions of inverse and norm for split-like
quaternions are given. Inequalities provided by the inner product, such as the
Cauchy Schwarz and triangle inequalities, were demonstrated. The angle between
two split-like quaternions was given and their polar forms were shown. Finally,
it was obtained that any type of split-like quaternion satisfies De Moivre’s for-
mula. In future research, the differential geometry and matrix theory of split-like
quaternions will be investigated.
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