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Summary. The present paper addresses the problem of determining the fractional order in an oscillatory
process occurring within a Newtonian fluid. Initially, the governing equation is transformed into a Volterra in-
tegral equation of the second kind with respect to the displacement of mass coordinates. Subsequently, the solu-
tion of this integral equation is represented in the form of a Neumann series. Based on available statistical da-
ta, a quadratic functional characterizing the deviation of mass displacement coordinates is constructed, and
the unknown fractional order is identified using the least squares method. An efficient computational algorithm
for determining the fractional order is then proposed, and illustrative results are presented in tabular form. The
outcomes of the computational procedure demonstrate that the identified fractional order satisfies the condition

of vanishing first variation of the quadratic functional with an accuracy of 108
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Introduction

Recently, in contrast to classical oscilla-
tory systems [10-15], significant attention has
been devoted to fractional-order systems [1-4].
This is primarily due to the fact that oscillatory
processes in Newtonian fluids inherently exhi-
bit damping behavior, where a fractional-order
derivative replaces the first-order derivative in
the second term on the left-hand side of the
governing equation [1,6]. Such problems arise,
in particular, in the motion of a plunger in an
oil well [5,7-9], where the oil acts as a dam-
ping medium whose characteristics must be
determined. Consequently, the problem of
identifying the unknown fractional order natu-
rally emerges and can be formulated as an in-
verse problem. In practice, the only feasible
approach is to utilize statistical data obtained
from oil well operations. Based on these data,
the fractional order can be identified using the
least squares method.

In [6], the corresponding Volterra integral
equation of the second kind is first discretized.
Taking into account its solution and the avai-
lable statistical data, a quadratic functional is
constructed and minimized by applying a bisec-
tion procedure over the interval containing the
fractional order. However, in the presented ex-
ample, the first variation of the functional can-
not be reduced below the order of 1074, indica-
ting that the method proposed in [6] is not suffi-
ciently efficient.

It should also be noted that in [6], when
the mass of the plunger in the oscillatory sys-
tem is sufficiently large, an asymptotic appro-
ach is employed by introducing the reciprocal
of the mass as a small parameter. In this case,
the resulting equation is reduced to a Volterra
integral equation of the second kind with res-
pect to the second-order derivative of the phase
coordinate. An asymptotic decomposition 1is
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then applied, incorporated into the integral equa-
tion, and integrated twice to obtain the solution.
Based on this solution and statistical data, a qu-
adratic functional is constructed. By applying
the least squares method, consistency between
theoretical predictions and statistical observati-
ons is ensured, leading to the determination of a
more accurate fractional order.It is important to
emphasize that, unlike the approach in [6], the
proposed method ensures that the first variation
vanishes with an accuracy of order 1078, thereby
providing significantly improved precision com-
pared to the results reported in [6].

Reduction of the problem to a Volterra

integral equation of the second kind

Let the motion of an object be described
by the following system of linear differential
equations with fractional derivative [1-4]

mix) + aD%y(x) + by(x) =
= f{x}.lx = Xpg = 0,

(D
with initial conditions
}"[:xnj' =0, J:"[:xn] =1, (2)

a €(1,2), v(x) is the desired function,

m,a,b, y,,x, -given parameters, f(x) 1S an

external force.
Let us compose the following quadratic
functional to find & -

J{e) = :rn:ri:rl(y{}} — jzl%)_,
(3)

statistical data for

where 247 7/ =Ls
finding @,y (Z) — the value of the solution to
the problem (1)-(2) at the point 1.

To solve the problem (1)-(3), we first re-
duce the problem (1)-(2) to the Volterra integral
equation of the second kind with respect to the
phase coordinate y(x).

To do this, we first integrate equation (1)
from O to x [14]:

x

mj j."'[:t}dt+a”‘ D= y(t)dt +

o o

+b j yit)dt =mi(x) —my{xg) +
p

+aj Dey(t)dt + b j y(t)dt =
= [, f(®)at
“4)
Then we integrate equation (4) again
from 0 to x:

my(x) — mylxg) — mylxg)x +

t d (r—&~¢
+af;dtfxnd1';f; T

y(&)dE +

o (—al!

+b [ y(@dr [, dat = [ f(D)dr [ dt.
(5)

Let's consider the condition (2) in expres-
sion (5) and make several simple transfor-
mations:

xr_ ryl-a
:rn}-"[:x}=—aj‘ x -8

W}’{f} df —

—b j (x —o)y(rldr +

+ Jjn'[x — 1) f{r)dT + my,x.

(6)

Let us divide both parts of expression (6) by

o [[Lfa=o
Y= ey M @ (1—a)

+= [ (-0 F©dt + y,x

+ bx — )| v(t)dt +

Thus, we have reduced problem (1)-(2) to
a Volterra integral equation of the second kind
with respect to y(x):

yix) + [ ;; K{x —t)y(t)dt = F(x),
(7)
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here
v Now let's evaluate the kernel K, (x,t).
K(x—1) = 1[a£{—r}——la+ b(x — t}] = To dp this, cc?nsider the expressions (8) and
ml (1-a) (15) in expression (14):
= .F'LrD{_.'X-' — t};

. 1 opxy . . (8)
Flx)==[ Gc—t) f(dt + yix.  (9)

To solve the equation (7) using the method
of successive approximations, we first perform
the first iteration for it. When performing the
first iteration in equation (7), we take x=t in (7):

y(t) = — [ K(t— 1) y(r)dr + F(2).
(10)

Let us consider expression (10) in equa-
tion (7):

y(x) + [ Ky (e, Dy(@dr = F(x),
(1)

where
K (x1)=— f: K(x —t) K(t — 1)dt,
(12)
F(x) = F(x) — [ K(x —t) F(t)dt.
Now let's perform the second iteration of
equation (7). To do this, we write x=t in (7):

y(1) = — j;n K(r—t)y(t)dt + F(z). (13)

Let us consider expression (13) in (11):

y(x) + [ ;; K, (x,t)y(t)dt = Fy(x),

where
Ky (x,t) = — [ Ky (x, DK (z — t) dr, (14)

Fy(x) = F(x) - X}, [, K; (x, OF (£)d.

Now let's evaluate the kernels included
in the first and second iterations. Firstly, let's
evaluate the kernel K, (X’T). To do this, con-
sider the expression (8) in (12):

Ky (x,7) =

(15)

T

-1k (b )k I:-r_r_}E.—ls.—r{Iﬂ'

3
k=0C3 (%) (5—(3-kla)t’

For the n-th iteration we get:

y(x) + [ K, (6 0)y(8)dt = F(x), (16)

Kolx—t)=—

T

where
+1 .
X o ntl—k g po K
K- ==Y cia(2) () x
ne e "l lm m
,*_r_z.:,:m+'_|—'_—l.‘1+'_—FfI|:r

(2intl-1-(n+l-—kla)!
(n+1) Dex) an

F(x) = F(x) — X3 [ K;(x — ) F(B)at.
If we take the limit in (16) for #» = >, we
get:
y(x) = F(x) =32, [, K; (x, OF(D)dt.  (18)

Thus, problem (1)-(2) is reduced to the
Volterra integral equation (7), and its solution
has the form of the Neumann series (18).

Finding the fractional order &-
Let us write expression (18) at the point
x=l:
¥ = F() =22, [, K; (L, OF (Dt.
(19)

Let us consider (19) in functional (3):

J(a)zngn(; [ -0)7 ()t + 70 +

X0
bentl pp @
+552, [ B CE (S) n—

X (E)k I::_r:,:n—'_—ln—?cln‘ 23__ J_p)_

m (2Zn—1—-(n—klal! p=1 2

(20)
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Using the least squares method, the fol-
lowing condition is checked to determine the
parameter & :

8Jie) & Jlath)—Jia)
Ao h

R0,

2

So, let us present the following algorithm
for solving problems (1)-(3).

Algorithm

1. Enter the values of the parameters
m,a,b, vy, f.n,k, I xgincluded in problem (1)-(2).

2. Substitute the expression for F(t), ac-
cording to (9).

3. Substitute the expression for K, (x — t),
according to (17).

4. Enter the statistical data y, (x),p = 1,s.

5. Construct the functional (20).
6. Using the least squares method, we check
condition (21) to determine the parameter c.

Example
Let's consider the following example [10]:

m=10%a=3,b=1,% =0,f =8,
n=1Lk=11=15=11,
vy (x) = 0,v:(x) = —0.67,y3(x) = —0.34,
ya(x) = 0.81,y5(x) = 1.22, yg(x) = 1.44,
vo(x) = 1.57, vp(x) = 1.66, v5(x) = 1.72,
y1o(x) = 1.77, wy,(x) = 1.81.

Then, to solve equation (21), we insert
the table:

Table
Defining the fractional order
8] (a) 8] (e) 8] () 8] ()
P Joa=11 P =12 2 =14 ™ Lo = 1.85
h=10"| -0.2443.10° -0.3160- 10 -0.5506- 107 -0.1472- 10
h=102| -02173-10% 0 .2804. 107" 0.4796- 107 _0.5462- 107
h=10"| -0.2148.10° 0 2772-10°° _0.4734. 10° -0.5151- 107
h=10"| -02146-10° 0 2769-10% _0.4728- 10% 0.5121- 107
h=10"| -0.2145.10° -0.2769- 10°7° -0.4727-107% -0.5119- 107

From the table it is clear that the efficient fractional order is & = 1.1.

Conclusion

In this paper, an efficient algorithm for
determining the fractional order in oscillatory
systems with liquid dampers has been pro-
posed. The approach is based on reducing the
governing equation to a Volterra integral equa-
tion of the second kind with respect to the dis-
placement of mass coordinates. It is shown that

the first variation corresponding to the identi-
fied fractional order approaches zero with an
accuracy of 10°%, whereas in problem [6] the
achieved accuracy is only of order 10*. This
demonstrates the superior efficiency of the pro-
posed algorithm.
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HOROKOT EDON KUTLONIN KOORDINATLARI VASITOSILO ROQSI
SISTEMLORDO TORTIBIN TOYINi

Nazilo Haciyeva, irads Oliyeva, Fikrat Oliyev

Xiilasa. Isd> Nyuton mayesi daxilinds bas veran raqsi prosesds kasr tartibin miiayyan edilmasi proble-
mi arasdwilir. Ovvalca, verilmis tonlik kiitlo koordinatlarimin yerdayismasina géra ikinci név Volterra inteq-
ral tanliyina gotirilir. Daha sonra bu integral tonliyin halli Neyman swrasi saklinda ifads olunur. Movcud sta-
tistik malumatlar asasinda kiitlo yerdayigmalorinin konarlagsmasini xarakteriza edan kvadratik funksional qu-
rulur va namalum kasr tortibi an kicik kvadratlar metodu vasitasilo miiayyon edilir. Kasr tartibinin tapilmasi
tictin effektiv hesablama algoritmi toklif olunur va niimuna iigiin naticalor cadval saklinda taqdim edilir. He-
sablama naticalori gostorir ki, miiayyon edilmis kasr tartibi kvadratik funksionalin birinci variasiyasimin sifira
yaxinlasmast sartini 107 daqiqlikls odayir.

Acar sozlor: ragsi sistem, kasr torama, ikinci név Volterra inteqral tanliyi, an kigik kvadratlar metodu

OINNPEJAEJIEHME JPOBHOTI'O ITOPAIKA KOJIEBATEJIbBHBIX CUCTEM C
HNCITIOJIB30BAHUEM KOOPIUHAT NIEPEMEIHIEHUSA MACC

Haszunsa I'axckueBa, Upaga AnueBa, ®ukper Ajues

Annomayua: B Hacmosaweil pabome paccmampugaemcs 3a0aya onpeoenerus 0pobHo20 nopsaoKa 8
KoebamenbHoM npoyecce, NpoOUCXo0aujem 8 HbiomMOHO8CKOU dcuokocmu. CHauania UCxooOHoe ypasHeHue
npeobpaszyemcs K uHmezpaibHOMy ypasHenuio Boromeppa 6mopoco pooa omHOCUMeENbHO nepemeujeHus Ko-
opounam macc. 3amem peuterHue OAHHO20 UHMESPAIbHO20 YpasHeHus npedcmasisemcs 6 sude psaoa Hetima-
Ha. Ha ocnoge umerowuxcsa cmamucmuueckux OAHHbIX CIMPOUMCS K8AOPAMUUHBIN DYHKYUOHA, XapaKmepu-
3YIOWULL OMKIOHEHUE KOOPOUHAT NepeMEeWeHUsl MACC, U HeU38eCHbll OPOOHBLI NOPIOOK ONPEOeNemcsi C
UCTIONIb308AHUEM MeMOOd HAUMEHbUUX Kea0pamos. [lanee npediazaemcs 3(hheKxmusHblil GbIUUCTUMETbHBIL
aneopumm OnisL onpeodeneHusi OpoOHO20 NOPsAOKA, A ULTIOCHMPAMUBHbIE Pe3VIbMmAamyvl NPeOCmAagieHbl 8 mao-
auuHou opme. Pesyromamul gvluuciumenvrol npoyedypvl NOKA3bIBAIOM, Yo HAUOEeHHbL OPOOHbLIL NOpsi-
00K y0081emeopsiem yCi08Uurd 00paueHUs 8 Hyib NEPeoli 8apuayuu K8AOPaAmuyHo20 QYHKYUOHAA C MOYHO-
cmuio 1078

Knioueevie cnoea: ronebamenvHas cucmema, OpOOHAS NPOU3BOOHAS, UHMESPATbHOE YPABHEHUe
Bonvmeppa emopozo pooa, memoo HaumeHbUUX K8AOPAMO8



